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INVESTIGATION OF TWO-DIMENSIONAL MODELS OF
ELASTIC PRISMATIC SHELL

M. AVALISHVILI AND D. GORDEZIANI

Abstract. Statical and dynamical two-dimensional models of a prismatic
elastic shell are constructed. The existence and uniqueness of solutions of
the corresponding boundary and initial boundary value problems are proved,
the rate of approximation of the solution of a three-dimensional problem by
the vector-function restored from the solution of a two-dimensional one is
estimated.
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1. INTRODUCTION

In mathematical physics and theory of elasticity one of the urgent issues is
constructing and investigating lower-dimensional models. I. Vekua proposed one
of the methods of constructing two-dimensional models of prismatic shells in [1].
It must be pointed out that in [1] boundary value problems are considered in C*
spaces and the convergence of sequences of approximations to exact solutions
of the corresponding three-dimensional problems is not investigated. In the
statical case the existence and uniqueness of a solution of the reduced two-
dimensional problem in Sobolev spaces were investigated in [2] and the rate
of approximation of an exact solution of a three-dimensional problem by the
vector-function restored from the solution of the reduced problem in C* spaces
was estimated in [3]. Later, various types of lower-dimensional models were
constructed and investigated in [4-18].

In the present paper we consider static equilibrium of a prismatic elastic shell
and a dynamical problem of vibration of a shell. Due to I. Vekua’s reduction
method we construct a statical two-dimensional model of the plate and inves-
tigate the obtained boundary value problem. Moreover, if the solution of the
original problem satisfies additional regularity properties, we estimate the accu-
racy of its approximation by the vector-function restored from the solution of a
two-dimensional problem. We reduce the dynamical three-dimensional problem
for a prismatic shell to the two-dimensional one, prove the existence and unique-
ness of the solution of the corresponding initial boundary value problem and
show that the vector-function restored from the latter problem approximates
the solution of the original problem. Also, under the regularity conditions on
the solution of the original problem we obtain the rate of its approximation.
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18 M. AVALISHVILI AND D. GORDEZIANI

Let us consider a prismatic elastic shell of variable thickness and initial con-
figuration Q C R3 z = (21,29,73) € Q, Q denotes the closure of the do-
main  C R? (the domain is a bounded open connected set with a Lipschitz-
continuous boundary, the set being locally on one side of the boundary [25]).
Assume that the ruling of the lateral surface I' of the plate is parallel to the Ox3-
axis (Oxyzaz3 is a system of Cartesian coordinates in Rg) and the upper I'",
lower '~ surfaces of the plate are defined by the equations z3 = h* (21, x2), 73 =
h™(x1,22), h™(z1,29) > h™ (21,22), 21,72 € 0, b, hT € C*(@), where w C R?
is a domain with boundary . Let 7o denote the Lipschitz-continuous part of
with positive length.

In order to simplify the notation, we assume that the indices i, j,p, q take
their values in the set {1,2, 3}, while the indices «, § vary in the set {1,2} and
the summation convention with respect to repeated indices is used. Also, the

0
partial derivative with respect to the p-th argument e is denoted by 0,. For
Lp

any domain D C R* L?(D) denote the space of square-integrable functions
in D in the Lebesgue sense, H™(D) = W™2(D) denotes the Sobolev space of
order m and the space of vector-functions denote with H™(D) = [H™(D)]3,
L?(D) = [L*(D)]3, s,m € N.

Let us suppose that the material of the plate is elastic, homogeneous, isotropic
and A, v are the Lamé constants of the material. The applied body force density
is denoted by f = (f;) : 2 x (0,7) — R? and the surface force densities on the
surfaces I, T~ by g™ and g™, respectively, g© = (g;°) : T x [0,7] — R®. The
plate is clamped on the part T = {(z1, 12, 73) € R?; (21, 22) € 70, h™ (21, 72) <
x3 < ht (2, 25)} of its lateral surface I', while the surface I'" = T'\I"" is free.
For the stress-strain state of the plate we have the following initial boundary
value problem:

Pu; o~ D
52— O o ew (W) + 2peij(u)} = filwt), (2,1) € Qr, (11)
j=1
ou
u(z,0) = p(x), E(:c,O) =(x), €, (1.2)
u=0 on T =T%x]0,T],
3 gt on Th=T7%x][0,7],
()\epp(u)@j + 2,ueij(u))nj = gz_ on Fj_« =1 x [O,T], (13)
i=1 0 on TL=T"x[0,T],

where Qr = Q x (0,T), uw = (u;) : Qr — R? is the unknown displacement
vector-function, ¢, : @ — R? are initial displacement and velocity of the
plate, n = (n;) denotes the unit outer normal vector along the boundary 0f.
d;; is the Kronecker symbol and e(u) = {e;j(u)} is the deformation tensor

1 <8u,; Ou,

iq = — 5 ',':1,2’3-
ol = 5 (o + ) B
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In Section 2 we study the statical case of problem (1.1)—(1.3) and construct
a statical two-dimensional model of the plate, investigate the convergence of
the sequence of vector-functions restored from the solutions of the correspond-
ing boundary value problems to the solution of the original three-dimensional
problem. In Section 3 we consider problem (1.1)—(1.3) in the suitable functional
spaces, construct and investigate a hierarchic dynamical two-dimensional model
of a prismatic shell.

