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ON SOME ENTIRE MODULAR FORMS OF WEIGHTS 5
AND 6 FOR THE CONGRUENCE GROUP TI'((4N)

G. LOMADZE

ABSTRACT. Two entire modular forms of weight 5 and two of weight
6 for the congruence subgroup I'g(4N) are constructed, which will
be useful for revealing the arithmetical sense of additional terms in
formulas for the number of representations of positive integers by
quadratic forms in 10 and 12 variables.

In this paper N, a, k, n, r, s, t denote positive integers; u are odd pos-
itive integers; H, ¢, g, h, j, m, «, B3, v, 6, &, n are integers; A, B, C, D
are complex numbers, and z, 7 (Im7 > 0) are complex variables. Further,

(%) is the generalized Jacobi symbol, ( th ) a binomial coefficient, ¢(k) Eu-
ler’s function, and e(z) = exp2miz, n(y) = 1 if v > 0 and n(y) = —1 if

v < 0.
Let
(o)
To(AN) = {j:i? e Ty = 0(mod 4N)}.

Definition. We shall say that a function F defined on H = {r €
C|Im7 > 0} is an entire modular form of weight r and character x(9)
for the congruence subgroup I'g(4N) if

1) F is regular on H,

2) for all substitutions from I'g(4NV) and all 7 € H

ar+
F
('yT+6

) =x(0)(y7 +0)"F(7),
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3) in the neighborhood of the point 7 = ico

hE

F(r) = Ape(mt),

0

3
Il

4) for all substitutions from T, in the neighborhood of each rational point
T=-2(7#0, (,0)=1)

(17 +0)F(r) = > Ape( 73 3::?)

m=0

Forn#0, &, g, h, N with £g +nh + &nN =0 (mod 2), put

m—c é‘
Sgh< g ;c,N) =3 (e )/Ne<m(m+%)2>.

mmod N n|
m=c (mod N)

3
n
Sg,h+2j<f’;C,N>=Sgh<§;C,N>, (1)

Sgh( i ;C+Nj7N) :(—1)hngh ( g ;C,N).

Let
Ygn(z|Ti¢, N) =
1
— _1\h(m—c)/N (_~ g 2 Q
- Y e s DPe(m+ D). @)
m=c (mod N)
hence

O dglelrie N) = (xi) Y (<)M 2t g)"
m=c (mod N)

xe(%(m—l—g)%)e((m—i—g)z). (3)

Put

n o
ﬁéh)(q—;c, N)= @ﬁgh(zh;c, N)L:O, @

I (156, N) = 9gn(7;¢,N) = Ogn (0|7 ¢, N).
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It is known ([2], p.318, formula (1.3); p. 321, formula (1.12); p.327,
formulas (3.9), (3.5), (3.3), (3.7); p.324, formula (2.16); p.327, formulas
(3.10), (3.11)) that

Vg.ht2;(2|T56, N) = Dgn(2|7;¢, N); (5)
z, 1 it 172 ,N2?
Ign(Z| = e N) = (= ) Te(5) x
1 h
x 2 e(‘N(C+g)(HJrg))ﬁhg(Z\T;H,N); (6)
Hmod N
z |aT+ [ _—i(yT + 8)sgnyy\ 3 N~v2?
ﬁgh(’yT—Fé‘yT—&—é’c’ )7( Ny ) 6(2(7T+5))X
x> eygnle HiN) g (2lms HN) (v #0), (7)
Hmod N
where
g =ag+~yh+ayN, h' =pBg+dh+ 36N, (8)
po g B g g
eoon(e i) = e = g (4 9)%)e(g e+ 0T+ 5) =
XSg,(;gr,th,gg/( ’O; ;C—§H, N); (9)
Ygn(z|T + B¢, N) :e(%(0+g)Q)ﬁg’thﬁngﬁN(z\T;c,N),
Ygn(—2|T — B¢, N) = (10)
g
= e( Gk g)2>ﬂ—g,—h+ﬁg—ﬁzv(2\7; —¢,N).

From (5) and (10), according to the notations (4), it follows that

Vg ht2i(T;¢, N) =g (150, N),

9 i (mie N) = 95 (r¢, N);
s

_ _ NAWID) :
I+ BieN) = (g (e+ 5)7) 0l g (i V),
Iy (7 = Bie, N) = (12)

n g 9\2\ o(n
=(-1) e(— ﬁ(c—k 5) )19(_;7_h+ﬂg_6N(T; —¢,N).

From (2) and (3), according to the notations (4), in particular, it follows
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that
P00 = 3 (g )
m_19_£ )(7;0,N) = (13)
= (md)" mioo<—1)hm(2zvm +g)e(5 (Nm+ 9)7).

