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ON SOME PROPERTIES OF MULTIPLE CONJUGATE
TRIGONOMETRIC SERIES

D. LELADZE

ABSTRACT. We have obtained the estimate in the terms of partial and
mixed moduli of continuity of deviation of Cesdro (C, ) means ( =
(a1,...,an), a; € Rya; > —1,4 = 1,n) of the sequence of rectangular
partial sums of n-multiple (n > 1) conjugate trigonometric series from
n-multiple truncated conjugate function. This estimate implies the
result on the mjy-convergence (A > 1) of (C, ) means (a; > 0, ¢ =
1,n), provided that the essential conditions are imposed on the partial
moduli of continuity. Finally, it is shown, that the m-convergence
cannot be replaced by ordinary convergence.

1. Let f € L([-m;7x|"), n € N, n > 1, be a function, 27-periodic in
each variable, o,[f] its n-multiple trigonometric Fourier series, and &,[f]
its conjugate series with respect to n variables (see, e.g., [1]).

We set

m= (my,...,my,) (m; €N, i=1,n);
X:(Il,...,In) (IZ€R7Z:177”)7
a=(ay,...,an) (ER, a;>—1,i=1,n); M={1,2,...,n}.

By M; we denote the set of all subsets of M with j elements, by MW

a set M\A (A C M), and by MJ(A) the set of all subsets of MY with j
elements.

For B = {i;,...,ix} C M we define m(B) = {1/my,,...,1/m;, } and the
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truncated conjugate function with respect to the corresponding variables
fm(B)(X) =
T
= . Aty (Bk-1my, (o (Ar, (i) 1) ) ) %
(_27T)k l/mi1 l/mik k ket ( ( 7 ) )

k
Si]. -
X H ctg 7d8i1 coedsiy, fm(X) = frn) (%),

where

Ai7h(f,x) = f(ml, ey Ti—1, T + h,xi“, R 7$n) —

7f(x13"'7xi71,xi*haxi—&-la"'vxn)v Zzlvn

For f € Li([—-m;7w]™), 1 < ¢ < 400 (L™ = C), we consider its mixed
modulus of continuity

wB(m(B);f)Lq =

AP (A (L (AR () ..))

= sup
|h1‘<1/mi17"‘1|hk‘<1/mik

3

La

where AM(fix) = f(21,.. ., Ti1,Ti + By Tiv1, . 0) — F(T1, ..., T0).

Let 62 (x; f) be Ceséro means of G, [f].

In the sequel by A, B, A1, B1,C(a),C(B),C(a, ), etc. we will denote,
in general, different positive constants.

Finally, we set

k=8, -1< <0,
A(k,B) = qIn(k+1), 8=0,
1, B>0, (k=1,2,...).

In the present paper we give the estimate of the deviation of n-multiple
Cesaro means of the sequence of rectangular partial sums of 7, [f] from fi
in the norm of L%, q € [1;400] (L = C), in terms of partial and mixed
moduli of continuity of f. This result generalizes the corresponding result
of L.Zhizhiashvili (see [1]).

From this estimate ensues the result on the Cesaro summability of the
sequence of rectangular partial sums of &,[f] and then the correctness of
this result is shown.

2. The following is true:
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Theorem 1. If f € Li([—m;@|™), q € [1;4+00] (L™ = C), then

17565 f) = fm(X)l|2e < C(ex) {Z > we(m(B); frax

k=1 BEMj,
k n—1n—i )
X H )\(mij7ai]‘)+zz Z Z WB(m(B);fm(A))Lq X
7=l i=1 k=1 A€M, g (A
{1;1,...,ik}€Mk P

k n
x H (g, o) + H)\(mi,ozi)wM(m(M); f)Lq} (D)

j=1 i=1
(A)
{t1,...,tr YEM,

Proof. For simplicity, we will prove the theorem in the case n = 2 which
is typical. We will use the method of L.Zhizhiashvili ([1], p. 160-191), this

method proving to be true for n > 3.

