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BASIC BOUNDARY VALUE PROBLEMS OF
THERMOELASTICITY FOR ANISOTROPIC BODIES
WITH CUTS. II

R. DUDUCHAVA, D. NATROSHVILI, AND E. SHARGORODSKY

ABSTRACT. In the first part [1] of the paper the basic boundary
value problems of the mathematical theory of elasticity for three-
dimensional anisotropic bodies with cuts were formulated. It is as-
sumed that the two-dimensional surface of a cut is a smooth manifold
of an arbitrary configuration with a smooth boundary. The existence
and uniqueness theorems for boundary value problems were formu-

lated in the Besov (Bj ,) and Bessel-potential (H3) spaces. In the

present part we give the proofs of the main results (Theorems 7 and
8) using the classical potential theory and the nonclassical theory of
pseudodifferential equations on manifolds with a boundary.

This paper continues [1]. After recalling some auxiliary results, we prove
Theorems 7 and 8 formulated in §3.

8 4. AUXILIARY RESULTS

4.1. Convolution Operators. S(R™) denotes the space of C°°-smooth
fast decaying functions, while S'(R™) stands for the dual space of tempered
distributions. The Fourier transform and its inverse

Foolw) = / FEp(E)de, Flp(€) = (2m) / (o) de
Rn Bn

are continuous operators in both spaces S(R™) and S’'(R™). Hence the con-
volution operator

a(D)p=F taFyp, acS(R"), ¢ecSR") (4.1)
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is a continuous transformation
a(D) : S(R™) — S’(R")
(cf. 2], [3]).

If operator (4.1) has a bounded extension

a(D) : L,(R") = L,(R"), 1<p< o,

we write a € M,(R™) and a(§) is called the (Fourier) L,-multiplier. Let

M (R™) = {(1+ [€*)/%a(€) : a € Mp(R™)}.

Recall that the Bessel potential space H(R™) is defined as a subset of

S'(R™) endowed with the norm
[[u[H (R™)[| = [|Z° (D)u|Ly (R")]],
I°(¢) = (L + g
Therefore due to the obvious property
ai(D)ax(D) = (a1a2)(D), a; € M) (R")
we easily find that the operator
a(D) : Hj(R") — H;7"(R"), s,reR, 1<p<oo,
is bounded if and only if a € M" (R™).
The interpolation property
B; ,(R") = [H}' (R"), H;*(R™)], .,
l<p<oo, 1<p<oo, s1,82 €R,
s=(1—-0)s1+0sy, 0<6<1

(4.2)

(4.5)

(see [4], [5]) for a € MIST) (R™) ensures the boundedness of the operator

a(D): B, ,(R") — B, "(R"), 1<q<oo.
Equality (4.2) and boundedness (4.4) imply that the operator
" Hy(R™) — H; 7" (R™)

arranges an isometric isomorphism.
Further, it is well known that the operators

T Hy(RY) — Hy 7 (RY),
IO H(RY) — Hy 7" (RY), T(E) = (€ +il€| 24,

R% :=R"' xR*, R*:=[0,+c0), £=(£,€")eR", €& R,

(4.6)

(4.7)

(4.8)
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also arrange isomorphisms (though not isometric ones; see, for example, [3],
[6]). Isomorphisms similar to (4.8) exist for any smooth manifold with a
Lipschitz boundary (for details see [3], [7]).

The equality M>(R™) = Lo (R™) is well known and trivial. A reasonable
description of the class M} (R™) for p # 2 is less trivial and the problem still
remains unsolved.

