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NONSTATIONARY INITIAL BOUNDARY VALUE
CONTACT PROBLEMS OF GENERALIZED
ELASTOTHERMODIFFUSION

T. BURCHULADZE

ABSTRACT. The initial boundary value problems with mixed bound-
ary conditions are considered for a system of partial differential equa-
tions of generalized electrothermodiffusion. Approximate solutions
are constructed and a mathematical substantiation of the method is
given.

It is well known that a wide range of problems of mathematical physics
includes boundary value and initial boundary value problems for differen-
tial equations. Such problems are rather difficult to solve because of an
enormous variety of geometrical forms of the investigated objects and the
complexity of boundary conditions. Hence an important and timely task
has arisen to develop sufficiently effective methods and tools for solving the
above-mentioned problems and obtaining their numerical solutions.

Until recently no methods were known for solving problems of elasticity
by means of conjugate fields. However, in the past few years there have
appeared and keep on appearing numerous published works dedicated to
this topic. The results of our studies in this direction are presented mainly
in [1,2, 3.

In this paper, using the generalized Green—Lindsay theory of elastother-
modiffusion as an example, the approaches to the solution of nonstationary
initial boundary value contact problems with mixed boundary conditions
are described for a system of partial differential equations of this theory in
a nonhomogeneous medium. These approaches are based on the method of
discrete singularities known as the Riesz—Fischer—Kupradze method. The
particular case is treated in [4].
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Let us consider a three-dimensional isotropic elastic medium in which the
thermodiffusive process is taking place. The deformed state is described
by the displacement vector v(z,t) = v = (vi,v2,v3)T = ||vgll3x1, tem-
perature change v4(x,t), and “chemical potential of the medium” vs(z,t).
Here x = (w1,72,73) is a point of the Euclidean space R3, ¢ the time,
C(z,t) = yedivu(z,t) + a1avs(z, t) + agus(x,t), C(z,t) the diffusing sub-
stance concentration, and T' denotes the operation of transposition.

The object of our investigation is a system of partial differential equations
of the generalized theory of elastothermodiffusion having the form [4]

o 0
L(%, &)V(x,t) = H(z,1), (1)
where
V = (v1,09,...,05)" = (v,v1,05)" = [Jogl5x1

is an unknown vector V

LV = [[(LV)kl5.. 4
MAUk+(>\+u)ai divv—p%+
(LV)y = —Zw(1+ )ag;:l, k=123,
Op—3Avk — ap— 3(1+T %)%—vk,ggdivv—
—a12 (1 +7 %) 811;;;@, k= 4,5;

T .
H(x,t) = (X(x,t),X4(33,t),X5(:1c7t)) = (X1,...,X5)T = || Xi|ls5x1 is a
given vector-function; the elastic, thermal, diffusive, and relaxational con-
stants 79, 71 satisfy the natural restrictions [3]:
>0, 3A+2u>0, p>0, ar>0, 0,>0, >0, k=1,2
ajag — a2, >0, 1 >7°>0.
In particular, the classical case is realized for 7! = 79 = 0.

In this theory the differential operator of stresses which is a 5 x 5 matrix
is determined by the formula

T(aﬁ, %,n(z))‘/(o:,t) =

R e (e I e
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where T(a%,n(x)) = ||u5jka% + )\nja%k + ;mka%ngg is the matrix dif-
ferential operator of elastic stresses in the classical theory [1], n(z) =
(ni(z),na(x), n3(x)) the unit vector d;, the Kronecker symbol.

Clearly,

o 0 0 & 0
RT(a—x, a,n(x))v =R, (%,O,n(x))V — ;rk(ﬂ Ug:k’

where r*(7) = 71 (n;0,0)T.

