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TWO-DIMENSION-LIKE FUNCTIONS DEFINED ON THE
CLASS OF ALL TYCHONOFF SPACES

I. TSERETELI

ABSTRACT. Two-dimension-like functions are constructed on the class
of all Tychonoff spaces. Several of their properties, analogous to those
of the classical dimension functions, are established.

1. Introduction. All topological spaces discussed in this paper are
assumed to be Tychonoff spaces.

As usual, Ind, ind, and dim denote the classical dimension functions (the
large inductive, small inductive, and covering dimensions, respectively).

Let N’ be the union of all integers > —1 and of one element set consisting
of a single formal symbol “+00” provided with an essential order relation.

The set of all natural numbers is denoted by N.

Throughout the paper for any n € N, the symbol I"™ denotes a standard
n-cube I" = [0;1]", IY = {0}, and I~! = & where & stands for the empty
set.

The family of all Tychonoff spaces is denoted by T'.

The class I of topological spaces is said to be permissible if IC satisfies
the following conditions:

1) for any integer n > —1 I" € K;

2)if X e Kand A C X, then A € K;

3) if X7, X5 € K, then X; x X5 € K where X; x X» is the usual product
of spaces.

The function d defined on a permissible class K of topological spaces
with values in N’ is called the generalized dimension-like function (GDF) if
a) dg = —1 and b) dX = dY whenever X is homeomorphic to Y.

The GDF d defined on a permissible class K of topological spaces is said
to be of the Tumarkin type if the following conditions 7;* — 7 are satisfied:

T/°) for any integer n > —1 dI™ = n;
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7)) if X € K and A is a locally closed subspace of X (i.e., if A = FUG,
where F' is closed and G is open in X), then dA < dX;

TE)if X € K and X = ‘oleAi where for any i € N A; is a closed subset
of the space X, then dX < sup {dA;};

1<i<+oo

T,°) for any space X € K there exists a Hausdorff compactification bX
of the space X such that dbX < dX;

TX) for every pair of spaces X1, X» € K at least one of which is nonempty
we have d(X; x X3) < dX; + dXo;

TX) if X € K and X = AU B, then dX < dA+dB +1;

TX) if X € K and there exists a nonnegative integer n such that dX < n,
then the space X can be represented as the union of n + 1 pairwise disjoint
subsets X1, Xa,..., Xp41 with dX; <0 foranyi=1,2,...,n+1;

TJ) for any X € K and an arbitrary subspace A of the space X there
exists a Gg-set H in X such that A C H C X and dH < dA.

It is well-known fact that on the class of all separable metrizable spaces
the classical dimension dim is a GDF of the Tumarkin type. On the other
hand, as proved by L. Zambakhidze [1], there exists no GDF of the Tumarkin
type on the class T'. Moreover, there exists no GDF on T even satisfying
the conditions 7,7, 7,1, T.F', 7,1, T.' simultaneously [1]. Also, there is no
GDF on T satisfying the conditions 7,7, T5F', T¢I simultaneously.

We say that a subcollection {Z;7,...,T.'} (1 < iy < -+ < ip < 8,
k = 1,...,8) of the collection {Z;T,..., 7'} is realized if there exists a
GDF on T which satisfies all conditions {Z;”,..., Z;'} simultaneously.

Clearly, if a subcollection {’T“T, TTY (1 <ip < ---<ip <8 k=

» g

1,...,8) of the collection {777, ..., 7'} is realized, then any subcollection
of {Tg, . ,T;Z} is realized, too. Also, if {’]g, . ,Tlf} is not realized, then
no subcollection of the collection {77, ..., 7'} containing the given one is
realized.

L. Zambakhidze has shown [1] that the collections {75, 75T, 7, , .1, 7T,
T TTY, AT T T T T, (T T T LT T T T
T8, 75} and {70, T, T.E , TE, T} are realized.

