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PROPERTIES OF CERTAIN INTEGRAL OPERATORS

SHIGEYOSHI OWA

ABSTRACT. Two integral operators P* and Q% for analytic functions
in the open unit disk are introduced. The object of the present paper
is to derive some properties of integral operators P% and Q‘g.

1. INTRODUCTION

Let A be the class of functions of the form
o0
f(2) :z+Zanz" (1.1)
n=2

which are analytic in the open unit disk U = {z : |z|] < 1}. Recently,
Jung, Kim, and Srivastava [1] have introduced the following one-parameter
families of integral operators:

Pof = Pof(z) = 213(:) / (log %)a_lf(t)dt (@>0),  (1.2)
0

z

e =Qsre) = ()5 [(1-2)" e rwae s
0

(>0, 8>-1)

and

Jof =Jaf(2) = “% [0t (o> 1), (1.4)

0
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where I'(«) is the familiar Gamma function, and (in general)

E]:F@gisaﬁ+nz[a64’ (1.5)

For a € N = {1,2,3,...}, the operators P*, Q%, and J, were considered
by Bernardi ([2], [3]). Further, for a real number a > —1, the operator J,
was used by Owa and Srivastava [4], and by Srivastava and Owa ([8], [6]).

Remark 1. For f(z) € A given by (1.1), Jung, Kim, and Srivastava [1]
have shown that

fz+2( ) 2" (a>0), (1.6)

o + +1“ + n
QEf(z) =2+ I'(a 5 Z af—ﬁinanz (1.7)
(a>0,ﬂ>—1)
and
Jaf(z)—z—l—Z(Zj;n)anz” (a>—1) (1.8)

By virtue of (1.6) and (1.8), we see that
Jof(2) = QLF(2) (a>—1). (1.9)
2. AN APPLICATION OF THE MILLER—MOCANU LEMMA

To derive some properties of operators, we have to recall here the follow-
ing lemma due to Miller and Mocanu [7].

Lemma 1. Let w(u,v) be a complex valued function,
w:D—C, DCCxC (Cisthe complex plane),
and let u = uy + tug and v = vy + ivg. Suppose that the function w(u,v)
satisfies the following conditions:
(i) w(u,v) is continuous in D;
(ii) (1,0) € D and Re{w(1,0)} > 0;
(i) Re{w(iug,v1)} <0 for all (iuz,v1) € D and such that v < —(1 +
Let p(z) be reqular in U and p(z) = 1+ p1z + p22? + ... such that
(p(2),20'(2)) € D for all z € U. If Re{w(p(z),2p'(2))} > 0 (2 € U), then
Re{p(z)} >0 (z € U).

Applying the above lemma, we derive
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Theorem 1. If f(z) € A satisfies

P2 f(z)
Re { 5oy )

for some B (B < 1), then

}>ﬂ (a>2; zeU)

a- 1+ \/167 =8B+ 17
Re{P 1f(z)}>45 1+ 12@2 8B+1T (o,

Pef(z)
Proof. Noting that

2(Pf(2)) =2P*'F(z) = Pf(2) (a>1),

we have

PR P
Pef(z) Pef(z)
Define the function p(z) by
Polf(2)
Pef(z)

-1 (a>1).

=75+ (1 =7)p(z)

with

46 — 14 /1662 — 83 + 17
v = < :
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(2.1)

(2.5)

(2.6)

Then p(z) = 1+ p1z +p22? + ... is analytic in the open unit disk U. Since

2P f(2) A(Pf(R) . (L—7)ap(2)

Pa1f(2) Pef(z) v+ (1 =7)p(z)’

P2f(z) _ Pr(z) . (L=y)a(2)
Pa1f(z) — Pof(z) ' 2{y+ (1 —y)pz)}’

we have

Re{Femrr 7} -

(1 =72 (2)
— Re {7 + (1 =7)p(2) + 2{y + (1 —)p(2)}

Therefore, if we define the function w(u,v) by

—6}>0.

(1—9wv

w(uvv):’Y*ﬁJr(l*’Y)quma

then we see that

(2.7)

(2.8)

(2.9)

(2.10)
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(i) w(u,v) is continuous in D = (C’ - {ﬁ}) x O

(ii) (1,0) € D and Re{w(1,0)} =1— 38> 0;
(iii) for all (iug,v1) € D and such that v; < —(1+ u3)/2,

(1 =)
2{72 + (1 —y)?u3} ~
Y11=y +ud)
A2+ (1—7)%ud)
(I —7)(y+401-7)p)

2
= - uy < 0.
2+ (1—7)23) 7

This implies that the function w(u,v) satisfies the conditions in Lemma 1.
Thus, applying Lemma 1, we conclude that

P f(2) _
Re { Paf(z) f>a=
481+ 16 8B+ 17

= 3 (z € U).