Let w(d1,d2; f)r» be the mixed modulus of continuity of the function
f(z,y), z,y € R, with respect to two variables. By w;(d; f)r« (i € N, ¢ €
R™), as usual, we denote the modulus of continuity of f in L7 with respect
to the corresponding variable. Let m,n € N, a, 8 € R, o, 8 > —1, frn.n(2,y)
be the two-dimensional truncated conjugate function and %7 (x,y; f) be
the Cesdro means of the double conjugate series 7o[f].

We have ([1], p.187-188):

w/m pw/n _ _
oo ) =1/e [ [ (st RS RI ) drds +
0 0
T/m  pm t -
+1/(27T2)/ / V(5,85 f) et S K5 () deds +
0 T/n
T/m  pm B
+1/71'2/ / Yay(s,t; [)KS(s)HL | () dt ds +
0 T/n
T/m  pm B
i/ | oy (5,85 )RS () H o (1) dt ds +
0 T/n
T T/n s
+1/(27r2)/ / Way (s,1; f) ctg S KJJ (1) di ds +
w/m J0O
T T/n _
w1/w [ st N (RO deds +
w/m JO
T T/n B
wi/m [ st D RO deds +
w/m J0

+ 1/(47r2)/

w/mJ7w/n

™ ™

S t
¢17y(5a t; f)ctg B ctg 3 dtds +
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T T

w1/ee) [ [ (st e S H @) deds +

w/mJr/n

+1/(27T2)// / G 5,15 f) et S HE o (1) de ds +

#1/Cr) [ [ (st e g () dtds +
w/mJr/n

+1/n? / V(5,85 £)YHE, (5 HP | (t) di ds +

/mJr/n

+1/n2 /ﬂ/m/ﬂ/n%stf L(s)HP () dt ds +

i) [ / Wy (s.t: ) et LHG () drds +

w/n

+1/n? / ay(,t; F)YH, o (5)HP | (1) di ds +

/mJr/n

1 / ] el G o) 0 s =

ZP(“ (2,9 1), (2)

where

wm,y(sat;f):f(x+3ay+t)_f(x_57y+t)_
—flatsy—t)+ flx—sy—1) (3)

and HY, | (s), H. 5(s) are the summands of the conjugate Fejér kernel K5 (s)
(see [2], pp.157-160)

— 1
K5, (s) = 5 ctg 5 + Hiy 1 (s) + Hy o(s), (4)
cos ((m+ 3+ $)s — &)
HE (s) = — .
m, 1( ) Aa (2 sin £ >1+a (5)
Besides,
[K7(s)] < C)m, |s| <m (6)
o C(e)
|Hm,2(s)| < m2sd’ 7T/m < ‘5‘ <m, m>1. (7)

The estimate (7) is more precise than the estimate (2.1.14) in [1] and it
can be proved by arguments analogous to those in [2], pp.157-160.
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From (2) we obtain

&2 (2, ys f) = fonn(, y) =28z, y; ) — P& (2,95 f) =
Z P8 (x,y; f), (8)

where ’ indicates that the eighth member is omitted (the replacement of

1/m (1/n) in fon(z,y) by 7/m (7/n) does not matter).
In the sequel we will use the inequality (see [3], p.179)

[ rewafa) < [ [ vepra w

1 <q < +o0.

Taking into account (6) and (9), we obtain

PS5 (@55 PllLe < Clav, B){wi(1/m; f)re +w2(1/n; f)ra}.  (10)

It is easy to see, that
1 f/m _ _
P f) =1 [ P+ s0) - [P - 5] Kol ds,
T Jo

T/n
PRy == [ @y +0 = @y - 0] Ko

where
Ben=—g [ etsn-fe-splasgs 0D
@ =g [ ey o-fey-dlesga 2
Hence, using again (6) and (9), we obtain:
1P (2,5 e < Clav Bwr (1/m; f12) La (13)
1P (2,55 P)llLe < Clav, B)wa(1/m; fi)) o (14)

Now, it is easy to see that for estimation of Pg’,{(:ﬂ,y;f) it suffices to
estimate the integral