Theorem 12 (see [8], Theorem 7.9.5; [9]). Let 1 < p < o0 and

Y sup{¢’D%a(€)], € R"} < M < 0,

[8]<[n/2]+1
0<p<1

where for the multi-index 5 = (B1,...,0n) the inequality 0 < 8 < 1 reads
as0<3;<1,5=1,...,n. Thena€1<ﬂ< M,(R™).
p<oo

If a € M (R™), the operators

ria(D) : H3(RY) — H " (RY)

~S n S—r n (4.9)
1By o (RY) — By " (RY)

are bounded (1 < p < o0, s,7r € R, 1 < ¢ < 0); here ryp = @’Rn denotes
+

the restriction operator.
An equality similar to (4.3)

riai(D)lorias(D) =1y (a1az)(D), a; € M (R™),  (4.10)

where £y is extension by 0 from R’} to R", fails to be fulfilled in general.
However, (4.10) holds if there is an analytic extension either a1 (&', &, — i)
or as(&', &, + 1)), which can be estimated from above by C(1 + |¢] + AV
with N > 0, A > 0, C = const.

4.2. Pseudodifferential operators. If the symbol a(x, &) depends on the
variable z, the corresponding convolution (cf. (4.1))

a(z, D)p(z) = Fia(x, ) Fymep(€) (4.11)

is called the pseudodifferential operator (p € S(R™), |a(z, )| < C(1+ €)Y,
N >0, C = const).

Let MZ(,S’FT) (R™xR™) denote a class of symbols a(z, ) for which operator
(4.11) can be extended to the bounded mapping

a(x, D) : Hi(R™) — H3 ™" (R"). (4.12)
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By ST(2 x R™) (2 € R™, r € R) is denoted the Hérmander class of
symbols a(z, ) if

|D3Dfa(z,6)] < Map(1+1€)) "7, veeQ, veeR", (4.13)

where M, g is independent of = and &.
By SL™(Q x R™) (Q € R®, I,m € Z*, r € R) we denote the class of
symbols a(z, £) satisfying the estimates

/ D2 (D) a(e, €)|dz < M., 5(1+1€])’
Q

VEER"™, ol <1, |Bl<m,

where
(EDg)” = (&1D¢,)™ ... (§uDg,) .

If Q C R™ is compact, then S”(Q x R™) C SL™(Q x R™). Such an inclusion
does not hold for non-compact 2.

Theorem 13. Let s,7 € R, I,m € Z*, m > [n/2] + 1; then
S"(R™ x R™) C M{*~"(R™ x R™).
If, additionally, =l +1+4+1/p<s—r <l+1/p, then
SR x R™) € M) (R™ x R™).

Proof. When a symbol a € S°(R" x R") has a compact support with respect
to x, then the continuity of a(z, D) in L,(R™) follows from Theorem 12, as
shown in [10].

For an arbitrary a € S°(R™ x R") the above statement is proved for
L, (R™) using the arguments involved in the proof of Theorem 3.5 from [12].
In the general case the continuity of the mapping H?(R") — H~"(R")
is established with the aid of the order reduction operator (4.7) (see [4],
[10]), while the continuity of the mapping a(z, D) : B; ,(R") — B5 " "(R")
is proved by interpolation (see [4]).

For a different proof of the first claim see [11].

To prove the second claim we shall introduce some notation. For a multi-
index p = (1, ..., pn), 0 < <1 we define

dz* = H dzj, (x,h), = (z1,...,2n),

mi=1
j=12,...,n

i s =1
zj = L3 l M " xz,h €R™
hj, if Hj ZO,
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Let
a(a)(z7 5) = Dga’(xa 6)

By virtue of Theorem 12 the inclusion a € SL™(R" x R™) implies

/|\Dga(x,.)|My>(Rn)||dx <00, |af<l+n.
Rn

From this finiteness and Fubini’s theorem we get
mesgn A, 4, =0 forany 0<pu<1, |y|<],

where

By = (W€ B [ sy () [V @) g = ).
Rl

If now

A= U Apy

0<p<1
[yvI<i

then, obviously, mesg» A = 0. There exists a vector hg € R™\A. Then we
have

[ o0 @) 125 @) <
]Rn

With these conditions we can use Theorem 5.1 and Remark 5.5 from [20]
where the claimed inclusion a € MS™* ™" (R x R") is proved. [J

