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GENERALIZATIONS OF NON-COMMUTATIVE NEUTRIX
CONVOLUTION PRODUCTS OF FUNCTIONS

BRIAN FISHER AND YONGPING CHEN

ABSTRACT. The non-commutative neutrix convolution product of the
functions x” cos— (Az) and x° cosy (ux) is evaluated. Further similar
non-commutative neutrix convolution products are evaluated and de-
duced.

In the following we let D be the space of infinitely differentiable functions
with compact support and let D’ be the space of distributions defined on
D. The convolution product f * g of two distributions f and g in D’ is then
usually defined by the equation

(f x9)(x),¢) = (f(v), (9(x), p(z +v)))

for arbitrary ¢ in D, provided f and g satisfy either of the conditions

(a) either f or ¢ has bounded support,

(b) the supports of f and g are bounded on the same side;
see Gel'fand and Shilov [1].

Note that if f and g are locally summable functions satisfying either of
the above conditions then

e = [ foge-na= [ je-ngma. )

It follows that if the convolution product f * g exists by this definition
then

frg=g*f, (2)
(fxg) =fxg =f*g (3)

This definition of the convolution product is rather restrictive and so a
neutrix convolution product was introduced in [2]. In order to define the
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neutrix convolution product we first of all let 7 be a function in D satisfying
the following properties:

() () =r(-a),

(i) 0<7(x)<1,

(ili) 7(z) =1 for |z| < 3,

(iv) 7(x) =0 for |z| > 1.
The function 7, is now defined by

1, |’:Z:| S V’
T,(r) =4 Tz —v'tl), x>,
Tz + v, < -y,

for v > 0.
We now give a new neutrix convolution product which generalizes the
one given in [2].

Definition 1. Let f and g be distributions in D’ and let f, = f7, for
v > 0. Then the neutrix convolution product f&)g is defined as the neutrix
limit of the sequence {f, * g}, provided that the limit h exists in the sense
that

Nyj£1<fu *9g, ¢> = <h7 ¢>’

for all ¢ in D, where N is the neutrix (see van der Corput [3]), having
domain N’ the positive reals and range N’ the complex numbers, with
negligible functions finite linear sums of the functions

Al r—1

*In" "y, In"y, v e (veal A > 0, complex u#0, r=1,2,...)

and all functions which converge to zero in the usual sense as v tends to
infinity.

Note that in this definition the convolution product f, * g is defined in
Gel’'fand and Shilov’s sense, the distribution f, having bounded support.

In the original definition of the neutrix convolution product, the domain
of the neutrix N was the set of positive integers N’ = {1,2,...,n,...}, the
range was the set of real numbers, and the negligible functions were finite
linear sums of the functions

nn" tn, In"n (A>0, r=1,2,...)

and all funtions which converge to zero in the usual sense as n tends to
infinity. In [4], the set of negligible functions was extended to include finite
linear sums of the functions n*e#™ (u > 0). In [5], the domain of the
neutrix N was replaced by the set of real numbers, and the set of negligible
functions was extended to include finite linear sums of the functions

vhcos v, vFsin v (A #0).
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It is easily seen that any results proved with the earlier definitions hold
with this latest definition. The following theorems, proved in [2], therefore
hold, the first showing that the neutrix convolution product is a generaliza-
tion of the convolution product.

Theorem 1. Let f and g be distributions in D’ satisfying either con-
dition (a) or condition (b) of Gel’fand and Shilov’s definition. Then the
neutriz convolution product f ) g exists and

f®g=1f=*g

Theorem 2. Let f and g be distributions in D’ and suppose that the
neutriz convolution product f () g exists. Then the neutriz convolution
product f &) g’ exists and

(f®g) =f®J.

Note, however, that equation (1) does not necessarily hold for the neutrix
convolution product and that (f &) g)’ is not necessarily equal to f' &) g.
We now define the locally summable functions e}*, eX?, cos;(Az),

cos_(Az), sing (Az) and sin_ (Az) by

Az { ekla T > 07 e)\m { Oa T > 07

+ = 0, =<0, - 71 &M 2<o,

| cos(Az), x>0, - 0, x>0,
cos(Az) = { 0, x <0, cos— (Az) = { cos(A\x), x <0,
. | sin(Az), x>0, y . 0, x>0,
sin (Az) = { 0, x <0, sin_(Az) = { sin(Az), z<0.

It follows that
cos_ (Az) + cosy (Ax) = cos(Azx), sin_(Az) + sing (Az) = sin(Az).
The following two theorems were proved in [4] and [5], respectively.
Theorem 3. The neutriz convolution product (z"eX™) G (z°ek™) ewists
and

' T S T T S 6p’l‘ + e)lm
(z e ) ® (v €i )= D)xDuﬁa (4)

where Dy = 0/0X and D,, = 0/0u, for A # p and r,s = 0,1,2,..., these
neutriz convolution products existing as convolution products if X > p (or
R > Ru for complex \, ) and

(276X) @ (2°€}) = Blr+ 1,5+ Da"t+1e, (5)

where B denotes the Beta function, for all X and r,s =0,1,2,... .
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Note that for complex A = A1 +iXy and g = pq + ips, equation (4) can
be replaced by the equation