Lemma 1. Forn >0
(n) 1 aram 1T\ (2n+1)/2
ﬁgh(—;7C,N)—(NZ) (_N) X

X Z e(—%(c%—%)(H%—g)) X

HmodN
n t
(n) n A | gty
ol 3 ()5 ),
where
N @R (A i =2k
o 0 if t+#2k
t=1,2,...,m k=1,2,...,¢t). (1.1)

Proof. From (6), by Leibniz’s formula, we obtain

o z 1 iy 12 0" N2z?2
g ton (1 = Tie ) =7 () 5 {e(50) ¢
1 h
x 3 e = let D) (H+3))Ongelri HN) =
HmodN

— (Ni)" (—]\Z[T)(2n+1)/2x

Y o= mler D+ )X Loy it} +

+Z( Z )g?znn (7)5?; ttﬁhg( IT;H,N)}. (1.2)
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According to formulae (a) and (b) of [1], p. 37*

0t  Nz2 N2z? A N2z? A N2z?
gt () = Ane(Go) e ) o Sl e()
(t=1,2,...,n),
where
Ot s Nwiz?\k Nmiz?\ 0t ([Nwiz?\ k-1
Aw =5 () M) ()
k(k — 1) (Nmiz?\2 9% (Nriz? k-2
+ 2! ( T )%( T ) +
g1, (Nmiz? k_lit Nmiz? B
o (D) S (FEE) =12,
hence
ot  Nz2 LA
5)2756( 5 ) Z:0=Z—t!k - (t=1,2,...,n) (1.3)
k=1
and
At  Nmwiz?
Aulg=57(——)| _, (k=121 (1.4)

Thus, in view of notations (4), the lemma follows from (1.2)—(1.4). O

Lemma 2. If v # 0, then forn >0

(n) Oé’/"+ﬂ. o i n( . SN Y\ (2n41)/2
05 (ST 0 N) = (Walisgna) (— 6o + )2
X Z Pggn(c, H; N){ﬁé%)z,(r; H,N)+

HmodN
n n t Atk

+> ( ¢ ) > Wl
t=1 k=1

where g' ' and @gqn(c, H; N) are defined by the formulas (8) and (9),

L0 HON)

(k)1 (X2z) i ¢ = 2k

Atk — ’)./T-'r(;
z2=0 0 Zf t # 2k

!Page 75 in the Russian version of [1] published in 1933.
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Proof. From (7), according to Leibnitz’s formula, we obtain
87"19 ( ‘on’—i—ﬁ sgn’y)1/2
9z "\yr +8lyr 44’ Nyl
o N~z
x—{e(%) Z ©grgn(c, H; N)D gy (2|75 H, N)} =

oz™ 2(yr 49 =

N) = (T +8)"(—i(yT +9)

) n sgny\ (2n+1)/2
= (Nhlisgna)" (=it +9) - |)

N
Nryz?
S ey ,H;N{( ) (2| H,N
XHmOdN‘ngh(C ) 2(v7 + 0) Dy (2|7 )+

+Z( )aazt ( (ﬁf(s))aa:n_ttﬁg'h/(le;H,N)}. (1.5)

As in Lemma 1, but with e(%) instead of e(A;—j?), we have

ot Nvz? B "L A
56(2(77+6)) ZZO_ZW

z=0

and
o (N'ymz)zk
z=0 Ozt yT 49§
Thus, according to the notations (4), the lemma follows from (1.5)-
(1.7). O

Lemma 3. If g is even, then for n > 0 and all substitutions from Ty(4N)
we have

Ay (k=1,2,...,1). (1.7)

z=0

()t + 8
gh( el 2N) =
_ (Sgn(g)ni(2n+1)n(’v)(sgn5—1)/2i(l—\é\)/2(M) "
|6
. a752h2 6592 524,0(2N)7
x(y7 + )2t/ (= ) e S ol (75 0,2).

Proof. 1) Let v # 0. In [4] (p.18, formula (5.1)) it is shown that

s 20)-
_ 6(5192 %)iuwwz(w;gms)w/? (1.8)
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Replacing «, 8, v, 6, 7, ¢, N by 8, —«, §, —v, 7/, 0, 2N in Lemma 2,
we obtain

sgné )(2n+1)/2 o

/ J—
g’,? (5773; 0,2N) = (2N|6|isgn6)™ ( — i(67" — )

o7’ = 2N|9|
> Pwon(0, H;2N) {%’?L,, (7'; H,2N) +
Hmod2N
~/n ‘LA
tk n—t
+Z( t )Zf (T ';H72N)}7 (1.9)
t=1 k=1
where by (8),(9),(11) and (1)
= Bg + 0h+ 285N, (1.10)
®ngn (0, H~2N) =
ayh'?
= (= o)l ~ o (+7 ) ( 0.2N), (111
" B (2k)'(§fv,5”)’“ if =2k
Mo T 0 it t#2
(k=1,2,....,1). (1.12)

Writing —% instead of 7/ in (1.9) and (1.12), according to (1.11), we
obtain

X

8
(n) T + [ B o o/ —i(=% —7)sgndy (2n+1)/2
Ui (5 0:2N) = NI (8l sgn o) (——S )

cwh/2 Bg? §2#(2N)—2 (1-15])/2 28N sgn é 1/2
(~ Ton )e( 4 4N )Z ( H >|5| X

< 3 e ) o, (- Ly ¢

h',ag

9 %H 2N)}, (1.13)

z2=0
where

YT+

(k=1,2,....,1).
0 if t+#2k

{ (2k)! (2208mir )i g — o,
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1
T