Let
A,B: Hy(R") — H; " (R")

be the bounded operators; they are called locally equivalent at o € R™ (see
3], [13]) if

inf {|[x(A = B)|| : x € Cyy(R™)} = inf {[|(A = B)xI|| : x € Oy (R") } =0,
where I is the identity operator and C,,(R") = {x € C§°(R™) : x(z) =1
in some neighborhood of zo}. In such a case we write A < B. In a similar
manner we define the equivalence Ay ~ By for operators

Ao, By : H3(RY) — H3 " (RY).

Assume now that S = S U S is a compact n-dimensional C'*®-smooth
manifold with a C*°-smooth boundary 95 and

N
S = _U1Vj 7 X; = V;, X; CRY (4.14)
]:
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are coordinate diffeomorphisms. Let {x;}' C C§°(S) be a partition of the
unity subordinated to the covering of S in (4.14); also let

w.0(t) = x50 (1), . v(x) = X (5 (),
where X?(t) = xj(5¢(t)), t € R}, x € S. The following mapping properties
s, H(S) — HL(RY), supp %j_l NS # @,
s, H(S) — HL(RT), suppsg; ' NS # @, (4.15)
s, H(S) — HL(R™), supp %j_l Nnos =w.

are almost evident.
A bounded operator

A CHY(S) — HL(S) (4.16)

is called pseudodifferential (of order r) if:
(i) x1Ax2I is a compact operator in HJ (S) — H~"(S) for any x1,x2 €
C§°(S) with disjoint supports supp x1 N supp x2 = J;

(ii)
%j*A%j:l IND a(xQ,D), o S S,

. (4.17)
wj-Ases ~rya(ro, D), o € S,

where a(zg, ) € M{" (R™) for any zg € S.

Example 14 (see [3], Example 3.19]). . Let & C R" be a compact
domain with a smooth boundary 92 # @.

The operator roa(x, D), where a(z,&) € S™(2 x R") and rqp = g0|Q
denotes the restriction, is a pseudodifferential one of order r and

roa(z, D) E a(xg, D), xo & 09,

g (4.18)
roa(z, D) ~ ria(xg, D), zo € ON.
If a(xo,§) has the radial limits
a*> (g, &) = )\lim A "a(xg, AE) (4.19)

which are nontrivial bounded functions of £, then a®(zg,&) is a homoge-
neous function of order r with respect to &:

a®(xo, A) = A"a™(x0, &), A >0.
Let

a®(w0,8) = a> (wo, (1 +[€'NIE'17'E", &n) (4.20)
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represent the modified symbol (see [6], Section 3). Assume that a° €
MIST)(R"); then using (4.17) and the relation

lim sup [¢]7"|a(zo,&) — a’(20,&)| =0
R=oog|>R

we obtain

%j*A%j_*l 2 a(zo, D), o &Q, (4.21)

%j*A%jil Rrya(zg, D), x0€ Q. '
Thus the operators x[a(zg, D) — a®(xg, D)], [a(zg, D) — a°(zq, D)]xI with
x € Cg°(R™) are compact in Hy(R™) — Hy~"(R") (see [3]). As for the
compact operator T : H} (R™) — H,~"(R"), the equivalence T 2 0 holds
automatically.

The functions a® (g, &) (see (4.19)) and a®(zo, £) (see (4.20)) are respec-
tively called the homogeneous principal symbol and the modified principal
symbol of the operator A.