T xr S T S e + eAI
(x e’l)@(x ei) D>\1D,U‘1+Ai‘u (6)
or by the equation
Az
A z s e te
(z"e2") ® (xsei ) = Duzﬁ (7)

Theorem 4. The neutriz convolution products cos_(Ax) &) cosy(ux),

cos_(Az) ®sing (px), sin_ (Ax) ® cosy (ux), and sin_ (Az) ® sing (puz) ewist
and

cos_ (Ax) (® cosq (px) = Asin (Aig i_ Z;in+ () ; (8)

pcos_ (At) + pcosy (ut)

cos_ (Az) ® sing (ux) = —

: 9)

N2 2
sin_ (Az) ® cos; (pz) = — Acos— (AQ 2 COSJF (,ux) (10)
sin_ (Az) ® sing (uz) = 7usin_()\§g j 22sln+(u:c) ) (11)

for A #£ +p.
We now give some generalizations of Theorems 3 and 4.

Theorem 5. The neutriz convolution product [z"eM® cos_(Aax)] &
[z5et1” cosy (o)) exists and

[z"eM® cos_()\gx)] ® [x°e™ cosy (ugx)] =

— p1)[er1® cosy (pax) + €M cos_ (Aa)] N
Dy, 2\ — 12
+ (A2 — p2)[eM® sing (pox) + eM® sin_ (Agx)]
2[A = pl?
N (A1 — p)[e1* cos (o) + eM* cos_ (\gw)]
21 — pf?
Qo )7 sin (1oz) — €M% sin_(2) )
2[A =

for A=A +ida#F p=p1+ipe, A#Fpandr,s =0,1,2,... and
[27eM7 cos_ (Aox)] @ [2°eMT cosy (No)] =

=1B(r+1,s+ 1)z e cos_(Aoz) +
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2(A1 — 1) [e"® cosy (Aaw) + €M cos_ (Aa)] 3
(M1 — )2 + 473

05,05,
_ 20[eMTsing (Aoz) — eM% sin_ (\gw)] } (13)
(A1 — p1)? + 473 p=A1—iXs 7
for all Ay, o #0 and r,s =0,1,2,....

In particular

(€M7 cos_ (Aox)] ® [eM® cosy (Moz)] =
~ XpzeM?®cos_ (Aow) — M7 sing (Aaz) 4 €M7 sin_ (Aow)]
B 2X2

)

for Ao # 0.
Proof. Using equation (4) with A\ # p, fi, we have
4[eM? cos_ (Aax)] ® [e"® cosy (pax)] =
= [Mi7(ePher 4 oPhemy] @ [eulz(ei{maz i ejmx)] _
=M@ LMD+ N @+ M@ =

nr Az px Az px Az px Az
el +el ey +el ey +el el +el

A—p A—p A—p A= )
_ M) (e + e+ €274 e27) +i(Ag — o) (e — e + €2 — eA7) N
A= uP ,
N (M — ) (eh" + el +ed™ 4+ A7) +i(Ag + po) (el — e + eX™ — eA7)
A —pnf?
2(A1 — p1)[e"1® cosy (o) + €M% cos_ (Aa7)]
= 5 +
A= ul
4 202 = po)[eMsing (pow) + M sin_ (M) +
A — nl?
L 200 — m)[eM® cosy (pa) + M cos_ ()]
A —nf?
~2(A2 A+ po)[eM sing (pox) — eMTsin_ (\g1)]
A —nf?

and equation (12) follows. B
Similarly, using equations (4) and (5) with A # A we have

4z"eM? cos_ (Aox)] ® [2°eM® cosy (Mox)] =
_ [xrez\lw(ei_z\zx + 6:1’)\290)] ® [xseAlw(eiL)\gx + e;ikzx)] _

= (@) @ (2°¢)") + (a"eX) @ (2°¢)") + (a"eX) @ (2°¢)") +
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+ (@) @ (a°e}") =
= B(r+1,+D)z" (e 4 eA?) 4 (27eX) ® (zseix) +
) © (@'e))
=2B(r+ 1,5 + 1)a" ™5 eMT cos_ (o) + (27e*) ® (z°€)") +

+ (xrejf) ® (J;Sef‘f).

In order to evaluate (z"e*) ® (xse’_f”) + (z7e*) ® (z°e)®) we put p =
11 — iAo and consider

p Az A Az
ey +el el +el

Az pa Az T -~ _

e el et ®ell Py + s

(A= ) (e T 4 AT+ eAT) 4 200 (e — el + AT — ATy
a A=l -

~2(A — p1)[e"” cosp (Aow) + €M7 cos_ (Apz)]
- (A1 — p1)? + 473
2o [eH1% sing (Aow) — €M% sin_ (A\a2)]
- (A1 — p1)? + 423

Then
(@) @ (") + (') © (2%l =
= D}, D;, (€2 ® el + e ® ei”]uz,\l_i,\2

and equation (13) follows.
Note that by replacing « by —z in equation (12) gives an expression for

[£7eM® cosy (Agx)] @ [z°e2% cos_ ().
Expressions for

[27eM® cosy (Aoz)] @ [2°e2” sing (ugz)],

[27eM7 sing (Aoz)] @ [2°2” cosz (o)),

[27eM? sing (Aoz)] @ [2°e2” sing (o))

can be obtained similarly. [J
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