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ON THE NUMBER OF REPRESENTATIONS OF
INTEGERS BY SOME QUADRATIC FORMS IN TEN
VARIABLES

G. LOMADZE

ABSTRACT. A method of finding the so-called Liouville’s type formu-
las for the number of representations of integers by
a1 (2% +23) + az(f +2f) + as (a3 + 23) + aa(2? + 28) + a5 (2§ + o)

quadratic forms is developed.

In the papers [4,5] four classes of entire modular forms of weight 5 for
the congruence subgroup I'g(4N) are constructed. The Fourier coefficients
of these modular forms have a simple arithmetical sense. This allows one
to get sometimes the so-called Liouville’s type formulas for the number
of representations of positive integers by positive quadratic forms in ten
variables.

In the present paper we consider positive primitive quadratic forms

[ =ai(ai+a3) +as(x3+7) +as(xi+23)+
+ as(aF+a3)+as (x5 +a7,). (1)

For the purpose of illustration we obtain a formula for the number of repre-
sentations of positive integers by the form (1) for a; =--- =a4 =1 a5 = 4.
In a similar way one can investigate as well other forms of the kind (1).
As is well known, Liouville obtained in 1865 the corresponding formula for
a; =---=as =1 only.

1. SOME KNOWN RESULTS

1.1. In this paper N,a,d, k,n,q,r, s, A denote positive integers; b, u, v are
odd positive integers; p is a prime number; v, are non-negative integers;
H,c,g,h,j,m,x,y,«, (3,7, are integers; ¢ is an imaginary unit; z,7 are
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complex variables (Im7 > 0); e(z) = exp2miz; @ = e(r); (£) is the gener-
alized Jacobi symbol. Further, Y, . , and E'hmod , denote respectively
sums in which h runs a complete and a reduced residue system modulo gq.

Let

hj? .
S(h,q) = Z e(—) (Gaussian sum), (1.1)
jmodgq q
/ hj2
c(h,q) = Z 6(—) (Ramanujan’s sum), (1.2)
jmodgq q
gh(z|T5¢, N) =

_ Z (fl)h(mfc)/Ne(%(mjL 3)27) e((mJF g)z) (1.3)

m=c (mod N)
(theta-function with characteristics g, h),

hence

877,
S Van(Elme, Ny = (mi)" Y (=DM N @2mt g)" x

oz"
m=c (InOd N)
1
(g (m+5)'7)e((m+ 2. "
Put
Ogn(T;¢,N) = Dgn(0l7; ¢, N),
) o (1.5)
ﬁéh)(ﬂC, N) = 87199h(2|7§ca N[~

It is known (see, for example, [3], p. 112, formulas (2.3) and (2.5)) that

I p
195]+2jh( ) gh(T'C+j7N)a
) =

(1.6)
192_3%,1(7 ¢, N 19“)(7' c+7,N),
Dgn(T5¢+ Njy, N) = (=1)" 01, (15¢, N), an

1922)(7; ¢+ N;,N) = (fl)hjﬂé?(T;c, N).

From (1.3), in particular, according to the notations (1.5), it follows that

ﬁgh(TQOJV) _ Z (_1)th(QNm-%-gf/8N7 (1.8)
I (70, N) = (mi)" Y (=" (2Nm 4+ g)"QENTHOEN . (L)

m=—0o0
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From (1.8) and (1.9) it follows that
Vg n(7;0, N)=0gs(7;0,N), ﬁg?h(T;O,N):(—l)nﬁér;;)(T;O,N). (1.10)

Everywhere in this paper a denote a least common multiple of the coef-
ficients ay, of the quadratic form (1) and A = Hi:l a} is its determinant.

Denoting by r(n; f) the number of representations of n by the form (1),
we get

5 o)
[ 9%0(m:0,a) = 14> r(n; Q™ (1.11)
k=1 n=1
Further, put
O(ri f) =1+ > pln; Q" (112)
n=1
where
o 4 =
p(n; f) = mn ZA(Q) (1.13)
qg=1

(singular series of the problem) and

5
_ ’ hn
Al@)=a70 Y e = 22) T S*(axh.a). (1.14)
hmodgq q k=1
Finally let
_ Jar+ I6] _ _
FO(4N){77’+5 ad ﬂ’y—l,’y_O(modélN)}

(nonhomogeneous congruence subgroup).

1.2. For the convenience of references we quote some known results as the
following lemmas.

Lemma 1. If (h,q) =1, then
S(kh, kq) = kS(h,q).

Lemma 2 (see, for example, [6], p. 13, Lemma 6). If (h,q) = 1,
then

S%(h,q) = (%)q for ¢=1 (mod 2),

=2i"q for ¢=0 (mod 4),
=0 for ¢g=2 (mod4).
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Lemma 3 (see, for example, [6], p. 16, Lemma 8). If (h,q) = 1,
then

h
S(hw) = (= )it /2,

Lemma 4 (see, for example [6], p. 177, formula 20). Let ¢ = p
and p”Hh. Then

clh,q) =0 for v<A—1,
=—p ! for v=X-1,
=p Y p—1) for v>X—-1
Lemma 5 (see, for example, [2], p. 14, Lemma 10). Let
Xp =1+ A®) +AP)*) + - (1.15)

Then

o

Z Alq) = H Xp-
q=1 P

Lemma 6 ([1], pp. 811 and 953). The entire modular form F(1) of
weight r for the congruence subgroup To(4N) is identically zero, if in its
expansion in the series

F(r)=Y_ CnQ™,
m=0

T 1
Cn=0 foral m< §N H (1—|—};).
p|4N
Lemma 7 ([7], p. 18, Lemma 14). The function 0(7; f) is an entire
modular form of weight 5 and character x(§) = sgn 5(%) for Ty(4a).