In this paper we prove that collections {77, 751, T,l, T.F , T,0 T T}
and {71, .1, T,' , T2, 7'} are realized. To this end we construct two GDFs
dy and ds on T such that d; satisfies the conditions 7,7, 7., 7,1, 7.1 T, , T
T and dj satisfies the conditions 7,7, 751, T3F, T.F, T . Moreover, the func-
tions d; and dy are the extensions of the classical dimension function dim
from the class of all separable metrizable spaces over the class T

2. GDF d;. Let X € T. It is assumed that diX = dim X if X has a
countable base and di X = 0 otherwise.

Observe that d; is a GDF on T and also is the extension of the function
dim from the class of all separable metrizable spaces over the class T
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Theorem 1. The GDF d; satisfies the conditions T,' , T3' , T,F, T:F T,
TE T, that is to say, the subcollection {T\", T;L, T,F, T.X T, T, T} of
the collection {T,F, ..., T} is realized.

Proof. The function d; obviously satisfies the conditions 7,7, 751, 7,1, 7.1,
7', and 7T7'. Therefore it remains for us to prove that d; satisfies the
condition 7g .

Let X € Tand A C X. Assume in the first place that wX < Rg (here and
below wX denotes the weight of the space X and Ny stands for a countable
cardinal number). Then by Tumarkin’s theorem [2, Ch. 6, §3, Theorem 14]
there exists a Gg-set H in X such that A C H C X and dim H < dim A.
Hence, keeping in mind that wA < X and wH < R, we have diH < di A.

Now let wX > Rg. If A = @, it can be assumed that H = @. If A # @,
then assume that H = X. [J

3. GDF d;. We begin by defining the function H constructed by Hayashi
[3].

Definition 1 ([3]). A subset X’ of the space X € T is called quasiclosed
in X if there exists a finite family {F7, ..., F}} of closed subsets of the space
X such that X' = Fy & Fy & - .- &£ F},, where + and — denote respectively
the union and the difference of sets, and whenever + is written one should
take either + or —.

Clearly, every closed subset as well as every open subset of the space X
is quasiclosed in X.
The function H is defined on the class T' as follows:

LaXeTHmp>4ﬂX=@HaﬁmﬁX¢@amX=ﬁ&
1=

where for any ¢ € N X; is quasiclosed in X and ind X; < 0; H(X) <
(neN)iff X = X; UXs, where H(X;) <n—1and H(X3) <0; H(X) =
(n=0,1,2,...) iff H(X) <nand HX) £€n— 1.

Finally, H(X) = oo iff the inequality H(X) < n does not hold for any
n=-1,0,1,2,....

Now we shall define the function ds.

Let X € T. do(X) = —-1iff X = &; do(X) <n(n=0,1,2,...)if
X = :ngt where H(X;) < 0 for any ¢ € N and :Lijith = X for any
n + 1 pairwise disjoint natural numbers t1,t2,...,t,11; do(X) = n (n =
0,1,2,...) iff da(X) < n and do(X) £ n— 1; do(X) = o0 if do(X) £ n for
any n=-—1,0,1,2,....

Clearly, ds is a GDF on the class T.

Lemma 1. We have d3(X) = dim X for any X € T with a countable
base.
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Pmof Let X € T and wX < Ny. Suppose that da(X) < n. Then X =
U Xt, where H(X;) < 0 for any ¢t > 1 and U Xt = X for any pairwise

d15J01nt ty,to, ..., tper1 € N. Since w(X;) < NO for any t € N, it follows from
[3, Theorem 4.3, Corollary 2] that dim X; = ind X; = H(Xt) < 0. Therefore

we have X = U Xt where dim X; < 0 for any t € N and U Xt = X for

any pairwise dlSJOlIlt t1,...,tn+1 € N. Hence [4, Theorem 1. 5 8] dim X < n.
Conversely, let wX < Xy and dim X < n, (n > 0). Then by Ostrand’s

[e%e] n+1
theorem [5] X = t91Xt’ where dim X; < 0 for any ¢ > 1 and '91 X, = X for

any n+ 1 pairwise disjoint natural numbers ¢, to,...,t,11. Applying again
[4, Theorem 4.3, Corollary 2], we obtain H(X;) = dim X; < 0. Hence, by
the definition of the function da, we have do(X) <n. O

Corollary 1. The GDF dy is the extension of the function dim from the
class of all separable metrizable spaces over the class T'.

Corollary 2. The equalities do(I™) = dim I™ = n hold for any integer
n > —1.

Lemma 2. We have do(X') < do(X) for each X € T and an arbitrary
subspace X' of the space X.