Assume that D is a finite domain with the boundary S which is a compact
closed surface of the Liapunov class As(a), « > 0 [1]; D11 € D and D12 C D
are the nonintersecting domains with the Liapunov boundaries S1; and Si2,
respectively; Dgy and Dy are the nonintersecting finite domains outside
S with the boundary Liapunov surfaces So; and Sso, respectively; Dj is
a finite domain bounded by the surfaces S U Sy; U S12; Do is an infinite
domain bounded by the surfaces S USo; US52. Consider the infinite domain

2
Dy USU D,y =R3\ . Dus S is the contacting surface.

Let Dy and Dy be two different homogeneous isotropic physical media.
The elastothermodiffusive constants for D; will be denoted by the lower
left indices jA, jft, Py jVis - 570, 570, ... while the differential operators by

o 0 o 9 .
iL(%%5 57) iR (555 57, n(x)), . .., where j = 1,2.

Problem A‘. In the infinite cylinder

N

determine a regular vector V. = (v,v4,v5)T : ZL2 — RS of the class
Ct (7;2) N C?(ZL?) using the boundary conditions
0 0
12, 7(9 9 — =
V(e,t) € 2L (5o Vi@ t) = jH(zb), we Dy, j=12,
Vo €D lim V(1) = ;0% (@),
Jm o = ¢ (z), j=12,
Vyes, t=0:[VIT=Vipt) -V (y,0) = fu.1)
+ _ ) *
[R.V]: = {11%7(8?!,&,71)1/} - (2)
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2 9 " ,
Yy € Sja, t>0: |:JRT(ay,at,n)V:| :jF(y,t), j=12;

for large t and x € Dsy:

oot

o const e
!Dw,tV@’t)I < 1+ |z[tHlel

. glal 4
Dee = 0z 0z 0x 3Ot ’ ol = Za4,
1 0Ty7 013 =1

‘Oél = 072a go 2 07

where a = (a1, a9, ag, a4) is the multi-index.

Here
+ . .
Vi t) = Dlalir_r)lyes Vi),
1% (y, t) = Dzalzirilyes V(Iv t)a
L o 0
[1R7—V:| - D19111’11>1y€SIRT(8-T’ 8t7n(y)) V(l’,t),

_ . o 0
pRV]T = dm R (G () V).

In a similar manner we determine the limit values on the surfaces Sji,
4,k =1,2; here jo@ ;oM D; - R f,F: 8 x[0,00[—R® ;H:7ZL%—
R, ;f : Sj1 x [0,00[— R®, ;F : Sj5 x [0,00[— R’ are given real-valued

vector-functions of the definite classes [6].

For a classical (regular) solution to exist it is necessary that the condition
of “natural agreement” of the initial data be fulfilled. Here these conditions

have the form

Yy €S :10D(y) —200(y) = f(y,0),

0
16 (y) — 20W(y) = f((;;’ )

)

t=0

17”“(7)1@5,2;6(3/)} -

hE

[1RT (%, 0, n) 10 (y) —

k=1

M

- [2RT ((%, 0, n)w(o)(y) -

=
Il

1

0;f(y,t
vy € Sin: 00 () = £ (5,0), 0V (y) = %

t=0

0
Yy € Sj2 : jRT<aiya07n)j(p(0)(y) -

27“1“(7’)290;21@(2/)} = F(y,0),

j=1,2

) ) )
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2

. :
=Y it lv) = i F(y,0), j=1,2
k=1

To investigate the dynamic problem A? we shall use the Laplace transform
with respect to t. However, in our case these “natural conditions” are not
sufficient for substantiating the method. So we must additionally use the
“higher order” agreement conditions [2, 3] (with m =1,7):

o™ f(y,t m m
wes: TIOD g - pptmiy),
t t=0
O™ F(y, ) P
Z S \hh = 1R, (=,0, (m) _
otm —o 1 (8y n) ¢ (y)
2
By 17«’“(7)@2;“@)] -
k=1
0
_ il (m) _
|:2RT(8y707n>2§0 (y)
2 (4)
1
=S ()l ><y>],
k=1
o™ t
Vy € Sji - 11y ) ™ (y), j=12,
atm ‘0
. 8ij(y’t) 0 (m)
Vy € Sja o |, _JRT(%aOan>J@ (y) —
2
=Sl @), =12,
k=1
where (m > 2)
T
(Mgm)(ﬂ?)aj@g (@), 565 )(JJ)) =
T
_ m—2 m—2 m—2
=ip {juﬁ(ﬂpg L8, 58 )) +
+(A + jp) grad div (j@gm 2),j<p§’” 2),j<P§; 2)) -
2 2
— 5m72 X
- Zﬂk gradj@é.ﬁk - Zﬂkﬂl grad ;o3 ik — (%ng } )
k=1 k=1 t=0
a1 0508 (@) + jarz; 700l (x) = (5)

