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ON THE SOLUTION OF THE DIRICHLET PROBLEM FOR
AN ELLIPTIC EQUATION DEGENERATING ON THE
BOUNDARY

A. JVARSHEISHVILI

ABSTRACT. The Dirichlet problem for the equation
yAW + oWy = —F

is studied in the semi-circle z2 +y2 < 1, y > 0. The restrictions on F
are established under which the problem is uniquely solvable in the
definite generalized sense.

Let K = {(z,y) : (z,y) € R?, 2?2 +y*> < 1, y > 0}, and let K be the
boundary of K. Denote AW = W, + W,, and consider the equations

yAW + oW, = —F(z,y), (z,y) € K, (1)
yAW +aW, =0, (z,y) € K. (2)

The classical Dirichlet problem for these equations is formulated as fol-
lows: Find in the domain K a regular solution u = u(x,y) of the given
equation which is continuous in K = K U 0K and satisfies the boundary
condition u(z,y) = f(z,y) for (z,y) € 0K, where f(x,y) is the known
continuous function on OK. Bitsadze [1] investigated the existence and
uniqueness of the solution of the Dirichlet problem for equations of more
general type than (1), while the solutions of boundary value problems for
equations of more general type were studied by Keldysh [2]. In [3] Nikol’sky
and Lizorkin considered some boundary value problems for degenerating
elliptic equations. Weinstein [4], [5] constructed fundamental solutions for
equation (2). As is well known (see, e.g., [6]), using fundamental solutions
one can construct a Green function of the Dirichlet problem for equation
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(1) which has the form

Gz, y; &, mV)y' = [Zo(w,y: &, m ) —
—p " Zo(z, y; €/0% /0%y Y = [Zo — Zaly' T,

1 [" (3)

Zy sin? 1 0[r? + 4ynsin® 0/2)77/2d6,

~on 0
A unique solution for the classical Dirichlet problem of equation (1) can

be represented by the following
Theorem A. Let 0 < a < 1, and let the function F' satisfy the conditions

|F(z1,51) — F(z2,92)| < c{|z1 — 22|° + |y1 — 12/°},
0<d6<1, (l‘k,yk)EK, k=12

Moreover, F(z,y) = 0 when 0 < y < w, where w > 0 depends on F.
Then for any function f continuous on OK there exists a unique function
W = W(x,y) which is continuous on K, W (z,y) = f(x,y), (z,y) € 0K,
and satisfies equation (1) in K. For all (z,y) € K we have [7]

W(z,y) =y1_a/KF(§,n)G(xvy;§m;2—a)dfdnJr
1
+(1— )y / F(,0)G(a,y:£,0:2 — ) di —
-1
o [ . O0G(z,y;cos p,sinp;2 — a
-y /f(sa)smso (&, y; cos p,sin o )dcpz
0

on
:JI(F,x,y)+J2(f,:v,y)+J3(f,x,y)7 (4)

where % is the derivative with respect to the outer mormal to 0K and

flel = flcosp,sing), 0 < p <.

The aim of this paper is to show that expression (4) is a solution of the
Dirichlet problem of equation (1) for a wider class of given functions F' and
f. In the sequel we shall use the following propositions.

Proposition 1. Let v < 0. Then for all (z,y) € K, (§,n7) € K we have

/4
Zo(x,y;§,m7) > Cly - 77)‘”/2/ 6~1df = oo,
0
where C € (0,00) is a constant independent of x,y,&,n.

Proposition 2. For each (a,b) € (0,1] x (0,1] and a fized p € (0,00) the

inequality £ < Elapibb): < L holds with £ = min[1,2P~ Y], L = max[1,2P71].
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Proposition 3. For all (z,y) € K, (§,n) € K, 0 < a < 2, there exists
a constant C' € (0,00) such that

C
|G($,y,€,77,2 - a)‘ <

— ,r2—o¢'
PI‘OpOSitiQn 4. Ifz=2+iy e K, (=¢&+in € K, ( = pe'®, (* =
&+ = L', then |2 — ¢ < |2 = ¢°),
lm|¢[|z—¢*[=1, lm[¢*-y-n"=0 as [¢[—0.

Below we assume that F is summable on K, F(z,y) = 0 if (z,y) ¢ K,
and for any point (z,y) € K we have

27
/ |F(z + peos g,y + psing)|dp < C[1+[Inp~ '] =Cln* p, (L)
0

where C' € (0,00) is a constant depending on F' only.

Theorem 1. Let 0 < o < 2, and let I' satisfy the condition (L). Then
for all (z,y) € K there exists, in the Lebesgue sense, an integral

/ |F||G(2,y;€,m;2 — )| dédn, ECK,
E

which is absolutely continuous with respect to the measurable set E uniformly
for all (x,y) € K. If, however, y = 0, 0 < a < 1, then for an arbitrary
summable function F(x,y) we have J1(F,z,0) =0, -1 < < 1.