Theorem 15 (see [3])). Let (4.16) be a pseudodifferential operator
(r,v € Rj1 < p < 00). A is a Fredholm operator if and only if the fol-
lowing conditions are fulfilled:

(i) inf{| det a>(xo,&)| : 0 € S, £ € R"} > 0;

(ii) rya,,(xo, D) is a Fredholm operator in the space L,(R’}) for any
xo € 05, where

(20, €) = (& — 1€ — 1) a% (w0, &) (& + €| +14) ",
¢=(¢,6), £eRL

Theorem 16 (see [3]). Let a(x, D) be a pseudodifferential operator of
the order v € R with the N x N matriz symbol a(x,-) € ST(R") for any
x € 8S. If a(x,&) is positive definite, i.e.,

(a(z,€)n,n) = Golé|"|n|*  for some b5 >0 (4.22)
and any €€R™, ze§, neCV, '

then
a(z, D) : H:™(S) — H, 2(S) (4.23)

is a Fredholm operator for any |v| < % and

Ind a(z, D) = 0. (4.24)
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4.3. Further Auxiliary Results. Let H"(R") denote the class of func-
tions with the properties

(1) a(X§) = A"a(€), A >0, £ € R™;

(i) a € C°(S"7 1), " Li={weR": [w| =1}

(i) if a(§) = ao(w’,t, &), where ' = |¢'| 7', t = [¢/], € = (¢, &) € R,
then

}E%Di’tca()(w/’tv_l) = (7]-)1C }i_I%DfGO(w/atvl)a (4 25)

WwesS" % k=0,1,2,....

For » = 0 condition (4.25) coincides with the well-known transmission
property (see [6,14]).

Lemma 17. Leta € H"(R™) be a positive definite N x N matriz-function
(cf. (4.22))
(a(f)n,n) > 60|§|T'|17\2 for some g > 0

4.26
and any €€ R", neCV. (4.26)

Then a(§) admits the factorization

() = a_(€)ay (&), ax(&) = (& +il¢']) Fba(€), (4.27)

where bfl(f/,fn +iX), bEHE € — iN) have uniformly bounded analytic ex-
tensions for X >0, £ € R*"!, ¢, € R and

> sup {|€*DbEN (&) L R} < My, <00, m=0,1,2,.... (4.28)

la|<m
Proof. For the proof of this lemma see [2,9,15]. O

Remark 18. A lemma similar to the above one but for a general elliptic
symbol was proved in [2,9] (see [6] for the scalar case N = 1). In [15, §2] a
similar but more general assertion is proved when a(z, £) depends smoothly
on a parameter x € S.

A pair of Banach spaces {Xy,X;} embedded in some topological space
E is called an interpolation pair. For such a pair we can introduce the
following two spaces: Xpnin = X N Xy and Xpax = Xg + Xq := {x cE:xz=
zo+ 21, x; €X,, =0, 1}; Xmin and Xp,,x become Banach spaces if they
are endowed with the norms

[ Xomin || = max {{|2|Xo|, [lz[X1 ]},
1z Xmax[| = inf {[lzo|Xo|| + [l21]X1]| : # = o + 21, 2; €X;, 5 = 0,1},

respectively.
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Moreover, we have the continuous embeddings
Xin C Xo, X; € Xpax- (429)

For any interpolation pairs {Xo,X;} and {Yo,Y;} the space
L({XoX1},{YoY1}) consists of all linear operators from Xpax into Yipax
whose restrictions to X; belong to £(X,,Y;) (j = 0,1). The notation
L(X,Y) is used for the space of all linear bounded operators A : X — Y.

Lemma 19. Assume {Xo, X1} and {Yo, Y1} to be interpolation pairs and
the embeddings Xmin C Xmax, Ymin C Ymax to be dense. Let an operator
A € L(Xo,Yo)NL(Xy,Y1) have a common regularizer: let R € L(Yq,Xo)N
L(Y1,X1) and RA -1 € L(XoXo) N L(X1,X1) be compact. Then

