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NON-ABELIAN COHOMOLOGY WITH COEFFICIENTS IN
CROSSED BIMODULES

H. INASSARIDZE

ABSTRACT. When the coefficients are crossed bimodules, Guin’s non-
abelian cohomology [2], [3] is extended in dimensions 1 and 2, and
a nine-term exact cohomology sequence is obtained.

We continue to study non-abelian cohomology of groups (see [1]) fol-
lowing Guin’s approach to non-abelian cohomology [2], [3]. The pointed
sets of cohomology H"(G, (A, n)), n = 1,2, will be defined when the group
of coefficients (A, u) is a crossed G-R-bimodule. The notion of a crossed
bimodule has been introduced in [1]. H'(G, (4, pn)) is equipped with a par-
tial product and coincides with Guin’s cohomology group [3] when crossed
G-modules are viewed as crossed G-G-bimodules. The pointed set of coho-
mology H?(G, (A, 1)) coincides with the second pointed set of cohomology
defined in [1] when the coefficients are crossed modules. A coefficient short
exact sequence of crossed G-R-bimodules gives rise to a nine-term exact co-
homology sequence and we recover the exact cohomology sequence obtained
in [1] when the coefficients are crossed modules. By analogy with the case
n = 2 the definition of a pointed set of cohomology H™ (G, (4, 1)) of a group
G with coefficients in a crossed G-R-bimodule (A, p) is given for all n > 1.

The notation and diagrams of [1] will be used.

Recall the definitions of a crossed G-R-bimodule and the group
Der(G, (A, p)) of derivations from G to (A, ).

Let G, R and A be groups. (A4, u) is a crossed G-R-bimodule if:

1) (A, ) is a crossed R-module,

2) G acts on R and A,

3) the homomorphism g : A — R is a homomorphism of G-groups,

)

4) g =979"qfor ge G, r € R, a € A.
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The group Der(G, (A, u)) is defined as follows. It consists of pairs («, r)
where « is a crossed homomorphism from G to A and r is an element of
R such that pa(x) = r®r~! for all z € G. A product in Der(G, (A, u)) is
given by (a,7)(5,s) = (ax*f,rs) where (a*0)(x) = *B(z)a(z), z € G. For
any a € A and (a,7) € Der(G, (A, i) the following equality holds:

alx)®a= ""aa(xr) forall zeG.

Definition 1. Let (A, u) be a crossed G-R-bimodule. It will be said that
a crossed homomorphism o : G — A satisfies condition (j) (resp. condition
(i) if for c € H°(G, R) (resp. if for c € H°(G, R) such that there isb € A
with p(b) = c) there exists a € A such that ‘a(z) = a~a(z)®a for v € G
and p(a) = 1. It will be said that an element (o, ) of Der(G, (A, 1)) satisfies
condition (j) (resp. condition (j')) if a satisfies this condition.

It is obvious that any element of the form (a, 1) satisfies condition (j'). If
(A, 1) is a crossed G-R-bimodule induced by a surjective homomorphism f :
G — R, then every element (a,r) € Der(G, (A4, p)) such that a(ker f) =1
satisfies condition (j). In effect, for ¢ € Z(R) = H°(G, R) we have z,dz =
xzd, x € G, with f(d) = ¢ and z; € ker f. Thus, a(z;) *a(dz) = a(zd),
whence a(d) “a(z) = a(z) *a(d) and pa(d) =r f(d)r= f(d)~! = 1.

Note that if (e, 7) ~ (a/, ") (see below) and («,r) satisfies condition (j)
then (a/,r’) satisfies condition (j) too when H(G, R) C Z(R). In effect, we
have o/ (z) = b~ ta(z) ®b, ' = p(b)~rt and a(z) = a ta(r)%a, pla) =1,
where ¢,t € H°(G,R) C Z(R). Thus

CO/(JZ) — Cb71 COL(:E) cxrp cb71 aila(m) ToCTh —
= b ra ta(x)®(aD) = b aT b d/ (2) *b " *(a D) =
= b tba"ta/(2) “(ab~* D)

with (abd™! b))~ = (p(a) p(b1) u(°)) ™" = p(b=") u(b) = cu(b) e
pu(b) = 1.

It is clear that if f: (A, u) — (B, A) is a homomorphism of crossed G-
R-bimodules and (o, ) € Der(G, (A, p)) satisfies condition (j), then (fo,r)
satisfies condition (j).

Let (A, u) be a crossed G-R-bimodule. In the group Der(G, (A, u)) we
introduce a relation ~ defined as follows:

Ja€ A: B(z) =ata(z)*a,

<a,r>~<ﬂ’s>‘:’{ 5= u(a)"'r mod HY(G,R)

Later we shall need the following assertion:
If (A, ) is a precrossed G-R-bimodule the equality

’I"fL‘a: IT‘a (1)
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holds for any z € G, a € A, r € H°(G, R).
In effect,we have

-1 z~1
T, — TT T:Da:w( r)a:zra'

Proposition 2. The relation ~ is an equivalence. Assume H°(G, R) is a
normal subgroup of R; then the group Der(G,(A,un)) induces on
Der(G, (A, 1))/ ~ a partial product defined by

[(e, DI[(8, 5)] = [(a % B, )]

if [(B, 8)] contains an element satisfying condition (j'), and by

[(a, M)][(8, )] = [(a* B, 75)]
if [(B, s)] contains an element satisfying condition (j).