T/m  pm B
I(m,n) = n_ﬁ/ // Yy (8, t; K (s)ws(t) cosnt dt ds,
0 T/n

where
cos 1+ﬁ t

wp(t) = W
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‘We have

T/m pw
21, =n [T e 0) et )] %

B T/m pw
XK (s)ws(t) Cosmfdtds—i—/o // Vay(s,t+m/n; f)[ws(t)—

—wg(t+7/n)| K& (s) cosnt dt ds+

T/m  pm B
+/ / Yy y(s, t + 7/ f)K (s)wa(t + m/n) cosnt dt ds —
0 T—m/n
T/m pw/n 3
,/ Yz (s, t+m/n; K (s)ws(t + m/n) cosntdtds}.
0 0

Now we note that (see [1], p.56, (2.1.18))

[wa(t) —ws(t+7/m)] < C(B)/(n*+?), = <t<m. (15)

(6) and (15) yield ||I(m,n)|r« < C(a, B)A(n, B)wz(1/n; f)a and hence

1P (.95 )llna < Clo, B)A(n, B)wa(1/n; f)pa. (16)
Analogously

1P (2,95 F)llza < Clov, BIA(m, @)wr (1/m; ) pa- (17)

Furthermore, using (6),(7) and (9), we obtain

1PE) (2, y; f)llLe < Cla, B) {wi(1/m; f)re +wa(1/n; f)pa}

(k = 4,7,16). (18)

Analogously, taking into account that
1 L -
P, y; f) = / LS5 @y +0) = J5) (g — O] H 1 (8) dt
T Jx/n ’

I - o
;r}vp(mvya f) = _; // [.fr(LZ)(x + 57y) - f?gz)(x - Svy)]HnL,l(S) dS,

we can prove

IPE) (@, y; Pllze < Cle, B)A(n, B)wa(1/n; F§)) Las (19)
PG (@, y; fllze < Cla, BIA(m, e)wi (1/m; F12) pa. (20)

Using the same arguments and applying (6), (7) and (9), we can prove

1PSD (2,5 P)llze < Cle, Blwz(1/ns f)) s (21)



ON SOME PROPERTIES OF TRIGONOMETRIC SERIES 293

[P (2, y; )|l e < Cla, B)wr (1/m; f$P) pa. (22)

Now we observe that the following lemma holds true (see [1], p.160,
Lemma 10):

Lemma 1. Let f € LY([-m;7]?), 1 < ¢ < +00, and
Gay(s,tif)=fl@+s,y+t)+ fle—sy+t)+ fl@+sy—t)+
+f(l'—8,y—t)—4f($7y) (23)
Then
sin

—a. — T T sin
Hm “n 5// / Gz,y(8,t; flwa(s)ws(t) cos ™5 cos ntdtds‘
T/mJT/n

La

= O{)\(m7a)/\(n, Bw(1/m,1/n; fre + A(m, a)wi(1/m; e +
+A(n, B)wa(1/1; f)ra}-

There is another lemma in [1] (see p.171, Lemma 11), which can be
corrected by means of (7) as follows:

Lemma 2. For f € LY([-m;7]?), 1 < ¢ < +00, we have

e / G5, Flwa(s) (1) °0L msdtds]| =

o S m Cos
= O{X(m, a)w1 (1/m; f)pa +wa(1/n; f)pa };

Hn‘ﬂ/ qﬁgc’y(s,t;f)wg(t)HSm(s) sin tdtds‘

Jm Jm/m
= O{A\(n, B)w2(1/n; f)ra + wl(l/m; fra}.
The lemmas and (3), (5), (7) and (23) yield
PSR (s ) + P (w,ys f) + PO (s )] . <
Cla, H{Am, a)A(n, B)w(L/m, 1/n; f)rs + Am, a)wi (1/m; f)ra +
+A(n, B)wa(1/n; f)La}. (24)

q

Finally, (2)—(24) yield
omd (2,3 ) = Fmn(@,9)|| o <
Cla, B){A(m, a)X(n, B)w(1/m, 1/n; fra + Am, c)wr(1/m; f)ra +
+A(n, B)wa(1/n; f)ra + Am, @)ws (1/m; f12) 1a +
+A(n, B)wa (1/n; f53)) e}, (25)

which is the formula (1) in the case n =2. O
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Corollary. If f € C([—m;7]|™) (n > 2) and
wi(8; f)e = o(1/n"7(1/8)) (i=Tn) (26)
as & — 0+, then lim |62 (x; f) — fm(X)|lc =0, a = (a1,...,a,), a; >0
(i=1,n), A > 1.mx%oo