Lemma 8 ([2], p. 21, the remark to Lemma 18). The  function
szl Yoo0(7;2,a) is an entire modular form of weight 5 and character

x(6) = sgné(_‘—ﬁ) for Ty(4a).

Lemma 9 ([4], p. 67, Theorem 1'and [5], p. 193, Theorem 1).
For a given N the functions
(1) Wa(7; 91, g2; b1, h2;0,0; Ny, Na) =
= NLf 19;?,“ (130,2N1)0g,h,(7;0,2N2)+
+Ni221991h1(7';0,2]\71)19(4) (1;0,2N5)—

g2h2
— s Vgun (T30,2N1)07 4, (730,2N2), (1.16)

g2ho

IThere is a misprint in the formulation of Theorem 1 [4, p. 67] which can be easily
corrected by substituting 5 for 10 and vice versa.
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where )
h3 h3 g 92
2 ,2,NNNN4N(—1 —)4—1 92
(a) 2[g1, 2|g2, N1 2|V, 4] N N, T ANy
(b) for all a and § with ad =1 (mod 4N)

i

)‘112(7';04917@92;hlahz;O,O;Nth) =

A
(|6|>\I/2(T gl,gg,hl,hg,() 0 N17N2)

(2) ) (T'gl,...,g4;h1,.. h4;0,...70;N1,...,N4)=
= {5 91, (730,201, (730, 21V5)

55 Voun (730, 2N1)00,, (730, 273) | x
Xﬁ/gaha(T;072N3)1994h4(7—’072N4) (117)
and
(3) \114(7—?591)'-'ag4;h1a"'7h4;0a"'70;N17"'7N4):
= Hk:ZI ’ﬂlgkhk(T;072Nk)19g4h4(7—;072N4)7 (118)
where
hk : 9;%
(a) 2|gr, Nk|N (k=1,2,3,4) 4|NZ kﬂm,

(b) for all a and & with ad =1 (mod 4N)

4
_. N,
<Hk|51|k> Ui(riagr,...,ag45h, ... ha;0,...,0; Ny, ..o, Ny) =

A .
sgn5< 7] Ui(T591,- 5943 b1, ..., ha;0,...,0; Ny, ..., Ny) (§ =3,4),
are entire modular forms of weight 5 and character x(6) = sgn 6(%) for
o (4N).

2. SUMMATION OF THE SINGULAR SERIES p(n; f)

Everywhere in this section «, 3, denote non-negative integers and m
positive odd integers.

Lemma 10. Letn = 2%m, a, = 2", (k=1,2,...,5), (by,...,b5) =1,
b= (b1, bs], B> >3 272 > =0, v=3p_, 7 Then
o =14 (=1)"=™/2 for 0 < a <7y —2,
=1 fora=yn-1a=yn<y, r=p<a=nu-1,
Tet+tl=rn<a=yu—-1 rv=13<a="v<7s,
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Yo+ 1=y <=y <75,
=1+ (—1)(b1+b2)/2(1 —2727%.3) for o+ 1< a<ns,

3

— 14 (1) (e o) 2 =202 por p — gy <o <y -2,
T2tl=r<a<y—2
=1+ (_1)(b1+b2)/2(1 _ 272773+1) + (_1)(2111 bk*m)/2 . QY2—Y3—20—2
for 2 +2<y3<a<y-—-2,
=1+ (—1)(b1+b2)/2(1 - 272_73“) for v +2<y<a=vy—1,
Y2 +2< 3 < o= <7,
1+ (_1)(b1+b2)/2(1 —2n sty 4 (_1)(21:1 bk)/2 X

X

1
2’Y2+’Y3—2’Y4{7 1— 2*3(04*74*1) _ 2*3((1*’}'4)}
~( )
for va+1<a <5 butvy >3 > v +2,
=14+ (_1)(2;1 bk)/Q . 2V2+V3—2’Y4{1(1 _ 2—3(04—74—1)) _ 2—3(a—w)}
7

for va+1<a<vs but ya>y3=v2 or v4>y3=2m2+1,
5

=1+ (_1)(Zk:1 bk_m)/Q . Qr—da—d for a >y =74 > v3 =2,
a>y=71273="2+1,

=1+ (—1)BrHb2)/2(] _ gr—ratly | (_1)(Zi:1 bi—m)/2 97—da—4
Jor a >ys=v12>2732>7+2,

4

=14+ (,1)(b1+b2)/2(1 _ 272*’Ys+1) + (71)(216:1 bk)/z X

% 2v2+v372v4(1 _ 273(7577471))/7 + (_1)(Zi:1 bk*m)/2 . 9y—da—4
for a>5 >y >3 > 72 +2,

B e YT

(1) (B )2 gt o > s sy >y =,
Q> >y =3 =72+ 1

Proof. 1. If in (1.14) we put ¢ = 2* and then instead of h introduce a new

letter of summation y defined by the congruence h = by (mod 2*), then we
get

5
A2 =271 3T e(—22 mby) T S2@%biby, 2. (21)
k=1

ymod2*
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From (2.1), according to Lemmas 1, 2, and 4 it follows that
() for A\=1, v +1 (k=2,3,4,5)