2. STATICAL BOUNDARY VALUE PROBLEM

As we have mentioned in the introduction, in this section we study the statical
case of problem (1.1)—(1.3). In this case the latter problem admits the following
variational formulation: find a vector-function u € V() = {v = (v;) € H(Q),
v =0 on I'°}, which satisfies the equation

B%(u,v) = L%(v), YvecV(Q), (2.1)

where

B®(u,v) = / (Nep(®)eqq(v) + 2es (wes; (v)) do,

LQ(v):/fividx—i—/ gfviquL/ g; vidl.
Q r+ -

The variational problem (2.1) has a unique solution if A > 0, u > 0, f €
L%(Q), g* € L*(I'*), which is a unique solution of the following minimization
problem: find uw € V(2) such that

JUu) = inf J%v), J%(v)= %Bg(v,v) — L%w), YveV(Q).

vev(Q

In order to reduce the three-dimensional problem (2.1) to a two-dimensional
one, let us consider equation (2.1) on the subspace of V(£2), which consists of
polynomials of degree N with respect to the variable x3, i.e.,

N

1 T T r _
vy = ;a(r + 5) v P.(ax3 —b), v=(v;), r=0,N,
2 h*t + h~
where a = - = ﬁ, and P, is a Legendre polynomial of degree
r. Thus we get the following problem:
BQ(U}N,UN) :LQ(’UN>, \V/’UN € VN<Q), (22)

Vv(S) = {”N = ZN:‘L<7"+ %) v P, (azs — b);

r=0

ve H'(w),v=10 on 7, r:O,N}.
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In problem (2.2) the unknown function wy € Vy(Q2) is of the form

al 1
wy = Za(r + 5) w P.(axs —b),

r=0

. 0 N
so we have to find the vector-function Wy = (w, ..., w),

Wy € Vy(w) = {oy = (’?J,...,g); ve H'(w), v=0 on ~y, 7= 0,N},
such that the corresponding wy is a solution of problem (2.2).

Taking into account properties of the Legendre polynomials [19] equation
(2.2) can be written in the following form

N
1 r r r r
Z(r + 5) /a(A 0 (@Wn) 0 (Un) + 2 €55 (W) €55 (Un))darday
r=0 w

N 1 . N 1
_ - s dyd ( -) Gk U; daid
;O<r+2>/waflv T :L‘g—i-; 7“+2 /wagl 1 V; drpdxs
N
1 o o o
+ Z (7“—1— 5) /agi k_(—=1)" v; deidrs, YV Un € Vy(w), (2.3)
r=0 w

where G (21, 72) = g (1, 12, B (11, 22)), (21, 72) € w, i = 1,3,

6 (Un) :gii (Un),
r . 1 87}7} 81)7"]- 1N ros T s
“u ) = 5 (g, + ) 3 2 bl + bud),

S=r

Ouht — Ouh™ r

bor= —(r+1) RS R bsr= 0,
(O, s<r,

stz —(2s + 1)8(1th ;LJE__liszraah, j=oa, s>,
\(284_1)%’ j=3, s>r,

by = \/1 + (%)2 + (%)2, fi= hl_ﬁ fiP(axs — b)dzy, 7,5 =0,N.

Thus three-dimensional problem (2.1) we have reduced to two-dimensional
one. For the last problem (2.3) we obtain the existence and uniqueness of its
solution. First we prove the inequalities of Korn’s type in this case.

Theorem 2.1. Assume that w C R? is a bounded domain with Lipschitz
boundary v = Ow.
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a) There exists a constant o > 0, which depends only on w, such that

WE

N
1 r 5 r . ror =
(’I" + §> /wa eij (’UN) eij (UN)dxldl”g + z;/w V;0; dl’1d$2 Z CY||’UN|||2_|1(W),

r=0

for any vy € H'(w), where H'(w) = [H' (w)]|V 1.
b) There exists a constant o > 0, which depends only on w and 7y, such that

N
1 . ) o
Z (7“ + 5) /a eij (Un) €ij (On)dardey > al|in|[fn,y, Vv € Vy(w).

r=0
Proof. Let us introduce the space

Ew) = {iy = (v,...,0) € £(w) = [L2w)]N", & (ix) € LA(w), r=0,N}.

Then, equipped with the norm ||.|| defined by

. . . 1/2
[Tx [l = {|n e + le(@) 60}

where

N
‘UN‘SM = Z/ 5151 dxidas,
r=0v%
al 1
@R =Y (r+3) [ by () & (G)dnidos
r=0 w
the space E(w) is a Hilbert space. Indeed, let us consider the Cauchy sequence
{17(]\’;)}2‘):1 in the space F(w). By the definition of the norm ||.|| there exists
v;e L*(w) and (SZ-]E L*(w) such that

r(k) r r r .