A Xpin = Yoin, A Xpae — Yiax
are Fredholm operators and

Il’ldxmmﬂymin A= IHdX A= Indxj*)yj A, _j = 07 1. (430)

max anax

If y € Y;, then any solution x € Xyax of the equation Ax =y belongs to
X;. In particular,

kerx A= kerxj A = kerx A, j = 07 1. (431)

min max

Proof. We begin by noting that the definition of a norm in Xyip, - -+, Ymax
implies

| AL i, Vo) | < e { AL, Y] 5 = 0,1},
[ AL (Xinax; Yinax) || < max {|A|L(X;,Y;)|| = j = 0,1},
Whence we find
L(Xo,Yo) N LK1, Y1) C LXK min, Ymin) N L(Xnaxs Ymax)-

Next we shall prove that A is a Fredholm operator in the spaces X, —
Yiin and Xinax — Ymax. For this it suffices to show that AR —I, RA —TI are
compact in the spaces Xyin and X,x, since by the conditions of the lemma
they are compact in Xy and X;. Let us prove a more general inclusion

Com(Xp, Yo) N Com(Xy, Y1) C Com(Xpin, Yimin) N Com(Xmax, Yimax),

that implies the claimed assertion.

Assume T : X; — Y; (j = 0,1) to be compact and {zj}ren to be an
arbitrary bounded sequence in Xyin. Then {zj}ren is bounded in both
spaces Xg and Xj. It can be assumed without loss of generality that the
sequences {Txy}ren are convergent in both Yo and Y; (otherwise we can
select subsequences). Then {Txy}ren is convergent in Y,,i, and therefore
T € Com(Xpmin, Ymin)-
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If Sy, S1, and Spax denote the unit balls in Xg, X;, and X,.x, respec-
tively, then Spax C So + S1. Due to the compactness of T : X; — Y
(j = 0,1), there exist £/2-grids {y,(cj)};nil C T(S;) j =0,1), e > 0.
Then {y,(co) + y,(f)}k,n C T(So) + T(S1) defines an e-grid in T(Spax)(C
T(Sp) + T(S1)). Since € > 0 is arbitrary, T : Xjnax — Ymax 1S compact.

Now we shall show that the density of the embedding Y, C Ymax
implies the density of Yy C Y, (j = 0,1). For the sake of definiteness
assume that j = 0. By the condition of the lemma for any € > 0 and a € Y
there exists b € Yy, with the property

(@ = b)[Ymax|| <&
i.e., there exist ag € Yg, a1 € Y; such that a — b = ag + a1,
llao|Yoll + ||a1]Y1] < e.

Since a € Yg and b € Yy C Yo, we obtain a — b € Yg and a1 =
(a—b)—ap € Yo, so that a; € YoNY; = Yyin and a1 +b € Yyin. Therefore

H[a — (a1 + b)”YOH = [lag|Yo| <€,

which proves that the embedding Y,,;;, C Y is dense.
The density of the embeddings Yin C Y; C Yiax, 5 = 0,1, yields
Yiax C Y5 C Y5 j=0,1.

max min?»

Since Xmin C Xj C Xpax and A 1 Y7 — X7 (j =0,1), A*: Yy, — X

min min?
* . * *
A Y7 — X5 are Fredholm, we have

kerx, . A C kerx; A C kerx,,,, A, (4.32)

kery- A* C kery; A" C kery- A", (4.33)

The dimensions of the kernels (dimker A) in appropriate spaces will be
denoted by umin, @), Omax, While the notation Buin, 3, Bmax Will be used
for the dimensions of cokernels (dim Coker A). Note that for a Fredholm
operator we have

dim Coker A = dim ker A™.

Embeddings (4.32) and (4.33) imply
Omin < @ < Qmax, J=0,1, (4.34)
Bmax < B < Buin, J=0,1. (4.35)
By the definition of Ind A we obtain

Indxminﬁy A S Indquyj A S Indxmax_)Y A. (436)

min max

A similar inequality for indices of the regularizer R is proved just in the
same manner. Since Ind R = —1Ind A, the inequalities inverse to (4.36)
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are valid and therefore (4.30) holds. Now from (4.34) and (4.35) we obtain
Qmin = Qj = Qumax. Lhe latter equality and (4.32) give (4.31). O

Remark 20. Similar statements under different conditions on spaces and
operators are well known (see, for example, [16], [17], [18]).