AN =0, (2.2)

because S?(b1by,2) = 0, S2(27V:brby, 27+1) =0 (k = 2,3,4,5);
(2) for 2 < A<y

A@Y) =271 377 e(—20 by (2000 - 22)2 =

ymod2X

ymod 2>

— 21_A€((bl - 2“:“7”)5) QAXI:_I e((QA_Qb;;fam)by) —

B {e((b1 — 2072 p/4) if 22 1|(22 2, — 20m)b,

0 if 2271(222by — 2°m)b,
ie.,
AN = (1) ™2 if N =a+2, (2.3)
=0 if A\Aa+2; (2.31)

(3)for y2+2< A< ~3

/
A@2Y) =271 N e(—22 P mby) (2i7Y - 24)2202 - 24"
ymod2*
x 22772 96X = 9mam2AR2(_1)(hitbe) /290 p 2N,

hence
A2M) = (—1)(b2H02)/2 9mF1=X f N < 4 1 (2.4)
= —(—1)lbetb2)/2 gveme if N = 41, (2.41)
=0 if A>a+1; (2.45)

(4) for 73 +2 <A<y

I
A2Y) =271 N e(—22 mby) (2i77 - 22)2272 x
ymod2*

~ (QZ-lmby . 2>\*v2)22%(2ib3by . 2>\*’73) L94x
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— 91ts—3A+3 Z’ . (b1 + b2+ b3)by 2%11)9) _
4 2

ymod2*
_ 272+73—3A+36(i ((b1 + by + b3)b — 2a_>‘+2mb)) x

2211
X Z 6(21_)\(2>\_2(b1 + by +b3) — 2am)by),
y=0

hence, as in case (2)

3
A@Y) = (1) (Zm )2 gsheza2 i\ gy 0, (2.5)
=0 if \£a+2 (2.51)

(5) for vy +2 <A< s

/
A@2Y) =27100 N e(—2% mby) (2i0PY - 22) (2272 - 24020V . 22777
ymod2*
% (2273 . 94bsby 2)\*73)(2274 . 9jbaby 2>\*’Y4)22>\ _

_ 272+y3+y4—4)\+4(71) (21:1 b’“)/zc(Qo‘bm, 2)\),

hence
4
A<2/\) _ (_1) (Zk:1 bk)/Q LYY A= g <a+1, (26)
4
= (=) (D )2 g e iy g1, (2.61)
=0if A>a+1; (2.62)

(6) for A > 5 +1

I
A2Y) =2710% 3 e(—22 A mby) (2i"PY - 22)227 x
ymod2*

% (Qibzby . 2%72)2273 (Qibsby . 2)‘*73) X

x (2274 . 94baby 2>\*W4)(22W5 . 95050y 2)\*75) —

5 «@
_ 97—BA+5 Z' e (Zk—l biby _ 2 mby) —

4 22
ymod2*

5
=4 |4 1
_ 2'\/70)\+oe(1 ( Z bkb o 2047)\+2mb)) %
k=1
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2211 5
X Z e<21_>‘ (2)‘_2 Z by — 2°‘m) by)7
y=0 k=1
hence, as in case (2),
A@Y) = (1)) 2 tast i A Z g ya (27
=0if \#a+2; (2.71)

IT. According to (1.15) and (2.2), we have

=1+ A+ Y AR+ Y 4@+

A=2 A=y2+2 A="3+2

5 o)
+ O AR+ D AERY. (2.8)
A=74+2 A=75+2

Consider the following cases:
(1) Let 0 < a < 73 — 2. Then from (2.8), (2.3), (2.31), (2.42), (2.51),
(2.62), and (2.71) we get

2
o= LH Y ARY = 14 (-0
A=2

(2) Let a = y9—1 or @ = 72 < 3. Then from (2.8), (2.31), (2.42), (2.51),
(2.62), and (2.71) we get

X2 = 1.

(3) Let 72 + 1 < o < 3. Then from (2.8), (2.31), (2.4), (2.41), (2.42),
(2.51), (2.62), and (2.71) we get

73 a
xo=1+ Z AN =1+ Z (—1)Brb2)/2 972 1=A (1) (brtb2)/2 972 =
A=v2+2 A=v2+2

4)Let o =3 <a<y—2o0ry+1=9 <a<y—2 Then from
(2.8), (2.31), (2.5), (2.51), (2.62), and (2.71) we get

Y4
xo=14 3 AN =14 (-1)(Zaa )2 grars-2ac2
A=v3+2
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(5) Let v2 +2 < 3 < a < 74 — 2. Then from (2.8), (2.31), (2.4), (2.5),
(2.51), (2.62), and (2.71) we get

o =1+ i AN + f: AN =

A=v2+2 A=vy3+2

=14 Z (b1+b2)/2 2724‘1 >\+( 1)(22:1bk_m>/2.2’Y2+‘Ys—20t—2.
A=v2+2

6)Let o= <a=yu—-loptl=p<a=yy—loryp="9<
a=7y <7y 0rve+1=7v3 <a=v <75 Then from (2.8), (2.31), (2.51),
(2.62), and (2.71) we get

x2 =1

(M Let p+2<y<a=y—loryp+2<7 <a=17 <7 Then
from (2.8), (2.31), (2.4), (2.42), (2.51), (2.61), and (2.71) we get

X2 =1+ Z A2)\ =1+ Z (b1+b2)/2 9r2+1-A
A=v2+2 A=v2+2

8) Let 74+ 1 < a < 75, but 74 > 3 > 72 + 2. Then from (2.8), (2.31),
(2.4), (2.51), (2.6), (2.61), and (2.71) we get

X2 =1+ i A(2Y) + i A2Y) =

/\—'yg+2 A=vy4+2
=1+ Z (bﬁ'b2)/2 92 tl=A 4
A=v2+2
+ Z (—1)(2;1 bk)/Q LYY =3AE3 (_1)(2;1 b’*‘)/z LYY —3a