T (175\’,“)) —ey; in L*(w), as k — oo.
Moreover, for any ¢ € D(w) (D(w) is a space of infinitely differentiable functions
with compact support in w) the following equality is valid:

r ]- T’(k) r(k)
/ Cij (77(1\];))90d331d562 = 5/ (— v, 6?j<p— v; 0;
N
T s(k) r S(k)
- Z(bisvj + bjsV; )90> dxidzy, VEeN,

Hence, passing to the limit as k — oo, we obtain (Taij:gij (UN).
Let us show that the spaces F(w) and ' (w) are isomorphic. It is clear that
$'(w) C E(w). Moreover, if we take vy € E(w), then for any 1 <i,j,p < 3 and

r=0,N we get
8, v;e H ' (w),
0;(0p v3) = 0; €4 (Un) + 0, €35 (Un) — 0; €5 (i)
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Y Z blsv + bps z) + ap(biséj + bjsls)z> a (bps + b]s p)) S Hil(w)

since if y € L*(w), then 9,y € H™'(w). By virtue of the lemma of Lions [20-22]
we have 0, v;€ L?(w), and therefore the spaces E(w) and $'(w) coincide.

To prove the item a) of the theorem note that the identity mapping from
$'(w) into E(w) is injective, continuous and, by virtue of the preceding result,
is surjective. Since both spaces are complete, the closed graph theorem [23]
shows that the inverse mapping is also continuous, which proves the desired
inequality.

Now we will prove the item b) of the theorem. Notice that the semi-norm |.|
defined by |y| = |e(@x)|o.w is the norm in the space Vy(w) when the measure
of o is positive. Indeed, if |e(Ty)[5,, = 0, then [4]

81 (ZL‘l,Ig) <bgﬂf2 + = (h+ + h™ )bl + Cl),

1
82 (ZL’l, Ig) a < — bel + = (h+ + h™ )bQ + CQ),

0 1
3 (v1,12) = 5( — bz — baxa + 03)7

1 bl 1 b2

Uy (1’1,362) = @, V2 (3317372) = @,

for any real constants by, b, b3, c1, co, c3. Since vy = 0 on 7y and the measure
of vy is positive, we get vy =0 on w.

To prove the inequality of the item b) we argue by contradiction. Then
there exists a sequence {7%}%° . 7% € Vy(w) such that |75 |lHi () = 1 for all
ke N, kll_)Holo |le(%)]ow = 0. Since the sequence {@}7, is bounded in the space
H(w), a subsequence {75}, converges in £2(w) by the Rellich-Kondrasov
theorem. Each sequence {e;; (%)}, r =0, N, also converges in L*(w). The

subsequence {7}, is thus a Cauchy sequence with respect to the norm ||.||.
According to the inequality of the item a) we have that the subsequence

{UN}l | is a Cauchy sequence with respect to the norm ||.||1(. too. The space

Vy(w) is complete as a closed subspace of $'(w) and hence there exists Ty €
Vi (w) such that

N~y in H'(w), as [ — oo,

and |e(Uy)]ow = hm |(#5)]0w = 0. Therefore 7y = 0, which contradicts the

relations |73 ||ty = 1 for all 1 > 1. O

On the basis of Theorem 2.1 we prove the theorem on the existence and
uniqueness of a solution of problem (2.3).
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Theorem 2.2. Assume that the Lamé constants X > 0,u > 0, f € L*(Q),
g* € L2(T'F), then the symmetric bilinear form By : Vy(w) x Vy(w) — R,

N
— — 1 r — r — T — T —
B]%(UN,UN) = E (T + 5) /CL(A 6 (UN) 6 (’UN) + 2,u eij (UN) eij ('UN))diL'ld[L‘Q

r—=

is continuous and coercive, the linear form L : Vy(w) — R,

N N
1 T or 1 r
L%(UN) = E (r + 5) /a fiv; deydas + E (r + 5) /agjm v; dxidzs
w r=0 w

r=0

N
]. ~_ r T
+ E <7=_|_ 5) /agz k,(—l) V; dl’ldill'z
r=0 w

is continuous. The two-dimensional problem (2.3) has a unique solution Wy €
Vi (w), which is also a unique solution to the following minimization problem:

117]\[ € VN(U&}), JN(IUN) = II}f JN(JN),
UNEVN(OJ)

. 1 L . . -
In(Un) = 531%(UN>UN) — L (vy), Yy € Vy(w).

Proof. By the inequality of the item b) of Theorem 2.1, the bilinear form BY is
coercive

N
L 1 oo ,
B (v i) = 2u_ (r+5) / a ey (i) g (By)dardes > 2ualdy]fug,),
r=0 w

Therefore, applying the Lax—Milgram theorem we obtain that problem (2.3)
has a unique solution wy, which can be equivalently characterized as a solution
of the minimization problem of the energy functional Jy(Uy). U

Thus we have reduced the three-dimensional problem (2.1) to the two-dimen-
sional one and for the latter problem proved the existence and uniqueness of its
solution. For the reduced two-dimensional problem (2.3) the following theorem
is true.

Theorem 2.3. If all the conditions of Theorem 2.2 hold, then the vector-

N
1\ -
function wy = Z a<r+ 5) w P.(axs —b) corresponding to the solution Wy =
r=0
(12), . ,g)) of the reduced problem (2.3) tends to the solution w of the three-
dimensional problem (2.1) wy — w in the space H' () as N — oo. Moreover,

if u € H*(Q), s > 2, then the following estimate is valid:

1 _
Ju — wNH%Il(Q) < W%(}fr?h , V),
q(h",h",N) -0 as N — oo.