Proof. Assume that X € T and X’ is an arbitrary subspace of X. Let
d2(X) <n (n>—1). It will be shown that d2(X’) < n holds too. Indeed,

since da(X) < n, we have X = OLj Xt where H(X;) <0 for each t > 1 and

X = U Xt for any pairwise disjoint numbers tq,...,t,4+1. Introduce the

=1
notation X; = X; N X'. Obviously, X’ = tle{.
Further, since H(X;) < 0 for any ¢ > 1, by the definition of the function
H we have X; = _tJoan- < 0, where each X;; is quasiclosed in X; and
1=

ind X <0 (:=1,2,...). Observe that X{ = X; N X' = ( .O_le Xti) NnNX =
EJOI(XMQX’). Since each Xy, is quasiclosed in X;, Xi; N(X;NX') = Xy N X!

will be quasiclosed in X;NX’ = X ! [3, Theorem 1.4]. Introduce the notation
X, = XuNX'. Then X| = U X;, where each Xj, is quasiclosed in X].

ti

Moreover, since X;, = Xy; N X Q Xy, we have ind X/, <ind Xy; <O0.

+1
Now we shall show that X; = ng Xi, for any pairwise disjoint natural
+1 n+1 +1
numbers t1,...,t,1. Indeed, nulX’ 1(Xti Nnx’= (T_Lul Xti) NX =
2 1=

XnX' =X The inequality do(X') < n is proved and so is the inequality
da(X') < dp(X). O
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oo

Lemma 3. Let X € T and X = lXi where each X; is quasiclosed in

e
X. Also assume there exists a natural number n such that do(X;) < n for

any i > 1. Then d2(X) < n.

Proof. Tt is obvious that if n = —1, the assertion is true.

Let us consider the case n = 0. By definition, d2(X) = 0 iff H(X) = 0.
Applying Theorem 3.2 from [3], we conclude that the assertion of the lemma
is true in this case too.

Now consider the case n > 1. It can be assumed without loss of generality
that X; N X; = @ whenever ¢ # j. (Indeed, otherwise we have to consider

k—1

a new covering {X/}7°; of the space X, where X{ = X1, X = Xj\ Y X!
for k > 1. Then [3, Theorems 1.1 and 1.3] each X/ is quasiclosed in X and
X;N X} =@ whenever i # j. Since X; C X for any k > 1, by Lemma 2
we have da(X}) < d2(X%) < n). By the definition of the function dy and
since do X; < n, we have X; = :_leXit, where H(X;;) <0 for each t > 1 and
n+1

'UlXitj = X, for any pairwise disjoint natural numbers ¢1,...,t,4+1.

]:

We introduce the notation X = ileXit. It is obvious that tE_JOlX(t) = X.
We shall prove that H (X)) <0 for any ¢ > 1.

Since X; N X; = & for i # j, it is obvious that X;; = X; N X(;). Hence
due to the quasiclosedness of X; in X this implies [3, Theorem 1.4] that
Xit is quasiclosed in X(;). On the other hand, since H(X;:) <0, we have
X = :leXitk, where each X is quasiclosed in X;; (and, accordingly,
in X; and X as well [3, Theorem 1.5]) and for any i,t,k > 1 we have
ind Xy, < 0. But it is clear that X = -:LjilX“k for any ¢t > 1. Hence, by

the definition of the function H, H(X(;)) <0 for any ¢ > 1.
Now let us consider natural numbers t1,...,¢,41 such that ¢; # t; when-
ever i #j (i,j=1,...,n+1). We have

n+1 n+1 e} n+1, n+1 o)
U X = U (UX; = X; = UX;=X.
m=1" (tm) m:l(izl it) i:l(mzl itn) =1

Hence do(X) <n. O

Corollary 3. let X € T and X = ‘O_leXi, where each X; is closed in X.
Also assume that there exists a natural number n such that do(X;) < n for
any i > 1. Then d2(X) < n.

Lemma 4. If X7 is a quasiclosed subset of X € T and Y1 is a quasiclosed
subset of Y € T, then X1 xY7 is a quasiclosed subset of the space X XY € T.
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Proof. By the assumption

Xi=Fy+Fi £+ +F 1+ F,

and
YiI=0Pg P - D, £ D,

where each F; (0 <i < k) is a closed subset of X and each ®; (0 <j <s)is
a closed subset of Y. The sign “+” denotes the usual union of sets, the sign
“—7” the usual difference of sets, and so whenever + is written one should
take either + or —.