Re{w(iug,v1)} =v— 08+

<v=B-

| (2.11)
Taking the special values for § in Theorem 1, we have

Corollary 1. Let f(z) be in the class A. Then

(i) Re{iz_jﬁz;} > —% (zeU)

—re{ T L e,
(ii) Re{ﬁjﬁg} > —% (z € U)

—re{ AP e,
(iii) Re{m} >0 (zeU)

— re{ T IEN L L (e,
(iv) Re{iiij;z;} > i (zeU)

— Re{ ;a;{z()z)} > % (zeU),
e 0 ey

— Re ;a;{g)} > \/TZ; L cew.
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Next, we have

Theorem 2. If f(z) € A satisfies

Q3 f(2)
R
e
for somey ((a+5—-3)/2(a+8—-1) <vy<1), then

}>7(a>2,ﬁ>—1;zeU) (2.12)

Q5 ' f(2)
Re{ ng(z) } >3 (z€U), (2.13)
where
s 12+ B8-1)+ /(1 +2(a+8-1)+8a+p) (2.14)

4o+ )
Proof. By the definition of QF f(2), we know that

AQ5f(2)) = (a+PQF f(2) — (a+B-1)Q5f(2)  (215)
(a > ]-7 /8 > 71)7

so that
QG _ BB
Qi) DG et (2.16)
We define the function p(z) by
ch%f{g) =0+ (1= 0)p(2). (2.17)

Then p(z) = 1+ p1z + pez? + ... is analytic in U. Making use of the
logarithmic differentiations in both sides of (2.17), we have

AQFTE) _AQIE) | (- 0)u/)

Qg_lf(z) B ng(z) 6+ (1—0)p(z) . (2.18)
Applying (2.15) to (2.18), we obtain that
Qg_zf(z) _ 1 . Qg_lf(z) )
Qg_lf(z) B Ol'f‘ﬁ*l{( +ﬁ) ng(z)
(1—0)p'(z) y _ 1
+a+ A)(1 - 8)p(z) + W} o1
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that is, that

Q5 *f(2) !
Re{lef(z) —7} = mRe{é(a—l—ﬂ) -1+

HatB)(1 - o)p(e) + 5 OB

m} >0 (2.20)

Now, we let

1
w(u,v) = m{a(a+ﬁ) 1+
+Ha+B)(1 —0)u+ ML} — (2.21)

with u = u1 + fus and v = vy + ive. Then w(u,v) satisfies that
(i) w(u,v) is continuous in D = ((C — {%}) x C;
(ii) (1,0) € D and Re{w(1,0)} =1 —~ > 0;
(iii) for all (4uz,v;) € D and such that v; < —(1 +u3)/2,

Re{w(iug,v1)} = ﬁﬁ_l{é(a +0) -1+
6(1—5)1)1 1
S En iy Sy e} UG

a1y S0 ) )

2{6% + (1 — 6)u3}

Thus, the function w(u,v) satisfies the conditions in Lemma 1. This shows
that Re{p(z)} > 0, or

Q5 ' f(2)
If we take v = (v + 8 — 3)/2(a+  — 1) in Theorem 2, then we have

Corollary 2. If f(z) € A satisfies

Re{Qg2f(2)}> 2a+573

Q)] " 2a+p-1)

(a>2,8>-1; z€U),
then ) )

Qs f(z 1

Further, letting « = 2 — 8 and v = 1/2 in Theorem 2, we have
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Corollary 3. If f(z) € A satisfies

Q;"fl2)y 1 .
Re{%_ﬁf'(z)}>2 (5>—17Z€U)7
then

(z€U).

1-p8
z 1 5
Re{Qg_ﬁf( )} > +4f
Qﬁ f(2)
3. AN APPLICATION OF JACK’S LEMMA

We need the following lemma due to Jack [8], (also, due to Miller and
Mocanu [7]).