§ 5. PROOFS OF THEOREMS

5.1.  Proof of Theorem 7. In the first place we shall prove that Pé (see
(3.2), (3.6), (3.7)) is a pseudodifferential operator according to the definition
given in Subsection 4.2.

Let Uy,...,Ux be a covering of S C R? (see (4.14), where n = 2),
»1,...,%N be coordinate diffeomorphisms, and

% :X; - U;, X;,U;CR® U;nS=V,, 5.1)
X; = (—e,6) x X;, 3lx, =2, j=1,...,N,

be extensions of diffeomorphisms (4.14). By ds;(t) = »(t) and d3;(t) =
#(t) (t = (ti,t2) € R2, € = (to,11,12) € RY) we denote the correspond-
ing Jacobian matrices of orders 3 x 2 and 3 x 3. %}(t) will coincide with
5(0,t)(t € X; C RY) if the first column in these matrices is deleted.

Let further

Ty, () = (det [|(Brsej, 03 |axa) /*) Okse = (ke Opsejn, Op5e53)

denote the square root of the Gramm determinant of the vector-function
;= (5551, %2, %453)

If the operator P} is lifted locally from the manifold S onto the half-
space R% by means of operators (4.15), then we obtain the operator (cf.
(4.17))

P, u(t) = 5Pl u(t) = x3(0) [ @(Gs(t) -
&
—;(0),7)X5 ()T, (O)v(0)d, teRL, XJeCr(RY).

From the last equality it follows that operator (3.7) is bounded. More-
over,

K;0(t) = x3(0) [ [2045(0) — (6). 0, 6) -
e
—O(s(t)(t — 0), )T, (t)] X?(O)v(@)dﬁ
has the order —2, i.e., the operator

K, : HY(R2) — HY2(R2) (5.2)
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is bounded for any v € R (see [19, Section 33.2 and Theorem 13]). Due to
(5.2) the operator

K, : Hj(R%) — HY P (R?) (5.3)

is compact, since x7 € Cg°(R%) [see (4.19)]. From (5.3), Example 14, and
(2.1), it follows that the symbol of the pseudodifferential operator P} reads
(z € S,¢ € R?)

PL(z,&) =T, (1) / €D (5, (1), 7)dp =

]R2
=L () [ 10 0.0)(0.0).7) =
RQ
I, (¢t . —i(5 v) 4—1(~ 7
N (2737()3) /elgn/e (o O0OM9) A=Y(g, 7)dgdn =
I, (1) /z@/-w{/A [(54(0,6)"] 5. ) dyodydn =
(27r)3 det% (0,1) 7
L (G R IO
27rdet% s '

for t = %j_l($)a T e Sv 1S R3-7 5 € R2? {l]: (y07y) € R37 C = (y07£) By
(2.3) the principal homogeneous symbol of P} (see (2.18)) is written in the

form

(P (x,6) = / A5 ([G0.0)7) 7 dvo, (5:5)

27rdet%
zeS, (eR? t=ux"(z)eR], (= (0%,

. EeR3, (5.6)

where C(€) and A(€) are defined by (2.4). Since —C(€) and A( i) ar
positive-definite (see (1.12) and (1.14)), the same is true for —Ag " (¢ £):

(_ Aal(g)nvn) > 52|77|2|g|_27 52 > 01 ne (C4a ge RS'
Applying this fact, we proceed as follows:
((=Pg)>(z,&)n,m) =
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+oo
) %Et% [ (= A (1G0T nn) o =