Writing «g, k', —=, 0, 2N instead of g, h, 7, ¢, N in Lemma 1, we

obtain
(n) s T\ (2nt1)/2 ag I
9, (730,2N) = (2N7) (W) 3 e( 4N(H+ ))X
Hmod2N
x{ﬂgygg( = H,2N) +
n t
+3° ( ) > A O aj}(— = H, 2N)} (1.14)
t=1 k=1
where
I(— LNk ie 4
m _ (2k)( 2NmiT)" if t =2k k=12 1.
_ 0 if t#2k

From (1.14) it follows that

3 e(— w(H+ i )){ﬁﬁ[f}ag(— %;H,QN) +

Hmod2N
t n—t
+Z< )Z :O'ﬁh/,ag(_;;H,2N>}:
k=1
= (2mi) "(~2Nir) 0290 (7.0,2N). (1.15)

From (1.13) and (1.15) we obtain

e
—2 —4)sgndy (2n+1)/2 (1=18)/2 a’yh/Q
X( IN | ) ‘ (= Ton)

Xe(ﬂagz 520 (2N)— 2) (Qﬂ]\f;'gn5>|51/2 ﬁgr;)h,

0,2N) = (—2Ni7) @+ D/2(|§] sgn §)" x

(r;0,2N).  (1.16)

In [3] (p.85, formula (6.16) with 2V instead of N) it is shown that
—i(—2 —~)sgndy1/2 N
T —2NiT)Y/? =
( 2N 3| ) (=2NiT)

sgny(sgnd— 1)/2(77(;]_5)1/2' (117)

=1
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From (1.16) and (1.17) it follows that

() (o1 + 0 _
ﬁgh( +57072N)_
= (|6 sgn o)™ (bgnv(sgné 1)7T|5—'|—6)(2n+1)/2l(1 v
ayh'?, (Bog® 62¢CN)=2\ (29BN sgndy s ;
e~ ( gt S ) 5 Y101 /2057,(750,2N).

Thus, in view of (1.10) and (1.11), the lemma is proved for v # 0.
2) Let y=0. Thena =0 =1or a =0 = —1in (12). Putting c=0in
(12) and writing 2NV instead of N, by (11), we obtain

2
(n) . By g,
ﬂgh(7+ﬂ,0,2N)—€(16N)19 (75072]\7)7
n Bg?
D) (7 = 5:0,2N) = (~1)"e( — 1 )90 (70,21,

i.e., the lemma is also proved for v =0. [

Lemma 4. If v # 0, then forn >0

(yr +8)Cr D29 ) (7:0,28) =
=e((2n+ 1)sgn~y/8) (2N |y|)~Y/2(—isgny)" x

n +
Hgd:w eoran (0, H; 2N) {957, (O‘T JH,2N) +

+Z< );Atk

. (n ty,aT + 3

» H, 2N)}

where

0 if t+#2k
(t=1,2,...; k=1,2....1). (1.18)

:{ (k) (—2Nymi(yr +6))F if ¢ =2k

Remark. From (1.18) it follows that

t Ay ;
Z@ { Tz)ﬂz:o if 2ft (1.19)
|
=1

0 if 2ft.
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Proof. Replacing o, 8, v, 6, 7, ¢, N by 6, =3, —v, a, 7', 0, 2N in
Lemma 2, we obtain

o' — 8
i (S ) =
: < SENY | (2n+1)/2
= (=2N|ylisgny)" (i(—7" + o
(—2N]y| )" (i( )2NW|)
> eoron(0, H:2N){ 00, (7' H,2) +
Hmod2N
Y ~ Ay (n—1)
t n—t
+> ( ) > T Ly Vgn (T H, 2N)}7 (1.20)
t=1 k=1
where

g' =09 —vh—2v0N, h' = —Bg+ ah—2apN, (1.21)

Ny —ef — B 92 P
Pogn(0, Hi2N) _e( wH3) )e( 4N(HJr )>
5
%Syag sy (., i—aH.2N). (1.22)
2N~y7i k. o
Al = (2K)!(255)" if ¢ = 2k, (123
= 0 if t#2k.

In [3, p.87, formula (6.23)] (with 2NV instead of V) it is shown that

1sgn -y 1/2 B e(sgn/8)
(W) T 2NADY2(yT + 6)/2° (1.24)

Taking < 1nstead of 7" in (1.20) and (1.23) and using (1.24), we complete
the proof of the lemma. [

Lemma 5. For a given N let
Vi(7) = Vi(7591,92, h1, ha, 1, c2, N1, Na) =

1
= 3 Vgum (T3 €1, 2N1) 0, (73 62, 2N2) —
1

1
—Eﬂg;}m(T 0272N2)79g1h1(7—;0172N1) (21)

and

\IJQ(T) = \IJZ(T;gl7g27h17h27cl7627N17N2) -
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19(4 (15¢1,2N1)0gyn, (T3 02, 2N3) +