Theorem 2. Let 0 < o < 1 and let F satisfy the condition (L). Then
for all (xo,y0) € OK, xo # £1 we have

limyl‘“/ F(&n)G(z,y;6,m2 —a)dédn =0 asx — 20, Yy — yo. (5)
K

Thus for the function F satisfying on K condition (L) there exists an
expression Jp (F,x,y) for all (z,y) € K, and at every point (zo,yo) € 0K,
xo # %1, equality (5) is fulfilled. As for the function G(z,y;&,n;7), we are
aware of the following inequalities ([4], [5]).

Proposition 5. Let us introduce the functions h and N defined by the
equalities

1 - - _
G,y 6m7) = o (y-n) P Inr 4+ N(z,¢,y) = h(y,n)Inr ' +N(2,(,7)

with z,( € K. For all 0 <w <y, n>w, 0<r <w we have
IN| < Cy, [Nyl <Cu, |Ng| < er|lnr_1|,
[Ne| < CorlInr™, [Ny| < Corflnr™],

(6)
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where C,, € (0,00) is a constant depending on w.

To study boundary properties of the integral

8G (z,y; cos p,sin p; 2 — a)
f 0
n

J3(f,z,y) sin @ dp

let us introduce an angular neighborhood of the point e¥° e '=0K\(—1,1),
0 < o < w. We say that the point z belongs to A (o, d) if
largz — ol <6(1—12]), 6>0, (7)

where ¢ is an arbitrarily fixed positive number. From (7) we obtain that for
S Al(@o; 5)7
(a) |z — €] < Cs(1 — |2|) with a constant Cs > 0; (8)
(b) there exist constants m > 0, n > 0 depending on § such that for all
¥ € (po — 6,00 + )
m|z — | < |z — 0| < n|z — ™| (9)
() ml — cos 6] < [ — cos po| < nly—sinvl, ¥ € (o, 9o +9). (10)

Let f be a function which is summable on [0, 7] and assume that

f( = sup [ € > 0},
/ <pols
1 po+k
M(faSDO)SUpUh_’_k / |f[90] 7h>07k>0:|5
wo—h

jS(fa ‘PO) = sup [|J3(fa Z)" zZ € Al(@o’é)]'

Suppose that the arbitrarily fixed numbers introduced in (7) and in Propo-
sition 5 are equal, i.e., § = w = A > 0. Introduce the set I(\) = (A, 5 =) U
(F+X7m=X), [IN)] =7 —4X >0, A < §. Let o € I(2)), in particular,
o € (2N, 5 —2)). Let 0 < @ < 1, and let f be summable on [0, 7]. Using
Proposition 5 and relations (7)—(10), we can estimate the expression

Yo+
y I flp ] (h Inr~ )Singpdgp‘g
pwo—A
o+A
’ 1 Olnr~
<o [ umeas<| [ o 2 | .

Po—A Po—A
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For z € A1(po, \), z = |z|e® = z + iy, r = |2 — €| we have

Ohlnr~1! 1
p) = +R($aya¢)ln|§07¢0|a
n ¥ — %o
where R(x,y, ) is the bounded measurable function of x,y, p, z =z +iy €
Aq(po, A). Thus from the latter relations we get

Po+A

y T flp ] (h Inr~ )singodgo’<
©wo—A
< Cx H / fl “*‘M(faﬁpo)}é

< Chlfi(po) + M(f,20), 1f1[ell < If[ell: @ € (po = Ao+ N), (11)

where C) € (0,00) is a constant depending on A only. Further, using
inequalities (6)—(10), we can easily get the following inequalities:

Po—A
/ - af[ } (h Inr~ )SmSOdSO‘ SC)\M(f7§00)7
0
/ 1= “flp ] (h Inr— )Singodgo‘ < CAM(f,v0), (12)
@wo+A
ON ) )
/ 1= “fle ]— smgodgp’ < C\M(f,¢0), z= |z\e“¢’7 r=|z—¢€"?|.