= ;01802 (@) — jar "V (@) — jarnged" TV (@) —



6 T. BURCHULADZE

—2
. m—1 m—1) m—1) om % Xy(w, 1)
—;71 div (jsl’g ),gsog ,iP ( ) — atm—2 .
jar2; 70508 (@) + jaz;T a<ﬂ5 (@) =
m—2 m—
= 16285082 (@) — jaz;ol" V(@) — jarayel" TV (@) —
. m— m— m— T 8 2‘X JC,t
—jv2div (j90§ ”m@é l)uso( 1)) a§+§) )
t=0

Using the method of potential and the theory of multidimensional singu-
lar integral equations developed in [1, 2, 3], it can be proved with the aid of
the integral Laplace transform, that the structural conditions of agreement
(3), (4) are sufficient for the existence of a classical solution of the dynamic
problem A!. The proof is similar to that for the case of a homogeneous
medium [3, 5]. Here our aim is to construct a solution agorithm for the
above-indicated composite nonhomogeneous medium bounded by several
closed surfaces and, using this example, we shall realize the method of an
approximate construction of Riesz—Fischer—Kupradze solutions (the method
of discrete singularities). Incidentally, in the limiting case this method can
serve as a tool for proving existence theorems.

Theorem 1. If the initial data of Problem At satisfy the agreement con-
ditions (3), (4) and certain smoothness conditions (see [6]), then there exists
a unique classical solution of the dynamic problem A%, and in the complex
half-plane Re ( > o this solution is represented by the Laplace—Mellin in-
tegral

1 o+ico
Vet =g [ ST,
271,
o—100
where 17(35,() is a solution of the corresponding elliptic problem, which is
represented as a series

Zak WU (2, ¢) + Uz, Q).

This series converges uniformly (with respect to the metric of the space
C) in the domain x € D' € Dy U Da; ar(C), xU(x,(¢), U(z,() are the
known functions and vector-functions (constructed explicitly), ¢ = o + iq,
o > o5 > 09 and o is the known constant.

By the formal application of the Laplace transform

o0

V(z,¢) = / =SV (2, )t (6)

0
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the dynamic problem At is reduced to the corresponding elliptic problem
A(¢) with a complex parameter ¢ (the spectral problem) for the image

V(. 0):
Problem //1\(( ). Determine a regular vector
V(2,¢) = (3,04,05)", V¢ €Ty ={¢: Re( > 05 > 00},
V e CY(D, UD2) N C*(Dy U Dy),

in Dy U Dy using the conditions

Ve Dy L (50 )V Q) = (.0, j=1.2, )
e s: V]G =Viw.Q -V (.0 = fu.0),
[RTV]S = |:1RT<ay7€an)V(y7C):| - (8)

et ()P 0:0)| =P,

¥y e S V., Q) =fy.¢), i=12, 9)
9 -~ o
Vy € Sj2 : |:]RT<8y7<7n)V+<ya<):| = jF(y»C)a j =1,2, (10)
where

~ ~ ~ ~\T
H= (ijjXélvaE)) ,

T
ayd v 1 1 1 0 0 0
X=X - Jp(yw§)7g¢§)agwé)) —in¢ (5607, 5087, 568" ) =

0
-7t Z’Yk gradjcpglk,
k=1
= S . (0 0
Xy = ;X4 — jalj%(; )(fc) — 50157 (J‘P4 + 439"( ))
0 1 0
- ja12j90§) ) — Q12T (]Sﬁg ) + CJSD( ))