“+o0
~ —2
> Sl / 15 (0,6)¢| 2dyo >
+o0o

dy _
= o [ e = e (5.7

neCl €cR? (= (yo,&), Op=const>0, k=234

Formulas (1.6), (5.5) and (5.6) also imply
DEDE (Pg)™ (x,A€) = [N TIAT™ DY DE} (Pg)™ (w,€), (58)
la| <00, m=0,1,..., £€€R? XeR. '

Hence we have the equivalences (see (4.18), (4.21), (5.1), (5.2))

7Py = (P5) (20, D), w0 €U; CS, 005,
%j*P}g%j;l By (PY) (20, D), x0€U;NAS,
where (see (4.20))
(P5)°(2,€) = (Pg)™ (@, (1 + [&a])|€a] 71, &2).
Due to (5.7) the symbol (P})%(z,€) is an elliptic one,
inf{|det(P5)>®(z,&)|:2 €S, [¢=1}>0.

Since condition (5.8) implies the continuity property (4.25) for the symbol
(P&)>°(z,€), by virtue of Lemma 17 it admits the factorization

(P3)°(x,€) = [(&2 —il&1| — i) 7 *P_(2,9)] [(&2 +il¢'| + )7 /*Py(z, 0],
PE(z,-), PE(z,-) € My(R?), x €S,

where PE! (2, & —i)), Pfl(x, &1 +1i)\) have bounded analytic extensions for
A > 0. According to Theorem 15 operator (3.7) is a Fredholm one if and
only if the operators r (Pg),,—1(zo, D) are Fredholm ones in L, (R3) for
all zg € 05, where

1 _ (G —ila] !
(,PS)V,fl(xmg) - (52 +Z|£1‘ +Z)V

— 1 —g\v+1/2
N (m) ' P_(x0,&)P+(x0,§), o € OS. (5.9)

(Ps)° (o, &) =
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Therefore (see (4.10), (5.9))
ri(Pg)s,—1(x0, D) = r1P_ (20, D)lor+ G, (D)P(z0, D), (5.10)
with

Lo —il&| — i)”+1/2

(&) = (§2+z'|£1| +i

(5.11)
and since r; Py (29, D) are invertible (according to (4.10) the inverses read
r P! (x, D)). The proof will be completed if we find invertibility conditions
for ry G, (D) in L,(R%); the latter is invertible if and only if

1/p—1<v+1/2<1/p (5.12)

and the inverse reads (r; G, (D))" = Ii+1/2(D)€0r+I:”71/2(D) (see [2],
§2). Conditions (5.12) coincide with (3.8).

The local inverses to P}, : ﬁg (S) — H;’,“(S ) are, therefore, independent
of the parameters p and v if conditions (3.8) are fulfilled.

In fact, the operator

(r PL) L (2o, D) i= P (xo, D)TL 2 (D)o, T2~ *(D)PL (20, D)

is inverse to (r1P%), _1(2o, D) in L,(R2); if we “lift” these operators from
the space LP(Ri) to the Bessel potential spaces by means of the Bessel
potentials Z# (D) defined by (4.8), we shall come to the following conclusion:
if (3.8) holds, the operator

T2/(D)lo(x4PY); L (w0, DT/ (D) =

l/7

— (D)P ! (z0, D)TY*(D)eor T/*P~" (0, D)
inverts the operator

I,V (D)o (r4P§)y,—1(x0, D)I" (D) =
= PL(z0, D) : HY(R2) — HYHH(R2), €S

which is a local representation of PL = PL(x, D) (z € S, zo € 95).

Thus the regularizer constructed by means of the local inverses (see,
for example, [2], [3], [13]) can be chosen independent of p and v if (3.8)
holds. Now we can take p = 2 and by Theorem 16 and Lemma 19 we get
IndP} = 0.