N2 grh1
Wﬂ;)}m (735 ¢2,2N2) Vg, (75 €1,2N1) —
_N16N gomy (T3 €1, 2N1)0 4 (T3 c2,2N2), (2.2)
where
2|g1,2[g2, N1|N, N2|N,4|N(% + %) (2.3)

For all substitutions from I' in the neighborhood of each rational point T =
_% (v #0,(v,9) =1), we then have

(77— + 6)5‘11_7‘(7';91,92,]11,]12,0,0,N]_,NQ) =

Nl oTHBYy
_chje(4N77+5> (j=12). (2.4)

Proof. 1. From Lemma 4 for n = 3 (with ¢1, hy, N1, g1, b}, Hy instead
of g, h, N, ¢, b/, H) and n = 1 (with go, ha, Na, g5, hi, H instead of g,h,
N, ¢, i, H), according to (1.19), it follows that

1
N, — (v + 5)519;/1}“(7' 0, 2N1)1992h2 (1;0,2N5) =

1 5 _
. EG(Z sgn ) (2]7] (N, No) /%)~

<D o (0. Ha 2N {0
Himod2N;
3 2

(aT—f—ﬂ

s H1,2N1)

at+ 0

e H1,2N1)}

S An| i (T
=0

at +f
XD g (0 Ha 2Ny (T Ha 2N2) =
Homod2No

) _
= o sen7) (2h|(ViN2)/2) 7 x

X Z ‘F’giglhl(oaHU2N1)¢g;g2h2(0;H2;2N2)><

Himod2N,
Hoymod2No

1 ar + ar + (3
X{E’ﬁ/” (’Y’r—|—5 H1,2N1) ghl(’y +5 HQ,ZNQ)

—12ymi(yT + 5)19’,h, (?;T +5.

ﬁ H1,2N1) X
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, (aT—l—ﬁ

93hy \ +6fbﬂNﬁ} (2.5)

ReplaCing N17 g1, hla Hla gi) ha by N27 g2, h27 H27 gé? h/Z in (25) and
vice versa, we obtain

1
Af(774-5P0;,,(T()QA&)ﬁ/h,@-o 2N;) =

— e(g sgn ) (27| (N1N2)' /%)~

X Z ‘pgégzhg(ovH%2N2)Spgig1h1(7_§07H1;2N1) X

H2 mod2N2
Hl mod2N1

1w at + 3
{]\/vgﬁg2 2(’}/ +5

ar+ 3

; Hy, 2N3) gw( 5

L Hy,2Ny) —
‘ / at + 3

at + 3
wm Crrg  Hy,2N) | (2.6)

;H272N2) X

Subtracting (2.6) from (2.5), according to (2.1), we obtain
(ryT + 5)5\111(7—; g1, 92, h17 h27 Oa 0) N17 NQ) =
5 _
= o2 saun) (2RI (VN 2)

X > grguny (0, Hyi 2N1) g 6,1, (0, Ha 2N5) X

Himod2N;
H2m0d2N2
at +
X\Ijl(mmglhgéahlla 127H1>H2aN17N2)- (27)

In (2.7) let v be even. Then, by (1.21) and (2.3), g] and g4 are also even.
Therefore, according to (3) and the notations (4), we have

" at + 3 at + 3
(g aN),,, (2
grhr(77+5 ) 9h<’y7’+5
an/N ozTJrﬂ Nng/N at +f3

- § B, E B
16 T+ 6 n2© ’YT+5)

;H572N8) =

ny= 0
B > n ar+p
=2 Beliy S vs)

for r=1,s=2 and r=2, s=1. (2.8)
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Hence, for even v, (2.4) follows from (2.1), (2.7), and (2.8) if j = 1.

Now let v in (2.7) be odd. If hy and he are both even, then by (1.21)
and (2.3), ¢} and g4 are also even, and we obtain the same result. But if h,
is odd, then by (1.21) g.. will also be odd, and in (3) we have

/

(m+ 94)2 =(m+ 1(g; — 1))2 + (m+ 1(g; -1)) + i,

2 2 2
hence
w o+ 3. 1 ar+p
1 h | HT7 2N’I‘ = —
g"'h"(’yT-ﬁ-(S’ ) T Ze(lfiNr 77+5)
% Z (—1)hL(m7HT)/2NT(2m+g;)3 >

m=H, (mod 2N,.)