A=v4+2

(9) Let v4+1 < <5, but 74 > 93 =2 or 74 > 73 = 72 + 1. Then
from (2.8), (2.31), (2.51), ( .6), (2.61), and (2.71) we get

Y5 o]
a=1+ > AR+ Y A@RY =
A=v4+2 A=75+2
@ 4

-1+ Z (71)(Zi:1 bk,)/2 LYY —3A+3 (71)(Zk:1 bk)/2 .97 —3a
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(I0) Let a > y5 =4 >3 =72 0r @ > 795 =791 > 73 = 72 + 1. Then
from (2.8), (2.31), (2.51), and (2.71) we get

o 5
=1+ > A@Y) =1+ (—1) (ks bemm) /2 gy—ta—a,
A=75+2

(11) Let @ > 75 = 74 > 73 > 72 + 2. Then from (2.8), (2.31), (2.4),
(2.51), (2.7), and (2.71) we get

V3 o]
xa=1+ Y ACYH+ Y A=
A=72+2 A=75+2

5

3
e 3 () g () (Sh ) e,
A=v2+2

(12) Let o« > 75 > 74 > 73 > 72 + 2. Then from (2.8), (2.31), (2.4),
(2.51), (2.6), (2.7), and (2.71) we get

o =1+ i: A2Y) + i: A2 +

A=v2+2 A=v4+2
00 73
+ Z AN =1+ Z (=1)(0rb2)/2  gratl=A 4
A=75+2 A=72+2
5
+ Y (B2 vy (L) (B o) /2 grmdans,

A="4+2

(I3) Let . > 5 >4 >3 =72 0r @ > 75 > 71 > 73 = 72 + 1. Then
from (2.8), (2.31), (2.51), (2.6), (2.7), and (2.71) we get

Xe=1+ i A2Y) + i A@2Y) =

)\:74 —+2 /\:’75 +2

5
:1+ 25 (—1)(Zi:1 bk)/2.2zi:27k*3>\+3+(_1)(Zizl bk—m)/2.27_4a_4'

A=vy4+2

Calculating the sums in the right-hand sides of the above given equalities,
we complete the proof of the lemma. [

Lemma 11. Let p > 2, p5||n, pek||a,~C (k=1,...,5), max ( =/, min (=
L=0,0>0">0 >0 >0=0,0=50_ b =0+0"+0"+0+¢,
n(0') =1 4f 21" and n(¢') =0 if 21¢'. Then

Xp=(1—=p )B+1) for ' >3+1, p=1 (mod 4),
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=(1+p Y for ' >p+1, p=3 (mod 4), 2|5,
=0 for {'>3+1, p=3 (mod 4), 213;
=(1—p )+ (1+p ) —p )

for ' <B<0" p=1 (mod 4),
= (L+p ) = ()" (L4 p)p~ )

for ' <3< 0" p=3 (mod 4),
=@-p )+t ) —p A )
+p—2(ﬁ—£”)—3} for " < B <" p=1 (mod4),
= (L4+p () = (=) p~ A+ - D>+ 1)
x (1— (_1)5+Z”p72(ﬁ7£”)) _ (_1)ﬁ+z”p—2(g—z”+1)}

for £" < B <", p=3 (mod 4),
= (L (L) - (L O g 1)
_p—2(z’”—e”)—1(1 S(ﬁ ¢’ )( +p+ 1 1} p- 3(B+1)+L—C—1

for E”’ <B<{ p=1 (mod4),
= (147 n@) = () A+ o - )R+ )T

« (1_(_1)z’// z”p (B—2") }+ ~1) 0— épe—i—3e/"—1 «
x {1 =p PP (P2 4 p+ 1) —p AT

for £ <3<, p=3 (mod 4),
= (1=p )+ +p ) —p A+ p T+ 1) -
_p—z(e”’—z”)—l(l _p—3(e—1z’”)(p2 +p+ 1)—1} +
+p (1 = pADY (B 4 p? 4 p 1)L — pm BT

for B>1¢, p=1 (mod 4),

= (L+p ) = () p A (- D+ )7
X (1 ( )@”’-}-f”p—2(€/”—2”))} + (_1)€_Zp€_z_3£/l/_1 X
< A= p )P 4+ )T = p I ()P0

x (p—1)(p*+1) 1} + (=1)PTpt=48=5 for 3>7, p=3 (mod 4).
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Proof. 1. Let 2tq and ¢ = (q,ar)qx (kK = 1,...,5). Then from (1.14) and
Lemmas 1 and 2 it follows that

= S o) [T (e ) =

hmodgq k=1
> -1
i ( ) H(q7ak)2<7)9k =
hmodgq =1 Ik
5
_ ! hn -1
=4q 52 e(_i) (q7a‘k)(7)7
hmodgq q k=1 qx
where, putting ¢ = p* and taking into account that (ai,...,as) = 1, we get
> 1
S (= ) 0 (e ) =
b, ak =
P N ey
modp* k=1

p
pmin()\])-l-min()\,i”’H—min()\,f”)—l—min()\,f’)p75)\

X

( —1 ) A4min(X,€)4+min(X, 0" )+min(X,£"”)+min(X,¢’)

c(n,p). (2.9)

It follows from (2.9) and Lemma 4 that
(1) for X < ¢

A AN
AN = (=) =p) if A< B+1, (2.10)
—1\B+1
_ _<?) plif A=8+1; (2.104)
(2) for £/ <A<
—1\? /
A = (=) O =p) i A< B+, (2.11)
—1\¢
(=) PR A= (2.111)
p
(3) for £ < A < 0"
— ,\+e”+£’ 11 g1
:(7) S (1Tl i A< B4, (2.12)
p
ﬁ+1+€”+€/ /
== 1) 2B+ S i A2 g (212)
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(4) for (" < X< (

I N . .
A(p*):(f) PR A—p ) A< B+,

:f(;l)HpH if A=B+1;

In all the above-mentioned cases
ApM) =0 if A>p+1.
IT. According to (1.15) we have

o o

p
Xp=14+> AP+ > AP+ D AWM+
A=1

A=/+1 A=741

7 o
+ DAY+ Y ARY).