—im div (JSOgO)vj(p;O)a](PZ(’)O)) )

j)?5 =;X5— j@]@é )(95) — j025T (J‘P5 + CJSD ) -
— jarz; el — jarn; (ol + ¢el”) —
T
. 0 0
— jY2div (J‘Pg )7J<pé )’J‘pi(’) )) )

) ) _

F=F- 17117'1710(9)1%(; + 2’712Tln0(y)2904
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— 172171%(1/)1@?) + 2722Tlﬂ0(y)2¢é0),

iF = iF = 57 no(); 08" — 72,7 no(y)e8”s 5= 1,2,
no(y) = (n(y)707O)T

const
< —_— =

|DEV (2,¢)] 0,2,

B = (31, B2, 33) is the multi-index.

Now we introduce the following Green matrix-functions.

Let ;G (z,y; ¢, ;R?) be the Green tensor (5% 5 matrix) for the differential
operator ;L(+, (), the infinite homogeneous domain ;R = R3\(D;; UD;5)
and mixed boundary conditions (9), (10) on S;1 U Sj2, respectively.

We have

iG-(2,5;¢, R?) = ;@ (2 — y,¢) — jg- (w, 4 ¢, ;R?),

where ;®,(z — y,() is a matrix of fundamental solutions of the operator
jL(a%, ¢) which is constructed explicitly in terms of elementary functions
[4, 7], and jg,(z,y; ¢, jR?) are regular matrices.

Let XA/(:E7 ¢) be a regular solution of Problem E(C ). Applying the Green
matrices ;G -, the formula of general representation of a regular vector takes,
in view of the contact and boundary conditions, the form

~ . ~ +
20, (@7 (0:0) = [ 16755618 i (5. V(0| a5 -
S
- [ 162 26RO T 2,0

S
- / 1G'r(x7 2; G, 1R3)1j’:’(27 C)dZ -
Dy

~ T <
—/|:1R.,-1Gz($,2;<,1R3):| (xvg)dzs'i'
S11
+ / lGT(‘va;Ca1R3)1ﬁ(’27<)d7557 S 1R3\S7 (11)
S12

+
2XD2 (&C)?(x, C) = / QGT(xv Z; Ca 2R3) |:1R’T (%7 C» n)V(Z, C):| dZS +
S

+/ [2§72Gf(x,z;C,2R3)}TX7+(z,§)dZS_
S
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QGT(I7 He QRB)Q‘E[(Z’ C)dZ +

2G‘r(x7 Z3 Ca QRS)ﬁ(zv C)dzs -

~

T
|:2§7-(8613<7n)2GZ(va;C52R3):| f(x,z)sz*
|:2ET2GZ(x7Z;C72R3):|Tf(m»4)dzs +

+/QG-,—(.I',Z;C,QRB)Qﬁ(Z,C)dZS7 x € oR3\S, (12)
Saz

where x, (x) is the characteristic function of the domain D;, equal to 1 for
xz € Dj and to 0 for z€Dy, j =1, 2.

It is easy to check that if the vectors V* and (1R, V)" are found by (11)
for © € Dy and by (11) for « € Dy, then the substitution of these values in
(11) for # € Dy and in (12) for z € Dy will give a solution of Problem A(().

To this end we introduce the following matrices:

j\IJ(:Ea Z, C) =
= H (jETjGZ(xaz;CajRg))T s ’*jGT(va;QjRS) s (13)
5x5 5x5 5% 10
d)(mvC) = ||wk||1o><1 = (‘7+a (1RT‘7)+)T'
It is easy to notice that by virtue of (11) and (12) we shall have
Vo€ Dai [ 10w 50z oS = 10(0), (14)
S
voeDi: [ U5 0v OdS = 20() (15)
S

where
1@('1:) = _/lGT(va;Cale)lﬁ(z7C)dZ -
D,

~ . T
- / (B G (e.2: G B 1 J (2,08 +
S11
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+/1G7(x,z;C,1R3)1ﬁ(z,§)dz5,
S12

2@(39) = /QGT(xaz;<72R3)2ﬁ(Z,<)d’z7

Do
~ ~ T
—/QGTFdZSJr/[gRﬂGZ] Fd.S +
S S
~ T ~
+ [ [2BraGT] ofds = [ 2Grtw,nid RO aFUS
Sa1 S22

are given vector-functions. B

Now we shall construct auxiliary surfaces in the manner as follows: S
is the closed surface which lies strictly inside the domain D; covering the
surface S1; U S12; So is the closed surface lying strictly inside the domain
Dy covering the surface S. Clearly,

glﬂS:@, ggﬁSZ@.