1 1,, 9 1,, at +
xef g (0m o+ 50h = P o (om0 = 1) =5
hy o+ 0\ w— n1 ar+ 0
=¢( ) D Bue( ):
16N, v7+ 6 ) AN, y7+ 6
ni=
since (5) implies that h, = 1. Analogously,
, at + hs o + 0, <= ., ny ar +
1R 7;H572NS = Bn VENS 9
gShS(77+6 ) 6(16N€ 77+5)n2220 ’ (4N9 ’774‘5)

which implies that hy = 1 if hg is odd and hy = 0 if hg is even. Thus, if
among hy and hs at least one is odd, then we have, for r = 1, s = 2 and
r=2,s=1,

ar + ar + 3
Ui (S5 Hes 2N Dy (3 He 2N,) =
_ N/4(hT/NT+h9/N9) OZT—Fﬂ > , ni OzT—I—B
_6( 4N 77—&-(5)”12::OB"1 (4NT ’yT—i—(S) %
= , EQTJrﬂ 700 , ia7+6
. HZEZ:OB"Ze(MVS i) T 7;3"6(41\/‘ ) (2:9)

since, by (2.3), & (&= + ]'VL—) is an integer. Hence for odd v (2.4) follows
from (2.1),(2.7), and (2.9) if j = 1.
II. From Lemma 4 for n = 4 and n = 0, as in I, it follows that

1
W(’YT + 5)5195?}11 (T; 0, 2N1)1992h2 (7‘; 0, 2N2) =
2

1 ) _
= me(z sgn ) (217|(N1N2)'/2) 7! x
1
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: @ (aT+0
X Z wgiglhl(O’Hlv2N1){?991h/1(77_+57H172N1) +
Himod2N;
4-3 at+ 0
— A ‘ '19”//7'1{ IN
+ 2! 21 =0 glhl(’YT+67 1 1) +
A2 at +
Bl g (S 2N b
+ 2! l2=0 glhl(,YT+§7 1s 1) x
Ha: 2N, (2750 1, 9N, =
X Z ‘Pgégzhz(oa 2;2N\>) g;h;(m7 2, 2) =
Hsosmod2Ns

5 _
= 6(1 sgnfy) (2|7|(N1N2)1/2) b

X Z (pgﬂglhl(ovH1?2N1)§Dg’zggh2(0aH2;2N2) X
Hymod2N;

Hymod2N,
X{];l?ﬁf(l?’ﬂ(j:ig;HhZNl) X
X g1y, (%; Hy,2N,) — 24?]/17r2 (yr + 6)19;’1,1,1 (%;HMQNQ X
Oy (C:T—%?; Hy,2N;) — 4872w (yr + 6)2199/1h/1 (?;:_%?; Hi,2Ny) x
S (%;HQ,QNQ)}. (2.10)

Replacing Ny, g1, h1, H1, 91, h) by Na,ge, Ha,gh, b5 in (2.10) and vice
versa, we obtain

1
Nf%(’yT + 5)5192212 (150,2N2)0g, 1, (7;0,2N1) =
5 _
= 6(1 sgnw)(2|v\(N1N2)1/2) '

x Z Patgans (05 H23 2N2)@gr g,y (0, His 2N7 )X

Hsoymod2No
Himod2N;

X{ ! ’19(4) (aT+B;HQ,2NQ)X

N722 9205\ 4§
24~y
Ny

ar + 0
YT+ 6
at + 3 at+

. 2_2 2
Xﬁgih/l(’yT#»(S’Hl,QNl) — 48y m (’77’—1—(5) 19géh/2<m

at+ 0
(y7 +9) g;h;(m;H%QNz) X

X0, ( s Hy, 2N1) —

; Ha, 2N3) x
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_|_
X0y (%;Hl,zm)}. (2.11)

Analogously, from Lemma 4 for n = 2 it follows that

6 5
NN, (v7 + 0)°04, p,, (15 0,2N1) D 1., (7;0,2N2) =
5 _
Ze(zsgnﬁ’)(ﬂﬂ(]\fl]\fz)l/z) T x
X > Pgrguny (0, Hyi 2N1) g g, (0, Ha; 2N3) x

Himod2N,

Hsmod2No

6 ar + (3 at + 0

9, cHy, 2N, (———=: Hy,2N5) —
X{N1N2 glhl(f‘y’r—i—(s’ 1 1) g2h2(’y’7—+67 2, 2)
24~y at +f3 ar +
- 00y (————=; Hy1,2N1) 0y pyy (————=:; Ho,2N5) —
N2 (77—4’ ) glhl(,y7_+57 1 1) g2h2(,y7_+57 2 2)
24y mi at + 3 ar + 3
— N, (——=: H1,2N1)9",,, (———=:; Hy,2N5) —
Nl (’YT‘F ) glhl(’y7+57 1 1) g2h2(’)/7—+57 2, 2)
ar + (3
—967*7 (Y7 + 6)* Vg1 (m; H1,2Ny) x
at + (3
9w (22 g, 9N } 2.12
X 92h2(7T+§ 2 2) ( )

Subtracting (2.12) from the sum of (2.10) and (2.11), according to (2.2),
we obtain

(v + 8)°Wa(75 91, g2, b1y h2, 0,0, N1, No) =
5 -1
= 6(1 sgn’y) (2|7|(N1N2)1/2) X

X Z @nglhl(ole;2N1)<Pqég2h2(07H2;2N2) X

H1m0d2N1
Homod2N,
at + 0
lI/Q(,YT_'_(Svgiag/Qa /1a /QaHlaH2aN1,N2)~ (213)