A=£""+41 A=T41

Consider the following cases:

(2.13)

(2.131)

(2.14)

(2.144)

(2.15)

(2.16)

(1) Let = ¢ > B+1. Then from (2.16), (2.10), (2.101), and (2.15) we get

B J— —
Xp =1+ gl (%)A(l -p ) - (?1)5+1p‘1.

(2) Let £ < 3 < £”. Then from (2.16), (2.10) (2.11), (2.11,), and (2.15)

we get
B

p

Xp =1+ ﬁ: (%)A(l RS (i)e,p’(H')(l -ph) -
A=1

A=0+1

_(;1)”1,—<ﬂ—e/+1>_
P
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(3) Let £ < B < £, Then from (2.16), (2.10), (2.11), (2.12), (2.121),
and (2.15) we get

11

¢ 1\ A —1\¢ /
xp=1+2(?> a-p )+ Y (=) 00—+
A=1

rse+1 o P
B
p>

A=L"+1

B N

o B —1\ BH1+E 40
- p AT+ (1—p 1)_(7>

p

—2B4+L"+0'+3
p :

(4) Let £ < B < 7. Then from (2.16), (2.10), (2.11), (2.12), (2.13),
(2.131), and (2.15) we get

o

YA —1\¢ /
xp=1+Z(?> 1-pH+ Y (?) P ¢
A=1

A=0/41
Z/” 1/ !
CANAHE 40 .
4 Z (7) P 1-p Y+
Astrit1 P

2 =N goa -1 —1\*-¢ ¢—0—38—4

+ > 7) P (1-p )—(7) P
amer41 P p

(5) Let B > 7. Then from (2.16), (2.10), (2.11), (2.12), (2.13), (2.14),
(2.144), and (2.15) we get

’
v ’

w=t3(2) 1 3 () o
A=1

A=0+1
- I\ 040 —2) -1 ‘ —1\ ¢t 0—0—3X\ -1

+> (5) P -+ Y (=) p T Pa-p )+

A=0"+1 p A=0"1111 p

B
1\ AL — 1\ BHE+1
+ X (5) e (5) e e
A=(+1

Calculating the sums in the right-hand sides of the above-mentioned
equalities, we complete the proof of the lemma. [

Theorem 1. Letn =2m =2%w, u= [[ p’,v= [ p°. Then

pln pln
pt2A plA,p>2

p(n; f) = %m IIxw I (1 - (ll)p‘5)_1 > (;—11)6137
5\>A2 plA,p>2
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where the values of x2 and x, are given in Lemmas 10 and 11.

Proof. Let p > 2 p?||n, ptA (i.e., £ =0). In (2.17) putting £ = 0, we get
_ _ —1\B+1
_1+Z< ) ax( p1)_<?) pi6=5 _
B B
—INA -1\ 5 —1\ At —4(2—1)
— D —\— P (7 p -
(2 (S ()

p e o P

A

P
(_1>p**. (2.18)

For ptAn, i.e., for § =0, from (2.18) we get

Xp=1- (%)p*‘r’- (2.19)

Thus it follows from Lemma 5, (2.18), and (2.19) that

A =x21]x [ x [] x»=

q=1 p|lA p|n ptAn
p>2  pf2A p>2

T TGO S I 6 G

plA pln d|p ptAn
p>2 pT2A p>2
~1\ _ —1\ _\! -1
= [De I (1= () ") IL (- (5 )r°) () =
plA  p>2 p|lA dlu
p>2 p>2
—1\ .\ 1 ~1\
—ellwe e -0l (-(5)r) 5 X (G0)d @0
plA plA dida=u
p>2 p>2

where £(5,—1) is the Dirichlet £-function and it is well known that
5

26 41

Thus the lemma follows from (1.13), (2.20), and (2.21). O

£(5,-1) = (2.21)
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3. FORMULAS FOR r(n; f)
As an example let us consider the quadratic form
f=a3+ -+ +4(23 +2})
in which
ap=-a4=1, as=4, by=---=bs =1,
5=2, u=13=7=m1=0, y=2, a=4, A=2%
Lemma 12. The function

42
5.51274
———V2(7;4,4;0,0;0,0;2,2)+

P75 f)=950(750,2)93(7:0,8) —6(7; f)+ Wy (738,8;0,0;0,0;4,4)—

544

3
5 12874
W3(734,0,4,0;0,1,1,1;0,0,0,0;2,4,2,4) +

L2
32734

oo V(7 8,8,8,0:1,1,1,150,0,0,0:4,4,4,4) (3.1)

is an entire modular form of weight 5 and character x(6) = sgn 5(71) for
T'y(16).