The lemma will be proved by double induction (with respect to k and s).

If k=5 =0, then X; = Fy and Y; = ®(, where Fj is a closed subset of
the space X and ®q is a closed subset of the space Y. Therefore X; x Y;
will be a closed subset and thus it will also be a quasiclosed subset of X x Y.

Assume that Lemma 4 has already been proved in two cases: 1) 0 < k <
m—1land0<s<n;2)0<k<mand0<s<n-—1, and prove it
for k = m and s = n. For this note that the following (easily verifiable)
point-set equations hold for any sets A, B, C, D:

(a) (AUB)x (CUD) = (AxC)U(Ax D)U(B x C)U (B x D);
(b) (AUB) x (C\D) ={[(A x C)U (B x C)\(Ax D)}\(B x D);
(c) (A\B) x (CUD)={[(AxC)U(AxD)\(B x C)}\(B x D);
(

d) (A\B) x (C\D) = [(A x C)\(A x D)\(B x C).

Four cases are possible:
X\=Fh+F+---£F, 1+F,

(++) 1 0 1 1
Yi=0g£P1+---+D,_1+D,

Xi=FotF+-+Fy 1+ F,
(+-) {

bl

)

Yi=0g+P£---£P, 41— D,
(—+) Xo=Fhth £t -£F,1—-F,

Yi=bg+£P£---£P, 1+ P,
(=) Xi=khth+£- - £F,1—-F,

Yi=bg+P£+---£P, 1 — D,
Let us consider each of these cases separately.
Introduce the notation

)

FotFi4+- +Fy1=Fn
PP £+, =D,
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Case (++). Due to (a) we have

X1 X Y1 = (ﬁm—l U Fm) X ((Aﬁn_l @] (I)n) = (ﬁm—l X in—l) @]
U (Fe1 X @) U (Fpy X ®p_q) U (F) X ®,).

By the assumption of induction ﬁm_l X 5,1_1, ﬁm_l x ®,, and F,, X &)n_l
are quasiclosed subsets of X x Y. Since the sets F;, and ®,, are closed in
X and Y, respectively, F,, x ®,, is closed (and thus is also quasiclosed) in
X xY. This means that the union of these sets will be quasiclosed in X xY
as well [3, Theorem 1.1].

Case (+—). Applying (b), we have
X1 x Yy = {[(Fne1 % @) U (Fpy X ©py)]\
\(ﬁm—l X By 1) P\ (Fin % ).

By the assumption the sets f‘m_l X ®,, F, X 5,L_1 and f‘m_l X (fm_l
are quasiclosed in X x Y. The set F,, x ®,, is obviously closed in X x Y.
Hence X; x Y7 is quasiclosed in X x Y [3, Theorems 1.1 and 1.3].

Case (—+). By (c) we have

X1 x Y1 = {[(Fin-1 % Pp_1) U (Fpn1 x )]\
\(Fim X in—l)}\(Fm X 0y).
By the assumption of induction and Theorem 1.3 from [3] one can prove

that X7 x Y7 is quasiclosed in X x Y.
Case (——). From (d) it follows that

Xl X Yl = [(ﬁm—l X $7L—1)\(ﬁm—1 X (I)n)]\(Fm X (’fn—l)~
By the assumption the sets ﬁm,l X &)n,l, ﬁm,l x ®,, and F,,, X &)n,l are
quasiclosed in X x Y. Hence by Theorem 1.3 from [3] X; x Y7 is quasiclosed
in X xY aswell. O

Proposition 1. For any pair of spaces X, Y € T, if ind X < 0 and
indY <0, thenind X xY <0.

The proof is trivial.

Lemma 5. Let X,Y € T and let either X # @ orY # @. Then
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Proof. If either da(X) =0 and d2(Y) = —1 or d2(X) = —1 and dz(Y) =0,
then the inequality do(X x Y) < dy(X) + d2(Y) is obvious.