Now we will prove that the m)-summability in the corollary is essential.
Namely, the following result holds true:

Theorem 2. There exists a function f € C([—m;w|™) which satisfies
(26) and

m@%(o; - f_lm(o)‘ = +0o0, (27)

a=(ay,...,an), a; >0 (i=1,n), 0=(0,0,...,0).
Proof. We will prove the theorem for n = 2, this case being quite typical.
First, let o, 8 € (0;1). We set

k
mi =22 me=m™ , (keN); (28)
n® 2 =Inln x, In® z = InIn®-1 z, keN, k>3;
1 _m 117
In(1/(z—=/(6m))) In® (1/(z—7/(6my)))’ 6ms <z = 60my,
_ 1 117 <p< I
9k (@) In(1/(x/(5mk)—x)) InD (1/(x/(5Bmy)—z))’ 60my = 5my,?
0, T € (O;W)\(G;;k; 577:%)
Furthermore,

h(z) = gr();
k=1

1 o
p(y)_{mm/mmw/yw y € (0; 3],
1 . .

In(27/(7—y)) In® (27 /(7 —y))’ Yy e [2 ; 7T),

T.y) = h(x)p(y), (z,y) € (0;7)2,
f( ay) {O, (I’,y) c [77“71_]2\(0;702.

Finally, outside the square [—m; 7|2, we extend the function f by perio-

dicity with the period 27 in each variable. It is easy to see that f satisfies
(26).
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From now on we set m = 2my, n = ni + 1. We have
TR0.0:) = Fun0.0) = /7 [ [ e K@) R o)yl -
0
—1/(4w )/ flx,y)ctg = ctg = dy dx =
1/mJ1/n 2 2
1/m pl/n B _
—ie [ [ e R @R ) dyde +
1/m = B B
e [ P ) K () K () dy e +
0 1/n
T 1/n _ B
i [ e K ) K ) dy da +
1/m JO

i [ ) (K@) - 1/1cts G etg ¥) dydo =
1/mJ1/n

= Z Rj(m,n). (29)
Obviously,
Ri(m,n) =o(1) (m,n — o00). (30)
Then,

1/m B
Ro(m,n) = 1/ / f () K () 2 ctg ¥ dyda
0 1/n 2 2

1/m pm _
1) / | @) dyde =

= Ry(m,n) + Ry (m,n), (31)
where
a1 "L cos(v+1/2)t
H(t) = Ao ZA” 2sin(t/2) (32)

n y=0
The following estimates hold true (see [2], (5.12)):

K (t)| <n, |t|<m (33)
|[HS (1) < Cla)n™ =@t 1/n < |t] < 7. (34)
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Now we have

™ 1 y /2 1 y
“cte 2 dy = “cte 2 d
/1 p(y)20g2 Yy /1 p(y)20g2 Y+

/n /n
T 1 y
+ | ply) 5 ctg S dy = Ui(n) + Uz(n).
w/2
Now,
/2 d(2my)
U =-C
1) ! /1/n 2y In(27y) In | In(27y)| —
< Oy n® n < Cymy Inmy;
|Ua(n)| < M.
(31) and (35)—(37) yield
, C
|R5(m,n)| < 5 my Inmg.
Inmy4q In(® M1
As to Ry (m,n), we have
C 1/m p=w
[RY(m,m)] < O [ iy <
lnmk_H ln( )mk+1 0 1/n n-y
LB
In Me+1 ln(2) mMeg+1
(31), (38) and (39) yield
C
|R2(m,n)| < (6)2 my lnmy.
Inmy,41 In )mkH
Analogously
R3(m,n) = R(m,n) + RY(m,n).
Now,
C
Ri(m,n)| < ——=— Inm,
175 ) mnln®n
C(a)
Ri(m,n)| < ———~—.
175 ) Innn®n

(41)—(43) yield

[Ra(m.n)| = o(1) (m,n — oc).