Further, reasoning as in I, from (2.2) and (2.13) we obtain (2.4) if
i =2 0O

Theorem 1. For a given N the functions W1(7) and Yo(T) with ¢; =
co = 0 are entire modular forms of weight 10 and character x(§) = sgn 5(%)

(A is the determinant of an arbitrary positive quadratic form in 5 variables)



68 G. LOMADZE

for the congruence group T'o(4N) if the following conditions hold:

1) 2‘9172|927N1|N7N2|N7 (214)
hi | b3 95 | 95
2) AN(—+ —),4|— + — 2.15
) AN ), Ty (2.15)
3) for all @ and § with « =6 =1 (mod 4N)
N N.
( |15| Q)qjj(T;agl7a923h1ah2u0707N17N2) =
A .
(|5|) (T 917927h17h270 0 NlaNQ) (] = 1,2) (216)

Proof.

I. Tt is wellknown that the thetaseries (2)-(3) are regular on H, hence the
functions ¥4 (7) and ¥o(7) satisfy condition 1 of the definition.
II. From (2.15), since 62 = 1 (mod 4), it follows that
4|N62(ﬁ + @) 4| 91 §29(2N1)-2 4 9% §20(2N2-2) (2.17)
N1 N, 4N, 4N,
By Lemma 3 for n = 3 and n = 1 (with g, h,., N;- and g, hs, Ny instead of

g, h, N), according to (2.14) and (2.17), for each substitution from I'g(4N),
we have

;’ih,(mig 0,2N,)9, (CMT:::? 0,2N,) = N (sgné=1);1-13] 5,
N, Ng
x (7 +6)%( o] )0y 1 (T30,2N)0,, 1 (750,2N,) =

—N,. Ny
= sgnd( 0] 2)(yr +6)°

"

XV, n, (T30, 2N0) 000 1 (730, 2N5) (2.18)

forr=1,s=2andr=2, s=1.
Analogously, by Lemma 3, we have:
1)forn=4andn=0

4 ot +p
v hr(’yT 1)

;0,2NT)1995,15(%;0,2N5) _ 1) (sgnd—1)1-13]

(’yT—|—5)( 7] )19((1497 (750,2N; )00, 1, (1;0,2N5) =

—N, N
*Sgné( 7] )(77’+5)5

X080 (730,2N,) 00, 4 (730,2N,) (2.19)

ifr=1,s=2andr=2, s=1;
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2) for n =2
at + ar + (3
glhl (ﬁ 0 2N1)'l992h2 (m,0,2N2) =
—N1No
= sgné( 7] )('yT—|—5)5
X 0491 hl(T 0, 2N1) ags hz(T;0,2N2). (220)

Hence, according to (2.16), for all a and § with ad = 1 (mod 4N), we
have

aT +
( 67917927h17h270a0aN1,N2):

T+ 0

1N,
= Sgn§( )( +(S) (T OéghOng,hl,hQ,O 0 Nl,Ng)

A |4
= sgnd(— 5] )(yT +6)° V(73 91,92, b1, ha, 0,0, N1, Na)

for j = 1, by (2.1) and (2.16), and for j = 2, by (2.2),(2.19) and (2.20).
Thus the functions ¥y (7) and Wy (7) with ¢; = c2 = 0 satisfy condition 2 of
the definition.

ITI. From (13) it follows that, for r =1, s=2and r =2, s =1,

o0

g,:,hT(T; 0, QNT) /gshs (T; 0, QNS) = 71.4 Z (_1)hrmr+h37n5 X
X (4Nymy + g,)3(4Ngmy + gs)e(AT),
Do, (70, 2N, g, n, (730,2N,) =t 7 (—phemheme
My, Ms=—00
x (4N, m, + g,)*e(AT) (2.21)
and also
O, (150, 2N, (70,2N) =7t Y~ (—1)hamathamsz
gihi\'% gaho\! Y 2
mi,Mma—=——00
x(4N1my + 91)2(4N2m2 + 92)26(AT)3
where
2 2 2
A=) m (2Nkmx + ge/2)* = > _(Nemi + migr/2) + Z g2 /ANy,
k=1 k=1 k:

by (2.14) and (2.15), is an integer. Thus, the functions ¥;(7) and Uy (7)
with ¢; = co = 0 satisfy condition 3 of the definition.
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IV. By Lemma 5 the functions ¥y (7) and Wa(7) with ¢; = ¢3 = 0 also
satisfy condition 4 of the definition. [J

Lemma 6. For a given N let

(I)1<T):(I)1(T;gl,... 7g4,hl,... 7h4701,... ,C4,N1,... ,N4>:

4
= ﬁﬂmhl (T5¢1,2N1)00 1, (75 €2, 2N3) H Qguhy (T3 €k, 2Ni) —
k=3
1 4
_Eﬁg;,m(r;02,2N2))19;1h1(7';c1,2N1)Hﬁgkhk(T;ck,QNk) (3.1)
k=3
and
(I)Q(T) :q)Q(T;gl,... 7g4,h1,... ,h4,61,... ,C4,N1,... ,N4) =
4
Wﬁg?)hl (T5¢1,2N1)0gyn, (T3 2, 2N3) H Dgny (T3 €k, 2Ny) +
k=3
+ 29D (i ey, 2N, s, 2Ny) [T 0 :cp, 2Ny) —
N2 goha (7—762’ 2) g1h1(7—701a 1)H gkhk(Tkav k)
k=3
6
A oo (Tic1, 2N1)Y0 (75 c2,2N3) Hﬂgkhk ek, 2NE), (3.2)
k=3
where
2|gr, Ni|N (k=1,2,3,4), 4|NZ (3.3)

For all substitutions from T" in the neighborhood of each rational point T =
_% (v#0, (v,9) = 1), we then have

(7T+6)6q)]<7-7gla >g4,h17"' ah4a05"' aO7N17"' 5N4):

N (L OTEBY g .
;Dn ( ) (j=1,2) (3.4)

AN ~y17+0

Proof. From Lemma 4 for n = 3, n = 1, and n = 0, as in the proof of
Lemma 5, it follows that
4

1
N (7 + 8%, (730, 2N1)0,, (730, 20) I Pguni (750,2N;) =
k=3
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_ 4
—6(%Sgn7)(472(HNk)1/2) ' S° T @spuns (0, His 2N:)

k=1 Himod2Ng k=1
(k=1,2,3,4)

1 at + 3

3 i Hq, 2N
X{(Nl g1h1<fy +(S 1 1)
ar +
T+ 6

IS

—12vymi(yT + )’ g h,( ;H1,2N1)) X

a7’—|—ﬂ

i (g JHR2NY) |} (35)

and

1
3 O+ 8050, (7:0.2N2)9,, (750, 2N1) Hﬁgkhk (750,2N) =
k=3

4 _ 4
- e(; sen ) (42 (T ve)?) U T ot (0, His 2Ny x
k=1

HkmOdQNk k=1

(k=1,2,3,4)
1w at + 3
{(N2ﬂ92 (g Ho2e) =
. at + 3
—12ymi(vyT + 5)19;, n, (ﬁ;H2,2N2>) X
’ (OZT‘Fﬁ H, 2N1 Hﬁ 0&7’"‘1‘5 - H, 2Nk)} (3.6)
g\ 457 9k PRI :

As in the proof of Lemma 5, from Lemma 4 it follows that
1)forn=4andn=0

4
1
N2 (7 + 5)6195?% (7:0,2N1) H ﬁgkhk (7;0,2N) =
k=2
4 4
3 179\ —1
= e(5 seny) (W(szk) / ) S° T @spoens (0 Hi; 2N,
k=1 Hjpmod2Ny, k=1
(k=1,2,3,4)
@) (o +p
X{(NQ’ﬂgl 1(’y +(5 H1,2N1)
24y mi at +
- 8)00s jy (—=: H1,2Ny) —
]\[1 ( T+ ) hl(’YT-F(S’ 1 1)
2 2 2 ar + 3
_48'7 77 (77—“!‘(5) '199111’1 (m,Hl,QNl)) X
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+
xH g (= ﬂ Hk,sz)} (3.7)
and
1 4
N2 (’VT + 5)6’[92?;12 (T; 0, 2N2)1991h1 (T; 0, 2N1> H ﬁgkhk (T; 0’ 2Nk) =
k=3
:e(ésgn’y) 472(ﬁNk)1/2 - Z ﬁwg;gkhk(O,Hk;ZNk) X
2
k=1 HkmOdQNk k=1
(k=1,2,3,4)
(4) at+ 0
X{(Nzﬂgz 2(’VT+5 HQ’ZNQ)
24~7i at + 3
RO W (s | Ha,2N2) ) X
ot + ar+ﬂ
N H 2N I h! H 2N
Xﬂglhl(/y,r_"_(s 1, 2Ny Hﬁgh o ReLE k) —
aT—|—
—48V2W2(77+5)2H09;hk +? Hk,sz)} (3.8)
k=1
2)forn=2andn=0
4
A (v7 4 8)°9; 5, (73 0,2N1)94 1, (750, 2N2) [ [ Dguns (750, 2N;) =
k=3
3 . 1/2
= 6(5 sgn ) ( H Z Pgr g (05 Higs 2Ny ) ¥
k=1 Hjimod2Ny
(k=1,2,3,4)
6 at + [
?9”/ ’ H 2N -
X{<N1N2 g1h1<77_+57 1, 1)
24~ ar+ 0
— )9 (L2 g oN )
]\/'2 (’YT"_ ) glhl(’_}/T—’_& 1 1) X
w0 (ST b, o) Hﬁ ‘”+5 Hy, 2N;) —
géh’( +6 2, 2 g h k +5 ks k

24~ymi " aT—l—ﬁ
- — H1, 2N
( A (vr 4‘5)191hl(,y pERet 1) +

aT +
+9672 72 (v + 0)*F gy 1, (Tﬁ, Hy, 2N1)) X

+9
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4

+
X Hﬁg,;hk(er? Hka2Nk)} (3.9)
k=2

Subtracting (3.6) from (3.5), and (3.9) from the sum of (3.7) and (3.8),
according to (3.1) and (3.2) respectively, we obtain