Proof. If (a,7) ~ (/,7'), ie., o'(x) = a ta(z) *a, v € G, and ' =
w(a)~trz, z € H°(G,R), then a(z) = aa(x)®a™! and r = p(a)r'z71,
27t € HY(G, R). Thus, (/,7) ~ (a, 7).

If (a,7) ~ (/,7") and (/,7") ~ (o, r") we have

1

o (z) =ata(z) %, 1 =pla) trz,

o (x) =b"ta () *b, 7" = b)Y,

where z, 2’ € H°(G, R). This implies (a,r) ~ (o, 7”) and the relation ~ is
an equivalence.

It is clear that if (o, 7) € Der(G, (A, 1)) and ¢ € H°(G, R) then (a,7) ~
(a,rc).

We have yet to show the correctness of the partial product.

Let (o, 1) ~ (a/,1), (8,8) ~ (8,¢") and (S, s) satisfy condition (j'). We
will prove that (o, 1)(8,s) ~ (¢/,1)(#,s"). One has

o(z) =ata(z)%a, =c€a,

1=p(a)™ 2, z€ HYG,R),
and

B'(x) =b7'B(x)"b, z€G,
s'=ub)"ts2, 2 € HG,R).

Then B (z)d/(z) = b=16(z) *ba~ta(z) *a=b"13(x)a " a(z) *a *b= b~ ta~!
M) B(z)a(z) *a®b=>b"ta " d ' B(z)a(z) *(dab) and 8" = u(b) ' pu(a) ~'zsz' =
pu(b~ta=td=1) 52”2 where B(z) = d~18(z) ®d, u(d) = 1 and 2" € H°(G, R).
Therefore (a, 1)(3,s) ~ (/,1)(F', §).

It is clear that the set of all elements of the form [(«, 1)] forms an abelian
group under this product.



512 H. INASSARIDZE

Finally, we will prove that if (a,r) ~ (/,77), (8,5) ~ (8',s") and (8, s)
satisfies condition (j) then («,7)(83,s) ~ (/,7")(3, s") and we check Guin’s
proof [3] in our case.

We first prove that

(o, 1) (B, ) ~ (a,rc) (B, 5)
for c € H(G, R).
Using condition (j) and equality (1) of [3] one gets
"Bla)a(z) = (a7 fz) “a) alz) = "a”! "B(x) Taa(z) =
= "a ' "B(x)a(r) “a.

Since pu("a)™! = (ru(a)r=1)~t = 1, one has res = p("a)"trsc’ with
¢ € H°(G, R). Therefore, (o, 7)(83,5) ~ (a,rc) (5, 5).
Further,we have

o (x) =b"ta(z)®, ' =pubd)tre,

and §'(z) = d~'B(x) “d, s’ = p(d) st with z,t € H'(G, R).
Put

(o, r2)(B, 8) = (7y,rzs),
where 7( "ZB(x)a(x), x € G, and (o', 7")(F',s") = (v/,r's’), where

) =
¥(x)= "5 (z) (x), z € G.
We will show that

(a,r2)(B,5) ~ (o, 1) (B, ")
Using (1) and equality (1) of [1] one has
y(x) ="(d7"B(x) "d) b~ o) b =
1 “(b)717'zﬁ(x) u(b)flrzxd b_la(x) Ty —
— b71 r-zdfl Tzﬁ(il?) rz(zd) Oé([E) Ty — b71 r-zdfl T.zﬁ(SC)Oz(l‘) mrzdxb’

— M(b)ilT'Zd—

and p("*db)™t = p®)trzp(d) Tt = petTisT Tl g =
wu(T*db)"trzst with t € HY(G, R).

Therefore (a,72)(8,5) ~ (¢/,7")(3,s"), whence (a,r)(8,5) ~ (a/,77)
(@.¢). O

Definition 3. Let (A, p) be a crossed G-R-bimodule. One denotes by
HY(G, (A, p)) the quotient set Der(G, (A, u))/ ~ equipped with the afore-
mentioned partial product and it will be called the first set of cohomology of
G with coefficients in the crossed G-R-bimodule (A, p).
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If (A, u) is a crossed G-module viewed as a crossed G-G-bimodule then
HY(G,G) = Z(G) and for (a,g) € Derg(G,A) = Der(G, (A, u)) and ¢ €
Z(G) the equality a(cx) = a(zc), x € G, implies

a(e) ‘a(r) = a(z) “alc),

whence “a(r) = a(c)ta(z)®a(c) and p(alc)) = geg~tc™! = 1. Therefore
every element of Derg (G, A) satisfies condition (j). It follows that if (A, u)
is a crossed G-module we recover the group H' (G, A) defined by Guin [3].