(2.4)



24 M. AVALISHVILI AND D. GORDEZIANI

If, additionally, ||u||us ) < c, where ¢ is independent of h = ( ma§< (W (2q, 29)—
x1,T2)EW

h™(x1,x3)), then the following estimate holds:

h2(s—1)
lu — wyl|5g < qu(]\f), @2(N) — 0 as N — oo,

where ||v|| g = vV B%(v,v), YveV(Q

Proof. By virtue of Theorem 2.2 wy is a solution of the minimization problem
of the energy functional Jy, i.e.
1 —

JN(QBN) = §B]S\2/'(wNawN) - L%(wN)

— 1 — — — — 7
S JN(UN) = éBj%(UN,UN) — L%(UN), W UN € VN(CU). (25)
Taking into account that

BS(Oy,Tn) = B (vn,vy), LY(Ty) = L% (vy), YUy € Vy(w),

N
1\ -
where vy = Z a(r + 5) v P.(azx3 — b), and applying (2.5), we obtain
r=0
BYu —wy,u — wy) < BYu,u) — 2L (vy) + B vy, vy).
From the latter inequality we have
B (u —wy,u —wy) < Bu —vy,u—vy), Yoye Vx(Q). (2.6)

Since 7 is Lipschitz-continuous, by the trace theorems for Sobolev spaces
24], for any v € HY(Q), v = 0 on T, there exists a continuation © € H (1)
of the function v, where Q; D Q, 9Q; D I'’. From the density of D({;) in
H{ () we obtain that the space of infinitely differentiable functions in €2, which
are equal to zero on I'°) is dense in V(Q2), and since the set of polynomials is
dense in L?(—1,1), we conclude that U Vn(€) is dense in V(£2), and therefore

N>1
wy — w in the space H!(Q) as N — oo.
Let us prove estimate (2.4). Suppose that u € H*(Q2), s > 2, then

1N » r
EN=U— Uy =U— Za(r + 5) u P.(axs —b), u= / uP,.(axs3 — b)dxs.
r=0

Applying the properties of Legendre polynomials [19], we obtain

||€N||%2 Z / ’l“+ U; dl’ldxg,

H . r=N+1
0xs

o = Z/ 7"~|— 83u) dxidxs +/ NN - >(83u) dzidxs

4
N(N N+1
+/G%(83U) dl’ldﬂfg,
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- < 2( _i /a(r—}—%)(&iui)zd:ﬁdaﬁ?

Oh

axa o

/ N—i-l( N +2) (;7) ( xa)2> (g;lii)Qd$1dx2)a

where o = 1,2, h = 1 (h+—i—h) = (Wt —h7).
It should be mentloned that

H Oen |2
01,

N—l—l

) +(N+2) ( >2> (Osu;)*dxrday

)
glg

r h* 1 r—1 r+1
u:/ ’U,Pr(aﬂfg—b)d.fﬂgzm(@gU—@gU), 7“:1,2,...,N,

and thus we have

o2
4l < Z\

k=r—s

A% N——— 83

where ¢ = const is independent of 7, h*, h™. Therefore from (2.7) we get

1 _
||E]V||%.2 S WQ(h+7h aN>a
H&SN

ox;

where i = 1,2,3. Taking into account (2.6) and the coerciveness of B, we
obtain

qht,h~,N) =0 as N — oo,

(h+7 h_’ N)?

L2(Q N2

1
lu—wn o) < smaht b N),q(h*,h",N) =0 as N —oo. (2.8)

- N2s—
From (2.7) we also have
) h25

lenllfz@) < W‘?(N)a

2(s—1) Gg(N) -0 as N — o0, i=1,2,3, (2.9)
88]\[ h 5=
H Ox; L2 N25 3Q(N)
where h = ( ma§< 2h(x1, 2).
T1,r2)EW
From inequalities (2.9) we obtain the second inequality of the theorem

h?(s—l)
lu — wy || B < WQQ(N% @2(N) —0 as N — oo.

3. DYNAMICAL INITIAL BOUNDARY VALUE PROBLEM

Now we proceed to studying the dynamical problem (1.1)—(1.3), constructing
and investigating a dynamical two-dimensional model of a prismatic shell. This
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problem admits the following variational formulation: find w € C°([0, T]; V()),
u' € C°([0,T); L?(€2)), which satisfies the equation

d
%(u’, V)2 + B (u,v) = L (v), YveV(Q) (3.1)
in the sense of distributions in (0,7") and the initial conditions

u(0) =, u(0) =1, (3.2)

where ¢ € V(Q), 9 € L*(Q).
Note that the formulated three-dimensional dynamical problem (3.1), (
0
has a unique solution w for A > 0, > 0, f € L*(Q x (0,7)), g=, ai
0

L%(I'* x (0,T)), which satisfies the following energetical identity: V ¢ € [0, 7],
(' (1), /(1)) + B (u(t), u(t)) = (3, %)r2() + B (@, ) + 2L ()(1),
where
B0 = [ ()00 g + (37000 e

+ (g_(t)>u(t))L2(p—) - (g+(0)>u(0))L2(p+) - (g_(O),’LL(O))LQ(F_)
_/t (@(7) u(r)) dT_/t (ai(f) u(r)) , _dr, ¥ie0,T]
o \ Ot ’ L2(I'+) o \ Ot ’ L2(r-) Y