Proof. According to Lemmas 7 and 8, the first two summands in (3.1) are
entire modular forms of weight 5 and character x(d) = sgn 6(%) for T'9(16).
Put N = 4. Then it is obvious that the following five summands in (3.1)
satisfy the condition (a) from Lemma 9.
If ad =1 (mod 16), then ad =1 (mod 4), i.e

a =21 (mod 4) and respectively 6 = +1 (mod 4). (3.2)
In the third, fourth, and fifth summands from (3.1) we have

(NlNQ) =1 and (é) =1 (3.3)

By (1.16), (1.6), (1.7), and (1.10) we have

]. 3 1"
\IIQ(T;8a,8a;0,0;0,0;4,4):§19gg’0(7';0,8)198aO(T;O 8)—71982’0(7';0,8):
3 //
19$z§+8(o¢:|:1) 0(750,8)0+848(ax1),0(750,8) — 19:t8+8(a$1) 0(730,8) =
3 //
ﬁiSO(T AaF1),8)0ss0(T:4( F1),8) — ﬁiso(T 4a¥F1),8) =

S0 0.8)05.0(r:0,8) = 203 (7;0,8) = 040 (7:0,8)
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xs0(7;0,8) — gﬁgg(f; 0,8) = W5(7;8,8;0,0;0,0;4,4) (3.4)
and similarly
Us(7; 4, 400,050, 0; 2, 2):%194&20(7'; 0, 4)1940470(7;0,4)—;192270(7'; 0,4)=

]- 3 "
— 980 (730, )00 (730, 4) — S03(r30,4) =
= U5(7;4,4;0,0;0,0;2,2). (3.5)
Hence, according to (3.2)—(3.5) the functions Wy(7;8,8;0,0;0,0;4,4) and
Wy(1;4,4;0,0;0,0;2,2) satisfy also the condition (b) from Lemma 9. Thus
they are entire modular forms of weight 5 and character x(4) = sgn 5(%)

for T'y(16).
Analogously, by (1.17), (1.18), (1.6), (1.7), and (1.10) we obtain

1
xpg,(T;m,0,404,0;0,1,1,1;0,0,0,0;2,4,2,4):{5 1 0(710,4)001 (750, 8) -
1
—1794%0(7'?074) 6’1(7;0’8)} 101 (150,4)001(7;0,8) =

1 1
= £ S0, 4)001(7:0,8) — Tao(7:0, )% (r30,8) }y (7:0,4)
x¥01(7;0,8)=+¥3(7;4,0,4,0;0,1,1,1;0,0,0,0; 2,4,2,4), (3.6)
W, (7; 8, 8a, 8, 0; 1, 1,1, 1;0,0,0,0; 4, 4, 4, 4) =
=9, 1(1:0,8)001(730,8) = £ (730,801 (7;0,8) =
= +0,(7;8,8,8,0;1,1,1,1;0,0,0,0; 4,4, 4, 4). (3.7)
In ((3.6) and (3.7) we have “+” if @ = 1 (mod 4) and “~" if @ = —1
(mod 4). Hence the functions ¥3(7;4,0,4,0;0,1,1,1;0,0,0,0;2,4,2,4) and
)

Wy(1;8,8,8,0;1,1,1,1;0,0,0,0;4,4,4,4) also satisfy the condition (b) from
Lemma 9, since

oy Ni —1 1 ifd=1 (mod 4),
L e §(—) =
( 0] e sen (|6\> —1 ifd=—1 (mod 4).

Thus, they are entire modular forms of weight 5 and character x(4) =
sgnd(ﬁ) for Tp(16). O

Theorem 2.

42
8 (.. 2 (. = ) =
Fo0(750,2)050(750,8) = (75 f) 5.51274

544 3
— 2" 0,(7:0,0:0,0:0,0:4,4) — — > @
5 g1zt V2(750,0:0,0,0,0:4,4) — oo W

Wy (738,8;0,0;0,0;4,4) +

7;4,4;0,0;0,0;2,2) —
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——7U3(7;4,0,4,0;0,1,1,1;0,0,0,0;2,4,2,4) —
5275 (7 )

24

~ 52,5 Y4(7:8,8,8,0;1,1,1,150,0,0,0; 4,4, 4,4). (3.8)

Proof. According to Lemma 6, the function ¢(r; f) will be identically zero
if all coefficients by @™ (n < 10) in its expansion by powers of @ are zero.

I. In Theorem 1 and Lemma 10 put n = 2%, m = u, v = 1, A = 2%
Then

o) =2 S (Z2)dh for a =0,

5 d1d2:u dl
224 -1
= ? Z (I)dé for a = 1,
dldg:u
— 4 4a—1 -1 -1 4
*5(2 9+<7)) Z (d—l)d2 for ao > 2.

d1d2:u

Calculating the values of p(n; f) by the above formulas for all n < 10,
we get

16 224 4612 10016
O(r; f) =1+ EQ + TQ2 +256Q° + . Q* + = Q° + 3584Q° +
73732 103696 140224
+ 7680Q7 + 5 Q%+ : Q%+ : QY+ ... (3.9)

It follows from (1.8) that
98,(730,2)02,(7;0,8) = 1+ 16Q + 112Q2 + 448Q> + 1140Q* + 2080Q° +
+3584Q° + 7296Q7 + 13876Q° + 20240Q° + 27104Q* + - - - . (3.10)
II. From (1.8) and (1.9) we have
1 1 =
(1) gﬂé‘é)(n 0.8)d50(7:0,8) = £40967* ST @my+1)IQEmEY” x

mp=—00

o0
x>0 QEMIDT = 5127t 4Q*(1 + 81Q% + 625Q% + - +) x

mo=—00
x (14 QS + Q24 +.) = 5127T4(4Q2 + 328@10 o, (3.11)
3 7" 3 o) - ,
3750(730,8) = 240967 S (@my + 1)1QEm D’

mp=—00
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x 3 (2ma+ 1)1QE™MHDT = 3. 5127t - 4Q? x

mo=—00

x(14+9Q% +25Q* +---)? = 51274 (12Q% +216Q™ +---); (3.12)