Assume that da(X) =n > 0 and da(Y) = m > 0. Then X = :ngt,

Y = l(L)_jlYl, where H(X;) <0 and H(Y;) <0 for any ¢,] > 1, and, moreover,

the equalities

+1 +1
X:’fulxti, y="0Uv,
1= =

hold for any sequences t1,...,t,+1 and Iy, ..., 41 of natural numbers with
pairwise disjoint numbers.
Introduce the notation Z, = X, x Y}, for any p > 1. Since H(X,) <0

and H(Y,) < 0 for each p € N, we have X, = ‘OleXm- and Y, = _Oleij,
i= Jj=

where each X,; is quasiclosed in X, and each Y}; is quasiclosed in Y}, and
for any ¢,j € N we have ind X,; <0, indY,; <0.

Lemma 4 implies that X,; x Y,; is quasiclosed in X, x Y}, = Z,, and by
Proposition 1 we have ind(X,; x Y,;) < 0. Moreover, it is obvious that

oo

Zp = Xp XYy = ”,U:l(Xpi X Yp;)-

Let us now prove that if we are given n + m + 1 natural numbers
P1,D2; -+ Pntm+1 Such that p; # p; forany i #j (1 <i,j <n+m+1),

n+m+1 oo
then ‘Ul Z,, = X xY. (This, in particular, implies that U1Zp =XxY.)
1= p=

The inclusion X xY 2 Z, U---UZ, _ ., is obvious. Let us prove
the inverse inclusion. Assume that (z,y) € X x Y. It remains for us to
show that if (z,y) does not belong to some m + n members of the sys-
tem {Z,,,..., Zp, s }» then (z,y) necessarily belongs to the remaining
member of this system.

Consider the case where (z,y) € X x Y and (2,y) € Z,, U---UZ, .
It will be shown that (x,y) € Z,,,,,..,- (All other cases are considered
analogously.) Let x not belong to exactly k& (0 < k < m + n) members of
the system {X,, }7”1" and belong to the remaining m + n — k members of
this system. Then, since each subsystem of the system {X;}?°; consisting
of n + 1 elements covers the space X, we have k < n.

By the assumption (z,y) € Z,, U---UZ,, .. Now if z € X,,, we shall
necessarily have y ¢ Y,, (1 < i < m +n). Hence y does not belong to at
least m + n — k members of the system {Y},,}/"™. Since each subsystem
of the system {Y;}7°, consisting of m + 1 elements covers the space Y, we
have m 4+ n — k < m. Therefore n < k.

From the inequalities £ < n and n < k we obtain the equality n = k.
Therefore 2 does not belong to exactly n elements of the system {X,, }"+".
Assume that they are sets X, ,...,X,, —and consider the system

{Xpi1 sy Xpy s Since the latter system consists of n + 1 ele-

,

Pm+n+1 }
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n
ments, we have (UlXpij) U X
j=

pmins: = X and, consequently, since x ¢

n
jngpij, we havex € X, . ...

Analogously, y does not belong to exactly m+n—k=m+n—n=m
elements of the system {Y}, }/21". Assume that they are sets Y, ,..., Y}, .
(It is obvious that {p;,,...,pi,} U {pjr,---0j.} = {P1,--- Pmsn} and
{piry - pi} O A{Pjys - Pj,, } = @) Consider the system {Y,, ,...,Y,

* me’

Yp,uinss b+ Since this system consists of m + 1 members, we have (_lepj, U
=1 Pii

Ypinis =Y. But y & Glij_ and thus y € Y, . .,. Therefore (z,y) €
i= Q
Xpnz+n+1 x Y;l7m+n+1 < Zpl U---u me+n+1' U

Lemma 6. Let X € T and da(X) < n (where 0 < n < +00). Then there
n+1
exist n + 1 subspaces X1,...,Xn41 of the space X such that X = EJlXi
and da2(X;) <0 holds for anyi=1,...,n+ 1.

Proof. da(X) < n implies X = t@olXt where for each ¢t > 1 H(X;) < 0

(which in turn implies dz(X;) < 0) and for any pairwise disjoint natural
+1 +1

numbers tq,...,t,4+1 we have X = fbl X¢,, in particular, X = :Ule where
= =

do(Xi) <Oforany k=1,....,n+1. O
Applying Lemmas 2, 5, 6 and Corollaries 2, 3, we arrive at

Theorem 2. The GDF dy satisfies the conditions T,', TV, T,F, .l | T
simultaneously. In other words, the subsystem {T," , T5F , T,L, T:X T} of the
system {T,F, ..., T&'} is realized.
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