As in the statical case, to reduce the three-dimensional problem (3.1), (3.2)
to a two-dimensional one, let us consider equation (3.1) on the subspace Vy(£2)
(Vn(€2) is defined in Section 2), and choose ¢, as elements of Vy(€2) and
Hy(Q), respectively, where

2)
€

Hy(Q) = {vN - ia(/{:—i— %) b Py(azs — b); ve L2(w), k=0, .. N}

Consequently, we consider the following variational problem: find wy €
CO[0,T); Vn(Q)), w'y € C°([0,T); Hx(R)), which satisfies the equation

d
d_t(wEV, 'UN)LZ(Q) + BQ(’(UN, ’UN) = LQ(’UN), v VN € VN(Q), (33)
in the sense of distributions in (0,7") and the initial conditions

wy(0) = @y, wy(0) =1y, (3.4)

where oy € VN (Q), ¥y € Hy(9).
It must be pointed out that in problem (3.3), (3.4) the unknown is the vector-

N
1
function wy(t) = Za(k‘ + 5) w (t)Py(ax3 — b) and so this problem is
k=0
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equivalent to the following one: find Wy = (73), . ,g)) e C°[0,T): Vy(w)),

why € C°([0, T); [L?(w)]¥*1), which satisfies the equation

d . 5 5 o 5 - —
%(ng,, UN)[L2(w)]N+1 —+ B]%(wN,UN) = L%(’UN), YV uny € VN(CL)), (35)
in the sense of distributions in (0,7") and the initial condition

N (0) = Fn,  @y(0) = P, (3.6)

where gy = (g(c)), e %) € VN(W), JN = (lbo, e 7"/’N) € [L2(w)]VH,

N N .
Yy = Za(k + %) Q’Z Pi(axs —b), ¢y = Za(k‘ + %) P Py(axs —b),
k=0 k=0
P=(Py), Py = a(r n %)@l, rl=0,... N,
and B, LS are defined in Section 2.

Thus we get a two-dimensional model of the prismatic shell. To investigate
problem (3.5), (3.6) let us consider a more general variational problem and
formulate the theorem on the existence and uniqueness of its solution, from
which we obtain the corresponding result for (3.5), (3.6).

Let us suppose that V' and H are Hilbert spaces, V' is dense in H and con-
tinuously imbedded into it. The dual space of V is denoted by V' and H is
identified with its dual with respect to the scalar product, then

VeH<=V
with continuous and dense imbeddings. The scalar product and the norm in the
space V' is denoted by ((.,.)), ||.]|, while in the space H by (.,.) and |.|. Denote
the norm in the space V' by ||.||«, and the dual relation between the spaces V'
and V by (.,.).

Assume that A, B, L are linear continuous operators such that
B=Bi+ By, B L(V,V'), Boe L(V,H)NL(H,V"), AL € L(H,H),

By is self-adjoint and B+ A[ is coercive for some real number A, A is self-adjoint
and coercive, i.e.,

bl(U,U) = bl(’U,U), ‘bl(u?v)’ S Cbl”UH”U“a
bi(u,u) > Bllull* — Aluf?, 8> 0,

|b2(, 0)] < {

a(U1,U1) = CL(Ul,Ul), a(U’l?ul) Z O{|U1|2, o > 07

YVuvelV,

CszﬂHw,a VueV,voeH,

3.7
elillil, ViaeHveV, (3.7)

Y u, v € H,
laur, v1)] < calurllorl, [[(ur, v1)] < crlulloi], v
where by (u,v) = (Biu,v), be(u,v) = (Bou,v), l(uy,v1) = (Luy,vq), alur,v1) =
(Auq,vy), b(u,v) = by(u,v) + be(u,v), Y u,v € V, uy,v; € H.
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Let us consider the following variational problem: find z € C°([0,T]; V), 2’ €
C°([0,T); H), which satisfies the equation
d
EG(Z/’U) +0(z,0) + (2, v) = (F,v) + (G,v), YveV, (3.8)
in the sense of distributions in (0,7) and the initial conditions
2(0) = 29, 2'(0) = 21, (3.9)

where zo €V, 2y € H, F € L*(0,T; H), G,G' € L*(0,T;V").
For the latter problem the following theorem is true.

Theorem 3.1. If all the conditions (3.7) hold, then problem (3.8), (3.9) has
a unique solution which satisfies the equality

a2 (8), 2/(1)) + by (=(t), 2(t)) + 2 / by(z(r), 2/ (7))dr + 2 / I(Z(r), 2 (r))dr

0

= a(z1, 21) + b1 (20, 20) + 2/0 (F(7),2'(7))dr + 2(G(t), 2(t)) — 2(G(0), 20)

—2/0 (G (7), 2(7))dr, Vi€ 0,T].

In Theorem 3.1 the existence and uniqueness of the solution can be proved in
a standard way applying the Faedo—Galerkin method [25], while the energetical
equality is obtained by regularization and passing to the limit.