0

Analogous inequalities are also valid for the rest of the summands.
Let f be summable on [—1, 1], and let A;(zg, A) be an angular neighbor-
hood of the point z¢ € [—1, 1], ie, z=x+1iy € A1(zo, N) if

|z — zol/y < A (13)

Using the previous arguments and all the inequalities provided by (13),
we obtain the following inequality: let f be summable on [—1,1], 0 < a < 1,
—1 < xg < 1. Then

[ T2(f, 20)| < CAM(f, o), (14)
where C) € (0,00) is a constant depending on A > 0 only, while
Jo(f,x0) = sup [\Jg(f,z)|, z € Al(mo,)\)].
On the basis of (14), (12) and (11) we obtain
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Proposition 6. Let 0 < o < 1. Let f be summable on 0K =T U(—1,1)
and let X > 0 be an arbitrarily fivzed number, Ty = {e'?, p € I(\)}. Then
for any point t € T\ U (—1,1) we have

Ts(f,0) + To(f.t) < CAM(f, ) + @) AWM <IFO (15)

Theorem 3. Let 0 < a < 1, and let f be summable on OK. Then for
almost allt € T U (—1,1) we have

Wm[Jz(f,2) + Ja(f,2)] = f(1), 2z—1t, z€ At D), (16)
where A > 0 is an arbitrarily fived number.

Proof. By virtue of Theorem A and Theorem 2 for all ty = (zo,y0) € 0K,
xo # £1 and any function g continuous on 0K we have

lim[Jg(g,Z) + Jg(g,z)] = g(to), z—ty, 2 € Al(to,)\). (17)

Let f be a function summable on I' U (—1,1) and suppose that (16) is not
fulfilled. Then there exist sufficiently small A\g > 0 and g > 0 and a set F,
where either |[E N Ty, | > 16¢q or |(—1,1) N E| > 16¢p, such that for every
point ty € E there exists a sequence z, — tg, 2, € A1(tg, Ag), n > 1, and

|[J2(fs 20) + J3(f, 20)] = f(to)] = 3e0, n>1. (18)
On the other hand, for ¢y > 0 and for the function f there exists a
function ¢ continuous on I' U (—1, 1) such that
€8
[f(t) —g@)ldt < ==, |f(t) —g(t)] <eo, tEE. (19)
0K Ao
Next, on the basis of the well-known Kolmogoroff inequality ([8], [9]) we
have
[{teTU(=1,1); L) + M(f,t) > p}| <
4 8
< f/ (LA@I+ LF@)]) dt = */ [fldt, LAl <1f]- (20)
K Jok K Jok
Using relations (15), (17)—(20), we get

1620 < |E| < [{to € E; |Jo(f, 2n) + J3(f, 20) — f(t0)| = 3eo}| <
<Ht € E; |Ja(f — g, 2n)+J3(f =g, zn) | >0+ {t € E; |[f—g|>e0}|+
+ {t € E5 |J2(g, 20) + J3(9,2n) — g(to)| > e0}| < 8eo.

This contradiction proves the theorem. [J
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For our further investigation let us consider a maximal function for the
function of two variables (see [8]).
Let f be the function summable on K. Assume that for (zg,yo) € K

1
M (0, 0) sup{M/ fldedy: o] > o},

o={(z —x0)*+ (y —w0)* < 5°}.

Using (6) and the relation Afu,v] = v - Au+ 2[ug - vy + Uy - vy] + u - Av,
we can prove the following

Proposition 7. Let 0 < o < 1, and let the function ¥ satisfy the con-
dition (L). Then for all

(z0,90) € Ks = {(2,y) € K; 2® +y* < (1-6)% y >3},
where § > 0 is an arbitrarily fived number, we have

‘A[Jl(\:[lvxo,yO)” S CéMl(\Ij7l'0,y0)a

0 (21)
’aiy Jl(\Ilax(%yO)‘ S CéMl(W7$O,QO)~
Here the constant Cs € (0,00) depends on § only.
According to Kolmogoroff [9] the inequality
0
@) e K Moy >l < [ [Wldody (2
K

holds, where the constant 6 € (0, 00) does not depend on p and .

Proposition 8. Let 0 < o < 1, and let f be summable on OK. Then
for all (z,y) € Ks we have

|A[J2(f,;v,y)+J3(f,x,y)]| SC&Ml(fv‘T7y)a (23)

0
[y e+ I < G/, (24)
Repeating now the arguments from the proof of Theorem 3 and taking

into account relations (24), (23), (22), (21) and (20), we obtain the main
result.

Theorem 4. Let 0 < a < 1. Let F satisfy the condition (L), and let f
be a function summable on OK. Then we have

yA[Jl(F,x,y) + J2(f7xvy) + J3(fa‘r7y)] +

+a§y[J1(F7_CL‘7y) + JQ(f7xay> + JS(f,.’IJ,y)] = _F<.'L',y)
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for almost all (z,y) € K and
lim W (z,y) = lim[J; + Ja + J5] = f(z0,y0) as z = x + iy — xo + iyo,
PAS Al(@ovA)7 eiSOO :$0+i90»

for almost all (zo,yo) € OK, where X\ > 0 is an arbitrarily fived number.
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