(39)
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Now let us consider Ry4(m,n). We break it into 4 parts as follows

ST AR B M M
/W [ e (R Rio -

_zctg§ctg )dydx—]zll (m,n), (45)

where 1/2 <7 < 1.
We have

[La(m,n)| <

cle, ( ) dy d.
(a ﬁ) /Umf /1/”7 megetly + nﬁyﬁﬂx + manﬁanrlyﬁJrl Y ax

It is easy to see that

|[Iy(m,n)| =o(1) (m,n — o0). (46)

Now we estimate Iy(m,n).

3
n) = ZQk(m,n). (47)
1/m™ pm H’B( ) )
Qammi=[ue [ [ s dvis] <
nfT
< C(,@’)max|f\lnmn—ﬂ
and
Q2(m,n)| = o(1)  (m,n — o0); (48)
1/m™ pmw
Qa(mw)] = |1/ (o) HE, (@) HE (y) dyde| = o(1) (49)
1/m 1/n7

(m,n — o00).

Next we Will show that |Q1(m n)| — +oo0 as m,n — 0.
We have > - < < —. Therefore

GTnk Smk

w/5my

Q1(m,n) = 1/7T2/ hz)(—Hy, (x)) dz

7/6my,
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) ! — oW (2)

Since m = 2my, we have cos(i + 1/2)x > 0 for ¢ = 0,1,...,m and
x € [z2; ==]. Hence (—HS (x)) < 0 (see (32)). Therefore we have

6my ) 5my,

7 /5my,
@ (m) = 1/7° / Hy (a)h(z) dz >
7 /6my,
237w/120m;, ™ 97
> % Ae 120 )y dp >
Ag, 217 /120my 5 T
e i L ER—C) / - & 6
Ag, Inmg In' my, J21n/120m, % Inmy In** my,
As to ng)(n)7 we have (analogously to (36))
QY (n) > Cmy Inmy. (52)
(50)—(52) imply
C
|Q1(m,n)| > oy T In my,. (53)
Inmy In'* my,
(28), (40) and (53) yield
|Q1(m,n)| — Ra(m,n) — +oo (54)
as m,n — oo (for m = 2my, n = ng + 1).
From (47)—(49) and (54) we obtain
|[Iz(m,n)| — Ra(m,n) — 400 (m,n — 00). (55)
Now let us consider I3(m,n). As in the case of Is(m,n), we have
3
Is(m,n) =Y J,(m,n). (56)
v=1
Then
™ 1/n" ( )
Ji(m,n :1#2’/ h(x)(—HS (z dz/ Ly_
Al =17 [ n@cmgEa [ ot
art 1 (2) 7
SC’(a)m (In® n"—In® p)= Cla) non (57)

mo me(1-7) n 1n(2)n;
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™ T 1/n™
i =i/t [ s [ A0 @] <

< C(B)Inm Y dy

_¥_. 58
“Innln®n S, 0Pyttt (58)
™ 1/n"
stml = [t [ [ n@pw g ) ) dyde] <
1/m7™ J1/n
<Cla, g 59
= (a,ﬁ)wﬁ. (59)
(56)—(59) yield
Is(m,n) =0o(1) (m,n — o). (60)
Now we consider I;(m,n). As above,
3
Ii(m,n) = ZTj(mm). (61)
j=1
We have
) 1/m”™ p1/n" 1 y
] =17 [ [ (o) (-H e et ) dy s <
1/m 1/n
< Cl((();)) & ((();)) mia Inn; (62)
Inmy In* my Inng In'* n, M
) 1/m™ p1/n" 5 1 T
atmo)| = 1] [ [ nwpt) (- ) 5ty dy da] <
1/m 1/n
C C B
< 1(/?2)) 2(?2)) %1 m; (63)
Inmg In'* my Inng In'* n, 1
1/m™ p1/n"
) =172 [ [ n@pw g ) dyde] <
1/m 1/n
Cl(a7ﬂ) 02(a75) manﬁ
E ® @ o (64)
Inmg In* my, Inng In' n,, MmN
(61)—(64) yield
Ii(m,n) =o(1) (m,n — oo) (65)