For the reduced problem (3.5), (3.6), from Theorem 3.1 we obtain

Theorem 3.2. Assume that Lamé constants X\ > 0, > 0, f € L*(Q x
(0,7)), gi,‘%f e LX(I'* x (0,7)), @y € Vy(w), ¥y € [L2(w)]¥*, then
problem (3.5), (3.6) has a unique solution Wy (t) and the following energetical
identity 1s valid:

('wQ\,(t), w/]V(t))L2(Q) + B? (wN<t)7wN(t)) = (Y, ¢N)L2(Q)
+B% o, pn) + 2L wy) (1), Yitel0,T). (3.10)

Proof. This theorem is just a consequence of Theorem 3.1. Indeed, it is sufficient
to take V = Vy(w), H = [L3(w)]V T, 2(t) = Wiy (t), v = Uy,

a(’LUN, UN) = (PlﬁN, 17N)[L2(w)]N+1, bl (ZﬁN, UN) :B%(ﬁ]\], UN),

by=0, 1=0, z2=@y, 2=V,

—

<G777N> = (@+,UN>[L2(W)]N+1 + (QL,’UN)[Lz(w)]NH, Viuy € VN(w),

G = @)y @ =alr+3)a ke, @ =a(-1y(r+3)g k.

G (71,19, ) = g5 (w1, 29, K (11, 29), 1), (21, 79,1) € w x (0,7,
ht

F:P,}?Nv fN:(f)ivzov f: fPT(ax?)_b)dl‘fi? T:O,N.

h-
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It should be mentioned that all the conditions of Theorem 3.1 are valid and
therefore problem (3.5), (3.6) has a unique solution which satisfies the energet-
ical identity

(P (8), @ (1)) gauyer + BN (@ (1), Tn (1) = (PON,ON) gagoqnes

t
+ 2/(; (PfN<T>7 w;\f<7—))[1,2(w)]1v+1d7' + 2(Q+(t) + Qi(t% wN@))[p(w)}NH
+ BY (v, &) = 2(GH(0) + G7(0), Bn) oy

t a©+ aé_
ol (i + dr, Vtel0.T)
/0 ( 9 (1) By (1) U}N(T)>[L2(WHN+1 T [0, 7]

which is equivalent to identity (3.10). O

Thus we have reduced the three-dimensional problem (3.1), (3.2) to the two-
dimensional one (3.5),(3.6) and proved that it has a unique solution. Now,
let us estimate the rate of approximation of the exact solution u of the three-
dimensional problem by the vector-function wy(t) restored from the solution
W (t) of the reduced problem. In order to simplify the notation, the norms in
spaces V() and L?(f2) are denoted by ||.|| and |.|, respectively, and the scalar
product in L?(Q) is denoted by (.,.). The following theorem is true.

Theorem 3.3. If all the conditions of Theorem 3.2 are valid and oy, YN

corresponding to QBN,JN tend to @, in the spaces V() and L*(2), respec-

tively, then the vector-function wy(t) corresponding to the solution Wy (t) = (1%

(t),... ,'ﬁ[J (t)) of the two-dimensional problem (3.5), (3.6) tends to the solution
u(t) of the three-dimensional problem (3.1), (3.2) in the space V()

wy(t) — u(t) strongly in  V(Q),

N , Vitel0,T].
wly(t) — u/(t) strongly in  L*(Q) “ o 0. 7]

Moreover, if components of (ﬁN,QEN are moments of @, with respect to Le-
0 N

gendre polynomials, i.e. gy = (g%, e c%), JN = (¢,..., 1),

) ht & ht L

p= / pPr(ars — b)drs, Y= Py (axs — b)dxs, k=0,N,

_ e
and w satisfies additional reqularity properties with respect to the spatial vari-
ables uw € L?(0, T; H*(Q)), v’ € L*(0, T; H*(Q)), u” € L2(0,T; H*2(Q)), s¢ >
S1 > 89 > 1, 81 > 2, then the following estimate is valid: s = min{sy, s; — 3/2},

1
|u'—'w’N|2+||u—’wN||2< Q(eroaN)u Q(QaFOaN>_>O as N — 0.

- N2s
If additionally ||| L2000 (2)) < ¢ W [| 20, rme1 ) < ¢ ||| L20mm52 0)) < €
where ¢ is independent of h = ( ma§< (Wt (21, 22) — h™ (21, 22)), then
T1,T2)EW

25

' — Wiy + [lu — wy[* < @ (Q,T°) N), q(N) =0 as N — oo,

N2s C]Q(
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where § = min{sq, s; — 1}.

Proof. By virtue of Theorem 3.2 the vector-function wy(t) corresponding to
the solution wy(t) of the reduced problem (3.5), (3.6) satisfies the energetical
equality (3.10) and since @y — ¢ in V(Q) and ¥y — 1 in L*(2), we get:
Vitel0,T],

wie (1) + [ (1) < c(w +llel+ [ 1£ORr+ g Ol

09" |7

L2(I+)
t

)m) +c/ ([ () + wn (7)) dr
0

Applying Gronwall’s lemma [26], from the latter inequality we have
lwy )+ |lwx@)||? <e, YNEN, tel0,T)]. (3.11)

Hence {wy(t)} belongs to the bounded set of L>(0,T;V(2)) N L*(0,T; V(R)),

while {w'y ()} belongs to the bounded set of L°(0, T; L*(2)) N L*(0, T; L*()).