Let {jxk},;“;l, j = 1,2, be an everywhere dense countable set of points

on the auxiliary surface S, j =1,2.
By (14) and (15) we have

/ L (oak, 2, (2, ()doS = 10(s), k=T, 00, (16)
S
/ AU, 2, (2, OdoS = 50(2%), k=T, 50, (17)
S

Denote the rows of the matrix ;¥ considered as ten-component vectors
(columns) by ;W!, ;W2 ... ;W5 (1 x 10 matrices) and investigate an infinite
countable set of vectors

{I\I/l(gmk,z,o} U{Q\I'l(lxk,z,g")}

Theorem 2. Set (18) is linearly independent and complete in the vector
Hilbert space Lo(S), i.e., it forms a basis in this space.

00,5 00,5

(18)

k=1,1=1 k=1,1=1

For the proof of this theorem see [8].
Rewrite (18) as follows:

RO e (19)

where

wk(z) = ak\I’lk (bkx%’z’ C)7
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l’“_{k;l}ﬂ%z_l]’ U = k;l5+4 :

[a] is the integer part of the number a.
Clearly, by virtue of (16) and (17) the scalar product

(W5, 8) = [ [ vds = (4, 9")
/

is known for any k; namely,

[t vds = o (na). k=T

s
It is obvious that the complex-conjugate system
7'} (20)
k=1

is complete, too.
Now let us determine the coefficients ay, &k = 1, N, assuming that the
norm reduces to minimum (in L (S) with respect to system (20):

N —k
U(z) = >t (2)
k=1

min .
Xk L2(S)

As is well known, for this it is necessary and sufficient that
N
(v~ L " (197 =0. j=T7,
k=1

Hence we come to an algebraic system of equations

N . .
Y@ 97) = @.97), j=TN,
k=1

with the right-hand side known and Gram determinant differing from zero,
which determines the coefficients «y. Therefore by virtue of the property
of the space Ly(S) we have

=0. (21)
L2 (S)
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Let us introduce the notation
N
N —k
z) = Z gy (2)
k=1

= (Vo) = S (B )

k=1
N

N(lRT‘/})+ = (11267g77...,’l[210,>T = Zak(wécvafv"'vwlkw),r'
k=1

We have in the sense of the metric of the space Lo(5)

P(z) = lim 1/)( ), Vvt = hm NV,

N—o0 N—o0
=1
(1RTV) NEHDON(IRTV)
By substituting the obtained approximate values in (11) for € D; and in
(12) for € Dy and denoting the substitution result by xV(z, ) we have

N

Vo € Dy : 2N\7(1:,C) = /1G7(x,z;C,1R3){Zak(¢6k,...,zblko)T} d,S —
s

k=1

—/[RlGT(x,z;c,lR%]T X

Dgz

S
x{ . ,...,1/15)}d25+1@(x), (22)

N _ T
Vi€ Dy 23V (2,¢) = /QGT 2,2, C, oR?) {Zak(qpf,...,wfo) }sz+
k=1

N T
x {Zak(wl’“,...,lp:) }dzs—g@(x). (23)

k=1

Thus determining the difference between (11)—(22) and (12)—(23) and ap-
plying the Cauchy—Buniakovsky inequality we find by virtue of (21) that
for any € > 0 there is a positive number N(g) such that for N > N(e¢) we
shall have

‘7(‘%3() - N‘/}(m,C) <g,
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where 2 € D' € D;UD, (a strictly internal subdomain), V (z, ¢) is an exact
solution of the problem, i.e.,

Viz,¢) = ]\}ijnooN?(x,Q, reD’

tends to the limit uniformly (with respect to the metric C) in D’.
As for the convergence with respect to the metric Lo, one can easily verify
that the relation

=0

lim Hf/(z,é) - N‘A/(x’o‘ Ly(D1UDs)

N—oo

is valid.