(we remind once more that m = 2my, n = ny + 1).
Finally, (29), (30), (44)—(46), (55), (60) and (65) prove the Theorem 2 in
the case n = 2 and «, 3 € (0;1).
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For o« = 1 we have
sin(n + 1)t

H@t)= ————— 66
u(t) (n—i—l)(?sin%)Q (66)
and an estimate analogous to (34) holds true.

Now we consider the case when a > 1. Using the method represented in

[4], p.507, we obtain

e} _ 1 ei(n+1/2)t —1it . a—m —ity—m
Hn (t) - A%Qsin% {(1 _ efit)a e ? mz::lAn (1 e )
)
. Z Afn—d—le—i(m—n—l/Q)t(l _ e—it)—d}7 (67)
m=n+1

where d = [a].

Taking the real part we obtain that the first term of the finite sum is
0. Therefore if [o] = 1 we apply once more the Abel transformation to the
infinite sum in (67) and obtain

(1) = cos((n+ 3 + %)t — Z2) (I —a)acos(t/2)

Ag(2sin L)1+ 8(n+ 1)(n+ a)(sin £)3

oo

1 w_g sin(m—1)t
_ Tg Z A W (68)

m=1

Then, again, we have an estimate analogous to (34), which enables us to
fulfil the proof. Namely,

Cl (Oé) CQ(O&)

|H3(t)| < W 7712153 . (69)
If [a] = 2 without further transformation we obtain
He(t) = cos((n+ 5+ §)t — %) (a —1)acos(t/2)
e Ag(2sin §)1+e 8(n+ a—1)(n+ a)(sin £)?
1 O ,a_3 cos(m —3/2)t
o A o s 70
+A%mz::1 ™ (2sin L)3 (70)

and, again, (69) holds true.

Analogous equations may be obtained if [a] > 3.

Now, when @« = 1 and 8 = 1, we use (66). If « =1 and 5 < 1 (or vice
versa), we use (34) and (66). If « =1 and 8 > 1 (or vice versa), we use
(66) and (67) (for the corresponding d). If & > 1 and 3 < 1 (or vice versa),
we use again (67) (for the corresponding d) and (34).
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In the n-dimensional case we define f as follows. We set

92"
my = 2° (kEN),

1 ™ 117
=11/ (= /Gma)) I (1 =/ 6ma)))” - <Z < Gomy
gr(z) = " L(1/(x/(5mr)—2)) In(D (1/(x/(5mr)—z))’  60mx <r< 5%1“
0, T € (O;ﬂ)\(ﬁgk;sjyflk)’
Again
h(z) = ng(x).
k=1
Then,
p(xQ, e 73',',”) =
1
= 11’1n71 _ (2m)n—1 ln(n) n (2m)n—1 (71)
T, /2 In/2—i]) )
for (IEQ, - ,.In) S (O’ 71')”*1_
And, finally
h ey Tp), U 0; )",
Fns. ) = 3 0P Tn) (@1, 20) € (057) : )
Oa (xl,...,xn) c [—7'(;7-[-] \(077-(-) .

Outside [—; 7)™ we extend the function f by periodicity with the period
27 in each variable.

We observe, that functions of the p(zs, . .., z,)-type were for the first time
introduced and applied in the works of L.Zhizhiashvili (see [1], [5]). O

Remark 1. For the function f(x1,...,z,) a stronger condition than
(26) holds true, namely,

C(f,n)
" (1/8) In™ (1/6)

Remark 2. Results analogous to Theorem 1, the corollary and Theorem
2 hold true for the n-multiple Abel-Poisson summability method.

wi(6; flo <

i1=1,n.
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