Consequently, there exists a subsequence {w, } of {wy} such that when v — oo,
w, — @ weakly in L*(0,T;V(Q)), weakly-* in L®(0,T;V(5)),

w!, — @ weakly in L*(0,T;L*(Q)), weakly-* in L>(0,T;L*()).

t
+Hg*(t)\|iz oy + 1O IR20+) + lg™ (O) 20—y + i
"l19g”

2
+

2]

L2(T—

(3.12)

Let us prove that @ is a solution of problem (3.1), (3.2). Since U Vn(Q) is
N>0

dense in V' (Q), for any v € V(Q) there exists vy € Vy(£2) such that vy — v in
V() as N — oo. For any ¢ € D((0,7)), 8 = (v, Oy = (vy, we have

Oy — 0 strongly in  L*(0,T;V (1)),

0y — 0 strongly in  L*(0,T;V(2))

Taking into account (3.13), from (3.3) we obtain

/O B® (w, (1), 0, ())dt — / (w)(t), 0)(1))dt = / (F(1),0,(1))dt

as N — oo. (3.13)

T / (07 (£),0,(1))aqyd + / (g7 (1), 8,(t) )raqydt.

Passing to the limit as ¥ — oo and applying (3.12), (3.13) from this equality we
obtain

/0 B® (a(t), 6(t))dt — / (1), 6/(t))dt = / (F(t),0(t))dt

+/0 (g+(t),0(t))m(r+>dt+/0 (g™ (1), 0(1))r2(r-dt.

Hence, @ € L>(0,T;V(Q)), 4’ € L>(0,T;L*()) and satisfies equation (3.1).
Therefore . € C°([0, T]; L*(2)) N L°°(0 T;V(Q), @' € C°([0,T]; V'(Q)) N
L>®(0,T;L*(Q)) (V'(Q) denotes the dual space of V(Q)) and consequently
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@, @ are scalarly continuous functions from [0, 7] to spaces V() and L*(2),
respectively [25]. Note that @ satisfies the energetical identity, from which we
obtain the continuity of @ and @', @ € C°([0, T]; V(Q)), @’ € C°([0,T]; L*(Q)),
and as oy — @ in V, ¥y — 1 in L*(Q), @ satisfies the initial conditions
(3.2).

Since problem (3.1),(3.2) has a unique solution u, we get that w = uw and
the whole sequence wy has property (3.12), i.e. when N — oo,

wy — u weakly in L*(0,T;V(Q)), weakly-x in L>(0,T;V(Q)),

w'y — u' weakly in L?(0,T;L*(Q)), weakly- * in L>(0,T;L*(Q)). (3.14)

Let us prove that {wy} satisfies the convergence properties formulated in
the theorem. Applying the energetical equalities for w(t) and wy(t), we obtain
the following equality for the difference dy(t) = u(t) — wy(¢):

(8 (), 8% () + B (n (1), 6n (1)) + 2B (u(t), wn(t))
+2(u/ (1), wiy (1)) = (85(0), 84(0)) + BAEx(0), 53(0))
+2(¢/(0), wy(0)) + 2B%(w(0), wn(0)) + 2L () (t) + 4L (wn)(t). (3.15)
Denote
Jn(t) = (w'(0), wi(0)) + B (u(0), wn(0)) — B (u(t), wy(t))
— (u’(t),w?v(t)) + QEQ(wN)(t).
Then from (3.15) we obtain
(8 (1), (1)) + B (dn(1), 0 (1)) = (8(0), 8%(0))
+BY(3n(0),8x5(0)) + 2L () (1) + 2Tn (1) (3.16)

From (3.11) it follows that for each ¢ € (0,7 there exists a sequence {w,, (¢)}

such that

w,, (t) — x; weakly in  V(Q),
w, (1) — x, weaklyin L3(Q) & "7 (3.17)

v

Let us take ¢ € C*([0,77), ¢(0) = 0,¢(t) # 0 and consider the above-mentioned
vector-functions @ = (v,0y = (vy, which also have property (3.13). By the
integration by parts we have

/0 (w, (7). 80, (7))dr = (w,, (1), B, (1)) — / (wn, (7). 6, (7))dr.

Applying (3.14),(3.17) and passing to the limit as vy — oo, from the latter
equality we obtain

/0 (! (7). 0(r))dr = (x1.0()) / (u(r), 0/(r))dr.
On the other hand,

/0 (! (7)., 0(r))dr = (u(t), O(2)) — / (u(r), 8'(r))dr.
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From the latter equalities we have (u(t),v) = (x1,v), V v € V(Q2), and therefore
X1 = u(t).

Hence since x; is unique and is equal to u(t), then for any fixed ¢ the whole
sequence {wy(t)} converges to u(t) weakly in V().

Also, since wy satisfies equation (3.3), we have

- [, (7.0, (i + [ B (7). 0. ()ir
— (w0}, (0.8 (0) + [ L0 ()i

0

from which, passing to the limit as v; — oo and applying (3.14), (3.17), we
obtain

—/0 (u'(T),e’(r))dr+/ BQ(u(T),e(T))dT:—(XQ,e(t))+/ L¥(O(7))dr.

0 0
Since w is a solution of problem (3.1), (3.2), we get

- / (! (7). 6 (r))dr + / B®(u(r), 8(r))dr = —(w/(), 6(1)) + / L%(8(r))dr.

0
and therefore

(U (t),v) = (xq,v), YveV(Q).