This method can be generalized to other more complicated problems.

The foregoing discussion clearly implies that the solution of Problem
A' is constructed by means of the Green tensor ;G,(z,y;(, ;R®) whose
approximate values of can be constructed explicitly.

We shall give an algorithm of constructing Green tensors.

Clearly, to construct the tensor ;G it is sufficient to construct the matrix
j9-. We have

1) (2 (5)
ng(I,IO;C,jR3) = ‘jg-r?jgrw"ang

)
5%5

where the column-vectors j(é)T(x, 20 C,J-]R?’)7 § = 1,75i1re a solution of the
following problem: In the infinite domain ;R3 = R3\(D;; U D,2) determine

the vector j(f])T by the conditions (j = 1,2)
0 s
vz € ;R? ; jL(ayg)j(g)T(m,xo; CR) =0 (20 ¢ R%),

(s) ) (s)
Yy € St . (ua%C R = ;@ (y —2°,0),
) 9 (s) 0. N
Vye‘sj?' |:]R‘r(ay7<»n)jgr(ya$ 7CaJR ) =

:jRT(gJ,C,n)j(gT(y —a%,¢),

where s € {1,...,5} is a fixed number.
__ Let us construct auxiliary domains and surfaces in the manner as follows:
Dji, k =1,2, is the domain wholly lying in D, S;; are the boundaries of
~ ~ 2 ~
Djk, and jS = kulSjk.

We introduce a 5 X 5 matrix

o @ (5)

jMT(y_x7C) = jMTajM7'7~--;jM‘r

)
5X5
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where
M ( C) Jé‘r(ya_x7c)7 yESjl,
jMr\Y — 2, =
7 jRT(a*y,Cﬂ)j@Ay—w?C)» y € Sj2,
z € R3.

Let {;7%}2° | be an everywhere dense countable set of points on an auxiliary
surface ;S.

Theorem 3. A countable set of vectors

00, 5

U] _ 9
{jMT(y 7j17k7§)} , Y& mglsjm' (24)

k=1,1=1

2
is linearly independent and complete in the Hilbert space La( USjm).

m=1

For the proof see [3, pp. 57, 123].
Enumerate the elements of (24) as follows:

) =, Mo (y = 7H.¢), k=T,
k— 1}

pe=k 5[~

(25)

and assume {jé(y)}iozl to be the system obtained from (25) by orthonor-

2
malization on ulsjm by the Schmidt mehod, i.e.,
m=

k
s 2
W) =Y jans(y), ye U Sjm, k=1,00, (26)

s=1

where jays are the orthonormalization coefficients.
It is easy to verify that

k
(ps) ~[244)
Zjaksjq)<y_jx 5 5C>7 Yy € Sj,
— /) s=1

iP(y)

= k
8 (ps) __rs+4
ZjaijRT(@,Can>j ® (y_jx[ 5 ]7<>a yESj2~
s=1
‘We introduce the notation

(1)
(s) 0 (s) 0
i (za2)=;0,(2—2",(), z€S,
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@ P (®) .
jQ (Z,.Z‘):]‘R7—<afy,<,n>jfb7—(z—l‘,C), ZGS]’Q.
Let
@ "
iQz2")=,Q (z,27), z€ 8, k=12
Clearly, by the property of the matrixt of fundamental solutions we have

© oo 0 3
jQ(~,m )GC (Sjl USjQ), X EjR .
. : : N
By decomposing ; Q2 (z, 20) in a Fourier series with respect to the complete
orthonormal system of vectors (26) we obtain

2
(2, 2° Zﬂ z), z GlL:JlSjl,

where

0= [ [0e) s

S]‘IUS]'Q

2
Therefore by the property of the space L2(191Sﬂ) we have

. () N
Jm (z,2%) = > Qi(a®);0(2)

2
La( U Sj1)
=1

‘We introduce the vectors

@™, SC

K (pvn) m
i9r I7 Z Z]Qk Ja’kmj (zijx[$]?<>7

k=1 m=1
m,xoejR3, s=1,5.