Lemma 2. Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains
its mazimum value on the circle |z| = r < 1 at a point zg € U, then we can
write

zow' (20) = kw(z0), (3.1)
where k is a real number and k > 1.
Applying Lemma 2 for the operator P%, we have
Theorem 3. If f(z) € A satisfies

a—2 P
Re{m}>ﬂ (a>2, 8<1/4 2 €U), (3.2)
then
Re{lm}>~y (z € U), (3.3)
where

34453+ /1607 — 400 1 9
g 3F46F 85 F+9 (3.4)

Proof. Defining the function w(u,v) by
Pelf(z) 1 (1-29)u(z)
Paj(z) [T ()
we see that w(z) is analytic in U and w(0) = 0. It follows from (3.5) that
2P () A(Pf()
Po=1f(z) pPef(z)
(T =29)zu'(2) zw'(2)
1—(1=2v)w(z) 14+w(z)

(3.5)
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Using (2.3), we obtain that

PO 1= (1= 29)ulz)
Po1f(z) 14+ w(z)

1 zw'(2) ( (1 —27v)w(z) w(z) )
2 w(z) \1—(1=27)w(z)  1+w(z)/

If we suppose that there exists a point zy € U such that

max [w(z)] = [w(zo)| = 1 (w(z0) # 1),

|z<] 2ol

then Lemma 2 gives us that
zow' (20) = kw(zo) (k> 1).

Therefore, letting w(z) = €? (6 # ), we have

P2 f(2) — (1 —27y)w
Re{;mwfg)}zfﬁ{l ?+331f o) -

ki (1—2y)w(z)
_5(1—(1—27)10(() )+1+wzo)}
1—(1 -2y k/ (1-27y)e
:Re{ 1+ e 2(1—(1—2’7)619+1+619>}
_E( (1 —29)(cosf — (1 - 2v)) })<
2\14 (1 —29)2 —2(1 — 27v) cos b -
k1 1—2y v(3 —4v)
5(* )S 4(1—~)

10

<7y =p. (3.8)

2 31— )
This contradicts our condition (3.2). Therefore, we have

P~ lf(z) -1

lw(z)| = el G <1 (zeU), (3.9)

P« 1f z
Pty + (1= 2)

which implies (3.3). O
Taking § =0 and § = 1/4 in Theorem 3, we have
Corollary 4. Let f(z) be in the class A. Then

RQ{P“”J‘(«Z)

W}>O (a>2; z€U)

P f(z)

:>Re{ Pof(z)

}>% (zeU)
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and

a—2 2
Re{]]ja—lﬁz;} > —i (a>2;z€U)

Pelf(z)
pPef(z)

:>Re{ }>% (z€U).

Finally, we prove

Theorem 4. If f(z) € A satisfies

Q°2f(2)
Re { ot 1)

for some v (v < 1), then

}>7 (a>2;8>-1; z€U)

Re{Qanlf(z>
gf(z)
where § (0 <6 < 1) is the smallest positive Toot of the equation
2(a+ )8 — {2(a+ ) (y+1) -
—2y-1}o+2{(a+5-1)y+1} =0.
Proof. Defining the function w(z) by

}>5 (» € U),

Q5 ' f(2)  1—(1-28)w(z)

Q5f(z) — 1+w(z)

we obtain that
Q5% f(x) 1 {( 1—(1-26)w(z)
Qg—lf(z)_a+5_1 “ 14+ w(z)

2w’ (2) —25)w(z) w(z
- w(i) (1(1(1225)11)(2) + 1+Eﬂzz))}'

Therefore, supposing that there exists a point zg € U such that

max w(z)] = fw(zo)| = 1 (w(z0) # 1),

+5) —1-

|z[< |20l
we see that
Q5 f(20)
R _= - -
G{Qz‘lf(z())} =
1 6
= a+ﬁfl{(a+ﬁ)5_1_ 2(1f5)} =7 U

Making v = 0 in Theorem 4, we have
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(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Corollary 5. If f(z) € A satisfies

Re{%}>0 (a>2; 8>—-1; z€U), (3.16)
then
Q57 f(2) -1
Re{ B }>a+6—1 (z € U). (3.17)

Letting v = 1/2 in Theorem 4, we have

Corollary 6. If f(z) € A satisfies

Q5 *f(2) _ 1 , ,
Re{lef(Z)}>2 (@>2 B>—1; z€U), (3.18)

then

Q5 ' f(2) a+p—3
Re Q3f(2) }> atpf-1

Further, if « = 3 — 3, we have

Q5 " f(2)
Red ——~
{ QY f(2)

(z € ). (3.19)

}>% (B>-1; zeU)
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