From the density of V(Q) in L*(Q), it follows that x, = u/(t). As in the case
of w,, (t), we obtain that the whole sequence w'y(t) converges to u'(t) weakly
in L?(Q). Thus, for any ¢ € [0, T,

wy(t) — u(t) weakly in  V(Q),

wh(t) > u/(t) weaklyin L*(Q) % N = oo,

Therefore passing to the limit in Jy(¢) as N — oo, by the energetical identity
we obtain

In(t) — (w/(0),4/(0)) + B*(u(0), w(0)) + 2L (u)(t)
— (W), u(t)) — B (u(t),u(t)) =0. (3.18)
So, from (3.16) we have

RO + 185 (1)1 < e(27x(1) + (8 (0), 8 (0))
+ B%(8x(0), 8x(0)) +2E°(6x)(1)). (3.19)

From the conditions of the theorem we have that dx(0) — 0 strongly in V(£2)
and &y (0) — 0 strongly in L*(2). Thus due to (3.14), (3.18) we obtain

(67(0), 85 (0)) + BY(dn(0), 85 (0)) + 2Jn(t) + 2L (Sn)(t) — 0 as N — oc.
Therefore from (3.19) we have
ON (O +ox®)]* =0 as N — oo.
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Consequently,
wy(t) — u(t) strongly in  V(§),
wly(t) — u/(t)  strongly in  L*(Q)
Now we will prove the validity of the estimates of the theorem. The solution

u of the three-dimensional problem satisfies equation (3.1) for any v € V()
and hence satisfies it for any vy € Vy(§2) C V(9), i.e.

as N — oo, Vtel0,T].

d, ,
a(u ,oN) + BQ(u,vN) = LQ(’UN), Voy € Vy(Q).

Thus, if we take into account that wy corresponds to the solution wy of the
reduced two-dimensional problem (3.5), (3.6), then from the latter equation we
have

d
a((u — 'wN)’,vN) + BQ(u —wpy,vy) =0, Yoy Vy(Q).

Let w € L*(0,T;H®(Q)), «' € L*0,T;H*(Q)), u" € L*0,T;H*(Q)),
So > 81 > S9 > 1, 59 > 2. Let us consider the series expansion of the vector-
function w by Legendre polynomials with respect to x3. Denote by uy the piece

of series consisting of first N + 1 terms, and by ay, the remainder term, i.e.

N ht
1
U=1uy+oay= g a<k:—|—§> &Pk(axg—b)+a]v,'5:/ uPy(azx3 — b)dxs,
k=0

k =0, N. Let us take initial conditions @y, ¥y of the reduced problem (3.5),
B 0 No - 0 N
(3.6) such that Gn = (¢,..., @), Uy = (¥, ..., ),

k ht

ht
= / @P;(azs — b)dzs, VY= | Pi(azs — b)dzs, k=0,N.

_ e
Thus the vector-function Ay = uy — wy is a solution of the problem

d

a(Ak, UN)+BQ(AN, ’UN) = ((a/]/\[, UN)+BQ(C¥N7 ’UN)> V’UN c VN<Q),
An(0) = un(0) — ¢y =0, A (0) = uly(0) — ¢y = 0.

Applying Theorem 3.1 to problem (3.20), we obtain

(Al (1), Al (1) + B (An(1). An(t) = —2/0 (el (1), Aly(7))dr

(3.20)

—2B%(auy(t), An(t)) + Q/t B (ay(7), An(7))dr, Vte[0,T)

From the latter equality we get

AP + Ay < / (1AK()P + ||AN<T>||2)dr+c( / oy (r) s

1 € b
+ el + SlAxP + [ ||aN<T>||2dT),
€ 0

where ¢ depends only on A, pz, Q and I'°.
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So by taking e properly we have

[ANOF + AN < 01(/0 (IAN (P + [An()]*)dr

+ [kl +las@l + [ layolar). @y

By Gronwall’s lemma, from (3.21) we obtain that for any t € [0, 7,
|

(AN @]+ [|Ay ()H2<02</ oy (T)[*dr + [lan(®)]* + / (7]l dT)

As in the proof of Theorem 2.2 we can show that

1 _ 1 _
/ i QdT—st A0 N), e ()P < wogrgd (B, 57, N),

/ |y (7)1 dT_N2 q(ht,h=,N), gq(ht,h~,N)—0 as N —oo.

(3.22)

Therefore

AN + AN < o —G(QT°N), ¢QI°N)—0 as N — oo,
where s = min{s,, s; — 3/2}.

Since

1
|a§v(t)|2_ N252cj(h+,h ,N), ght,h~,N)—0 as N — oo,
we obtain
1
/() — wiy (8)]* + [Ju(t) — wn ()] < NQSCJ(Q, I’ N),

where ¢(Q,T° N) -0 as N — oc.
If Jul| 207800 () < ¢ [[U ||l 20rms @) < ¢ U ||lz20rme2 ) < ¢, where c
is independent of h = max (h"(z1,79) — h™ (21, 22)), then instead of (3.22)

(z1,22)€E®@
we have

h so ) h2 s1—1)
|a NPdr < S a (V) ex®)? < S a3V,

81 1
/HaN Wedr < 0, @) =0 as N -

and hence
25

, h
[ANOF + AN < @ (2, 1°) 15

Go(N) =0 as N — oo,
where § = min{ss, s; — 1}.
Taking into account that

h252 R
oy (1)]* < N252q 1(N), @(N)—0 as N — oo,

B(N), (3.23)
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from (3.23) we obtain the second estimate of the theorem. O
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