(A/T—"_(S)G(PJ(T’QI? 7g47h17"' 7h4707"’ 7N17"' 7N4) =

3 4 N
_e(isgn’Y)(472(HNk)l/2) " gm0, Hi 2N x
k=1 Hj,mod2Ny
(k=1,2,3,4)

ar +

XP; (77+5

sg1y - ,g4,h1,... ,h4,H1,... ,H4,N1,... ,N4)
(J=12). (3.10)

Further, reasoning as in Lemma 5, from (3.10) we obtain (3.4). O

Theorem 2. For a given N the functions ®1(7) and ®o(7) with ¢y =
co = c3 = ¢4 = 0 are entire modular forms of weight 12 and character
x(6) = (%') (A is the determinant of an arbitrary positive quadratic form

in 6 variables) for the congruence group T'o(4N) if the following conditions
hold:

4 h2 4 92
2) 4|N —k 4 k. 3.12
) 4 ;(Nk !; N, (3.12)

3) for all o and 6 with ad =1 (mod 4N)

4
N
(l_lk|_§1|k)q)j(7';ozgl,... ,Oég47h17... ,h4,0,... 70,]\71,... 7]\/v4) =

A
(|(5|) (7’ gl,... ,g4,h1,... ,h4,07... ,07N1,... 7]\[4)
(j=1,2). (3.13)

Proof.

I. As in the case of Theorem 1, the functions ®1(7) and ®o(7) with
c1 = co = c3 = ¢4 = 0 satisfy condition 1 and, by Lemma 6, also condition
4 of the definition.

II. From (3.12), since 62 = 1 (mod 4), it follows that

4 72
4|N52Z]}\l;f 4}24%k62¢ (2N)~2, (3.14)
k=1
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By Lemma 3, for n = 3, n = 1 and n = 0, according to (3.11) and (3.14),
for each substitution from I'g(4N), we have

(aT—i—ﬁ
YT + 0

1 (aT +
grhy ¥’
4

H qkhk 047'"‘6 O’QNI‘C):

;0,2N,) 0, ;0,2N;) x

= (yr +0)° (H’“(;'N’“)ﬁg’qr b (730,2N,)0,, (750, 2N,)
4
< [ Pagin (7:0,2N) (3.15)
k=3
forr=1,s=2andr=2, s=1.
Analogously, by Lemma 3, we have:
l)forn=4andn=0

4 ar+f ar + [
199th7-(7T+570’2N7')7‘995h5 (m,0,2Né) X

4

at+ 3
X kHB'ﬂgkhk (m,O,QNk) =

N
= (y7 +6)S (Hk51| ’“)ﬂg‘; o (750, 2N, )0 g, 1. (730,2N,) X

4

* T T Pagenn (750, 2N) (3.16)
k=3
forr=1,s=2andr=2, s=1,
2)forn=2andn=0
ST .

0, 2N 9 ——;0,2Ng) =
Pt grhrk ’)/7_ (5 k H gkhk T _1_6 ? k)

= ( Hk 1 Nk -
= (y7 +6)° ( T )H’lgagkhk 7;0,2N}) H agi.he (T30, 2N).

Hence, according to (3.13), for all @ and § with ad = 1 (mod 4N), we
have

q)_(aT—f—ﬁ

g g a0 N ,N4) -

- (Mg ) orvor
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X(I)j(T;Otgl,... ,Olg4,h1,... ,h4,0,... ,O,Nl,... ,N4) =
A
(|5|)(’YT+§) (7'§917~-~ ,94,h1,... ,h4,0,... 7]\71,... 7]\]4)
for j = 1, by (3.1) and (3.15), and for j = 2, by (3.2), (3.16), and (3.17).

Thus the functions ®1(7) and ®5(7) satisfy condition 2 of the definition.
ITI. From (13) it follows that, for r =1, s=2 and r =2, s =1,

4
o (730,2N09% 3 (750,2N,) [T gens (750, 2N%) =
k=3
=7 S (mymetmetmet (AN m, + g,)} (ANgms + ga)e(AT),
My, Mg, M3, TMN4g=—00
4
1952%(7; 0,2N; )%, (750,2N;) H Vgphy (750,2Ny) =
k=3
=at Y (FymeEe N, 4 g, e(Ar),
My Mg, M3 ,1Mg—=—00
and also
4
oo (T30, 2N0) 97 (750,2N5) T [ Dgn, (750, 2N3) =
k=3
4 - 24 hrmi 2 2
=7 Z (—1)Zer=1 “(4N1m1 + g1)°(4Nama + go)“e(AT),
mM1yee. yMg=——00
where
4 4 1A 2
A= —— (2Nym L (N, mi + m - =k
k14Nk kMg 1; kM kgk 4; AN,

by (3.11) and (3.12), is an integer. Thus the functions ®;(7) and ®2(7)
with ¢; = ¢o = ¢3 = ¢4 = 0 satisfy condition 3 of the definition. []
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