Clearly, all the coefficients are uniquely defined. Now it is easy to show that
the desired approximate value of the Green tensor is written as

(s)(N) 0 X (s) 0 (8)(N) 0
jG‘r (x7x;C7jR):j T(m_x><)_jg'r (mam):

N k
:j(bT(l‘—.'L‘O,C)_Z Zj k:(xo)ja'kmx

—~
»
N

(Pm) [m
><j<I>T<x—Jx 5+4,C) (28)

where j = 1,2, s = 1,5, z,2° € R3, N > 0 is a natural number. For the
mathematical substantiation of this fact see [3, pp. 122-125].
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We would like to emphasize that for fixed N the Green tensor ngN) is
given explicitly by a finite number of quadratures.
Finally, on substituting (28) in (22) and (23), we respectively have

_ N
Va € Dy 2, 5V (2.0) :/1G(TN)(x,z;C, R [Zak @, ,wfo)T] d.5—
S k=1

-/ [RCAEIER )

i N

| L@l ) |as+ sow. o
k=1

Vo € Dy: 2, V(2,0) = — [ 1GP) (2, 2¢,2R%) x
, S
N
X [Zak(wécv 711Z)1]€O)T:|d25+

k=1

N
x [Zak(wlk,...,zb:)ﬂ d.S -, 76(x). (30)

Thus we obtain the following relation with respect to the metric of the
space C'in D’ € D1 U Ds:

V(z,Q)= lim 5V (x.0). (31)

N —o00

As for an esthllate El the closed domain D; U Do, these estimates hold in
the space La(Dq U Dy).

Remark. Fundamental differential operators of the theory developed here
have the form

P (a%’ %,n(gg))wz,t) - (T((%,n(x))v(x,t) —

2
—n(x) Z ol (1 + 71%)03+l,
=1

ov
— (01k + 02k )va + (935 + Jok)d 2

R
on’
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8 T
— (01k + O3k )vs + (do + 5ok)52;;) ,

0
?771(35))‘/(% t) = (U» (01 + 521051ﬁ + (03 + dok)va,

on

vy

(01 + 031) 02 n

T
+ (02 + 5Ok)v5> ;

where k =0,3, R, = Pr (0, 6k is the Kronecker symbol.

Let 1Dg, £k = 0,7, be the nonintersecting domain within S with the
Liapunov boundaries 1Sy (accordingly, 1Dy N 1D,, = &, k # m); 2D
k = 0,7, be the nonintersecting finite domains outside S with the Liapunov
boundaries 25y (accordingly, oDy N 2D, = &, k # m); 1D be a finite

7
domain bounded by the surfaces S U kL:lOlSk, 2D be an infinite domain

7
bounded by the surfaces S U kUOQSk;. Consider a nonhomogeneous infinite

2 7T
domain 1 DUSU,D = R3\ ‘U1 U kajD’“’ where S is the contacting surface.
j= =

The method described can be generalized as well to the case where con-
tact conditions on S and boundary conditions on ;S have the form

Yy € 5,

Vy S jSk,

Vy € Sk,

20y ()0 -
o dim Qg (5 )V 0) = Fu0),
1D9191r—r>1y65 1Pr ko) (%’ %’ n(y)) Vi@t =
= dim P (o @) V) = Fly.o)
t>0 :_7D393£I;e_jska(k)V(x’t) = ;S (W, 1),

k=03, j=12,

>0: 1 . _ .
t>0 _jDBfElLIr;eJ'Sk jPT(k)V(xa t) ]F(k) (y7 t)a

k:4777 j:1727

where ko € {0,1,...,7} is a fixed number.
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