1 1 [e'e] [e'e]
(2) G060 (750, 8)000(7;0,8) = £ -2'0nt 37 miQtmi BT Qi =
mi1p=—0C Mo =—00
= 81927*(2Q* + 4Q% + 32Q1° + - - ), (3.13)
3 3 s 2 > 2
U (:0,8) = < - 2107 STomiit Y miQtm: =
mi1=—0o0 mo=—00
= 81927*(12Q% + 96Q* + - -+ ); (3.14)
1 1 = >
(3) 5195((‘}(7;0,4)1940(7;0,4) = 5 - 2567 ST @ma + 1)IQERMHY2
mp=—00
(o]
« Z Q(2m2+1)2/2 _
mo=—00
= 12874 (4Q + 328Q° + 324Q° + 2504Q" + - - -), (3.15)
SUBr0.4) = 5250t 30 (amy + 12QU
mp=—00
(oo}
X3 (2my +1)2QERMHDY2 =
mo=—00
= 1287 (12Q + 216Q° + 972Q° 4 600Q*> + - - -); (3.16)
1 1 e
() 3000(ri0,4)001(r;0,8) = 5167 37 (2my+1)2QEm /2 x
mp=—00

x>0 (1)t = —8n% - 2QY2(1+ 9Q" +25Q'2 + - )(1 - 2Q" +

mg=—0o0

+2Q10 — .. ) = =872 . 2QY2(1 + 7Q* — 18Q% + 25Q'% + - --), (3.17)

1 1 «— 4 1)2
1Pa0(750,4)95,(7:0,8) = = > QEmMHDY2. 256m°
m1p=—00
o0

x Y (C)memdQME = —64n 202 (1+ Q1+ Q1 4 )(-2Q +

+8Q0 — ) = —64n? - 2QY*(—2Q* —2Q° +6Q' + ), (3.18)
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Vi (30,4)901(730,8) = —~dmi Yy (~1)"2QCmIY2
mo=—00
e 2
XY (=)™ =4 - 2QV2(1 - 3Q1 +5Q" — -+ )(1 - 2Q +
myg=—00
+2Q10 — .. ) = 4mi - 2QY%(1 - 5Q* + 6Q% +5Q2 —---),  (3.19)
(5) Vg (7:0,8)001 (7:0,8) =—5127% > (=1)™ ™M (2my 41) x
mi1,m2,M3——00
X(2mg + 1)(2ms + 1)QEm D HEmat ) HRmat DTN qymagimd -
mag=—00
= —5127%(8Q°% — 16Q7 — 72Q' + ---). (3.20)
III. From (3.4), (3.11), and (3.12) it follows that
1
———Uy(7;8,8;0,0;0,0;4,4) = —8Q% + 112Q*° + - - . 21
512ﬂ'4 2(7-’87870707070, 3 ) 8Q + Q + (3 )
From (1.16), (3.13), and (3.14) it follows that
L py(r:0,0:0,0;0,0:4,4) = 2Q* — 8Q° +31Q"° + - . (3.22)
819271'42,,’77,’7 AN
From (3.5), (3.15), and (3.16) it follows that
1
12874\112(7;4,4;0,0;0,0;2,2):—8@ +112Q°+1904Q*3 —- - - . (3.23)
T

From (3.6), (3.17)—(3.19) it follows that

b
32734
=4Q + 72Q° — 444Q° + T12Q* + - - . (3.24)

W3(1;4,0,4,0;0,1,1,1;0,0,0,0;2,4,2,4) =

From (3.7) and (3.20) follows

\114(7-; 8) 878707 la 17 17 170a 07 0701 474a434) =
=8Q%—-16Q" —72Q" + - . (3.25)

1
512734

According to (3.1), (3.9), (3.10), and (3.21)-(3.25) it is easy to verify
that all coefficients by Q™ (n < 10) in the expansion of the function ¥ (7; f)
by powers of @) are zero. []
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Theorem 2a. Let n = 2%u. Then

=% 3 (-5 Y G-+

dydz=u rc2+y2:2u
2tx,21y,x>0y>0
+8 > (—1)W=1/2424 (32 _ 822)y))

a:2+y2+8(22+t2):2u
27z,21y,z>0,y>0

for a =0, u=1 (mod 4),

16 -1
-2y <7>d‘2‘+192 Yo (CnEr e ity
dida=u m2+y2+22+4t2:u
21x,21y,21z,
z>0,y>0,2>0

for a =0, u=3 (mod 4),
= % Z (%)dg — ? Z (:L‘4 — 3:1:2y2)

dida=u 22 +y?=2u
2fz,21y,2>0,y>0

for a=0=0, u=1 (mod 4),
224 -1
=— Z (—)d‘z1 for a =1, u=3 (mod 4),

5 d
d1d2=u
4612 -1 1088
=5 X (a5 X Gt
dida=u I2+y2:“
2tz,z>0,y=0
21
Jrﬁ Z (x4—3$2y2) for a =2, u=1 (mod 8),
g 22 +y*=u
zZy (mod 2)
z>0,y>0
4612 -1 2176
-5 X (F)ars X e-ad)
dida=u x2+y2:u
zZy (mod 2)
z>0,y>0

for a =2, u=5 (mod 8),

4 -1
25(24a_1-9—1) Z (7)d§ for a>2, u=3 (mod 4),
d1d2:u
73732 —1\ , 2176 i o
= Z (d)d2+75 Z (x* — 3z7y”)
dido=u z2+y?=2u