To complete the proof for the space H,/(S) it remains to check that
ker P = 0. We need to do this only for v = —1/2 and p = 2, since ker P}
is also independent of the parameters p and v (see Lemma 19).
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The equality ker P} = 0, in turn, follows from the triviality of a solution
of the homogeneous Problem D. Actually, formula (1.17) implies that for
any solution U = (uq,...,us) of the homogeneous Problem D we have

/ {cljlelukD Ui + prugty —I— )\”D ug Dy + ?U4U4}d.ﬁ =0;

3
]RS

recalling that 7 = o + iw and separating the real and the imaginary part,
we obtain

/ {Cijleluijﬂi + plo? — w?)uay +
]R3

| |2T —=—Xij Djus Dty + Tu;;m}dx =0, (5.13)
;j {20’T0’U,kuk + )\”D usD; U4}d$ =0.
0

]R3

Whence by (1.12) and (1.14) we find U = 0 for an arbitrary 7 with
Re7 > 0. For 7 = 0 we obtain

Dju(z) + Dyuj(x) =0, ug =0, k,j=13, xRy (514)
The general solution of this system is (see [1])
U=laxa]+b,

where a and b are the constant three-dimensional vectors with complex
entries and [- X -] denotes the vector product of two vectors. From conditions
(1.10) and (5.14) it follows that U = 0.

Thus the homogeneous Problem D has only a trivial solution and ker P,
={0}.

To prove the theorem for the Besov space Bj ,(S) recall the following
interpolation property from (4.5):

If A : ﬁZ(S) — HY*"(S) is bounded for any 1y < v < v and some
1 < p < oo, then the operator A : Iﬁlg;yq(S) — By t7(S) is also bounded for
any vp <v <vy, 1 <q< oo

Let conditions (3.8) be fulfilled. Then the operator P} : ]ﬁlg(S) —
Hy+1(S) has the bounded inverse (Pg)~" : HyH!(S) — HV(S); due to the
above mentioned interpolation property the operator (Pl) : B;Zl(S) —
Bg,q(S’) will also be bounded and therefore the operator P} in (3.6) has the
bounded inverse.



274 R. DUDUCHAVA, D. NATROSHVILI, AND E. SHARGORODSKY

5.2.  Proof of Theorem 8. After the localization and local transformation
of variables (see (5.1)—(5.9)) we obtain the equivalences

%j*P‘fg%j_*l 2 (PY)(zg, D), x0€U; CS, o¢0S,
%j*Pié%j;l Ry (PY)(z0, D), x0 € U;NAS,
where
(P$)°(0,€) = B (0, ) (Pg)° (w0, €)(B°)T (w0, £) (5.15)

and B°(xg, &) represents the modified principal symbol of the operators
B(D,,n(z)) and Q(D,,n(z)) (whose principal symbols coincide). The or-
der of B%(z¢,€) is 1 and therefore (5.15), (5.7) yield

((P)>® (0, &)n,m) > 05[é|In|>, € €R? neCh, d5>0.
The homogeneity property
Dg;Dg(Pg)™ (x, A¢) = [AX"" Dg Dy (Pg)™ (x, ),
laf <00, m=0,1,..., £€R? MR

holds as well (see (5.8)).
Thus the symbol (P&)>(x, &) is elliptic

inf{|det(P3)>®(z,&)|:2 €S, [¢(]=1}>0
and operator (3.10) is a Fredholm one if and only if the operators
ry (P%)0, 1 1(z0, D) are Fredholm in L, (R} ) for all zg € 0S; here

(& — 6] — )"
§2 +il&a] +4)vF
(il iy,
- <§2 + ] -l-i) P (w0, §) Py (0, €),
(Pi)il(z7 ')7 (Pf)il(x, ) S MP(RQ), xo € 857
and (P1)* (20, &1, & +iN), (PL)E (0, &, & — iA) have bounded analytic

extensions for A > 0. The proof is completed similarly to that of The-
orem 7. [

(Pg)8+1,1(x07£) = ( 1 (’ng)o(l'o,f) =
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