2tx,2ty,2>0,y>0
for a =3, u=1 (mod 4),
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— %(2404—1_9_"_1) Z ( )d4 21576 Z (.’L‘ _3$2 2)

dida=u 2P y? =222y
2|z,2|y,z>0,y>0

for 2ta, a >3, u=1 (mod 4),
4 4 1088 Ca2s
= (27041 Y (d )d — Y @ -t

dido=u 22 4y2 =222y
2|z, 2>0,y=0

21

+ 2176 Z (z* — 32%y%) for 2|, @ >3, u=1 (mod 8),
5 m‘2+y2:2(x72u
2|z,2]y,z>0,y>0

— %(2404—1 . 9+1) Z ( >d4 21576 Z (1‘4 _ 3a:2y2)

dido=u x +y2=2°‘72u
2|z,2|y,z>0,y>0

for 2|la, @ >3, u=>5 (mod 8).

Proof. Equating the coefficients by Q™ in both sides of (3.8), we obtain

42 544

(i f) = plms ) = () + Z=va(n) -

- gug(n) + 24 (n) + 24u5(n), (3.26)
where v (n) (k= 1,2,3,4,5) denote respectively the coefficients by Q" in
the expansions of the functions 512#4 Uy(T;8,8;0,0; 0 0;4,4), 8192774 Uo(T;
0,0;0,0;0,054,4), 5 4@2(7 4,4;0,0;0,0;2,2), —gztr-Wa(754,0,4,0;0,1,
1,1;0,0,0,0;2, 4,2, 4), Uy (7:8.8,8,0:1,1,1,1.0.0,0,0:4,4,4,4) by
powers of Q.

From (3.4), (3.11), and (3.12) it follows that

ol27r %

1 o 2 2
7 2(7i8,8:0,0:0,0:4, )= B (2my - 1)tQUEmAL I
miq,ma=-—00
=3 Y (2ma + 1)2(2my + 1)2QEm D H(2mat 1),

my,Mm2=—00
ie.,
mm) =4 > (@' =327 (3.27)
z24y?=n

27z,21y,2>0,y>0
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it is not difficult to verify that
vi(n)#0 for a=1, u=1 (mod4) only.
From (1.16), (3.13), and (3.14) follows

oo

1 . _ 4 y4my +4m2
WW2(7707070a050707474) - Z le ! -
mi,Ma2=—00
-3 Y0 mim3Qimitan,
mi1,Ma2=—00
ie.,
va(n) =4 Z (z* — 32%y?) =
4(z24y?)=n
_ Zw2+y2:2°‘*2u(w4 - 3372:’/2) for a 2 27 (3 28)
"o for a =0,1; .

it is obvious that

Z (z* —32%y?) = Z (2 —32%y?) for a=2, u=1 (mod 4),
224y2=20-2y 224y =u
zZy (mod 2)

=0 fora>2, u=3 (mod 4),
= Z (z*—32%y?) for >3, u=1 (mod 4),

22 4y2 =202y
z=y (mod 2)

From (3.5), (3.15), and (3.16) it follows that

1 0
1287%4‘112(7—; 4, 4§ 0,0;0,0; 2, 2) = Z (2m1 + 1)4Q(le+1)2/2_|_<2m2+1)2/2 _
mi,ma=—00
o)
=3 Z (2my +1)%(2mg + 1)2Q(2m1+1)2/2+(2m2+1)2/27
mi,Ma=—00

ie.,

v3(n) = Z (% — 32%y?) =4 Z (z* — 32%y?)
2 4y?=2 2 +y*=2
Cotaoty 20,24 y.250,y>0 (3.29)

fora =0, u=1 (mod 4),
=0 fora=0, u=3 (mod4) and for a > 0.
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From (3.6) and (3.17)—(3.19) it follows that

— Ws(7;4,0,4,0;0,1,1,1;0,0,0,0;2,4,2,4) =
327T3i 3(7—7’7;’7”77’7777’)

o0
:{ ST (=1)me(2my + 1)2QEm D 2amS

mi1,m3=—00
-8 (1)m32m§Q(2m1“)2/2+4m3}x

mi,M3=——00

XN (=)t 2my + 1) QMDY 2+ -

mo,Myg=—00
oo

= Yyt (my 412 2ma 1) — 8(2ma+1)md) x

my,m2,Mms3,mq=—00

% Q%{(2m1+1)2+(2m2+1)2+8m§+8mi,

i.e.,

vy(n) = Z (—1)(y_1)/2+2+t(x2 _ 822)y _

22 4y?+8(224+t%)=2n
2fz,2ty

—4 Z (_1)(y—1)/2+z+t(x2 o 822)y

22492 +8(22+t?)=2u
2tz,2ty,z>0,y>0

fora =0, u =1 (mod 4),
=0 fora=0, u=3 (mod4) and for « > 0.

(3.30)

From (3.7) and (3.20) follows

1
—ooa; Va(7:8,8,8,0:1,1,1,150,0,0,0;4,4,4,4) =
1
>0 3

= Z (—I)Zi=1 Mk H(ka + 1)622i:1(ka-i-l)z-i-4'm?17

mi,M2,M3,M4=—00 k=1
1.e.,

vs(n) =8 > (—1)Etya=3)/24t gy . (3.31)

m2+y2+22 +4t2:n
21z,27y,212
x>0,y>0,2>0

it is easy to verify that
vs(n) #0 only for a =0, u=3 (mod 4).
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The above theorem follows from (3.26), formulas for p(n; f), and (3.27)-
(3.31). O
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