It is clear that the map H(G,A) — H(G, (A, 1)) given by [a] —
[(«,1)] is an isomorphism where (4,1) is a crossed G-R-bimodule.

Proposition 4. Let (A,u) be a crossed G-R-bimodule and assume
H°(G, R) is a normal subgroup of R. If (a,7) and (B,s) satisfy condition
(j) then (a,7)(B,s) and (o, 7)1 satisfy condition (j).

Proof. Let ¢ € H°(G,R). Then a(x) = b~ 'a(z)*b and u(b) = 1. Since
H%(G, R) is a normal subgroup of R, there is ¢ € H°(G, R) such that cr =
r¢. For ¢ we have ¢ (z) = d~'8(x)*d and u(d) = 1. Put (a,7)(3,s) =
(v,7s). Then

“v(x) = “B(x) alz) = Td7 " B(x) "Tdb ax) b =
= "d" W B(x)alx) T (b"d)

with u(b"d) = p(b) r u(d) =1 = 1. Thus, (v, rs) satisfies condition (j). Put
(a,r)" = (@, 7 ') where a(z) = " a(z)~!, # € G. If ¢ € H*(G, R) one
has

17

‘W)= a@) =" al@) = (P ale) ),

where cr~! =771, ¢ € HY(G, R) and “ a(z) = ata(z) " %a, p(a) = 1.
Hence

with p(" a™t) = rtp(a=t)r = 1.
Therefore, (a,r~!) satisfies condition (j). O

Corollary 5. The subset of H*(G, (A, 1)) of all equivalence classes con-
taining an element with condition (j) forms a group if H°(G, R) is a normal
subgroup of R.

Proposition 6. Let (A, ) be a crossed G-R-bimodule such that H°(G,R)
is a mormal subgroup of R. If there is a map n : HY(G, R) — Z(G) such
that Tmn acts trivially on R and ""a = "a, a € A, then H (G, (A, u)) is
a group.
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Proof. We have to show that every element (a, ) € Der(G, (A4, 1)) satisfies
condition (j). If ¢ € HY(G, R) take n(c) = d € Z(G). Then a(dz) = a(zd)
and a(d) Ya(x) = a(z) *a(d). Thus ‘a(z) = a(d) " ta(z) *a(d) and pa(d) =
rdr~l=pr~l=1. O

Corollary 7. Let (A,u) be either a crossed G-R-bimodule such that
H°(G, R) is a normal subgroup of R trivially acting on A or induced by
a surjective homomorphism f : G — R such that f(Z(G)) = Z(R). Then
HY(G, (A, p)) is a group.

Proof. In the first case take n as the trivial map. In the second case take a
map 7 : Z(R) — Z(G) such that fn=1zpR). O

If f: (A ) — (B,A) is a homomorphism of crossed G-R-bimodules
then f induces a natural map

fHoHY G, (A, ) — HY(G, (B, N))

which is a homomorphism in the following sense:

if xy is defined for z,y € H'(G, (A, pn)) then f(z)f!(y) is defined and
fay) = f1 (@) (y).

The above defined action of G on Der(G, (A, 1)) induces an action of G
on HY(G, (A, p)) given by

)] =[(e,7)], g€G.

We have to show that if (a,7) ~ (a/,7’) then 9(c,r) ~ 9(a’,7"). In effect,
since
a(z)®a, x€Gq,

this implies

Thus
90/(9_11) = 9q7! ga(g_lx) a, zed.

We also have 1’ = u(a)~rz, 2 € H°(G, R), whence 91" = 9u(a=1')9r9z =
w(9a)=19r9z. Therefore 9(a,r) ~ 9(c/,1").

In what follows if f is a map from a group G to a group G’ then f~!:
G — G’ denotes a map given by f~!(z) = f(x)" L.

Let (A, u) be a crossed G-R-bimodule. The definition of H?(G, (4, pn))
is similar to the case of (A, ) being a crossed G-module (see [1]).

Consider diagram (4) of [1] and the group Der(M, (A, 1)) where (A, u)
is viewed as a crossed M-R-bimodule induced by 7ly and a crossed F-R-
bimodule induced by 7. Let Z1(M, (A, 1)) be the subset of Der(M, (4, 1))
consisting of elements of the form (a, 1).

Define, on Zl(M7 (A, p)), relation

(a/,1) ~ (a,1) < (8, h) € Der(F, (A, u))
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such that
(al? 1) = (ﬁl()a h)(Oé, 1>(ﬁl1, h)_l
in the group Der(M, (4, p)).

Definition 8. Let (A,pu) be a crossed G-R-bimodule. The relation ~
is an equivalence. Denote by H2(G,(A, p)) the quotient set Z'(M,(A, 1))
/ ~. It will be called the second set of cohomology of G with coefficients in
the crossed G-R-bimodule (A, ).

It can be proved (as for a crossed G-module (A, ) (see Proposition 8 [1]))
that Z1(M, (A, pn)) / ~ is independent of diagram (4) of [1] and is unique
up to bijection.

Let (A, p) be a crossed G-R-bimodule. Then there is a canonical map

19/ : H2(G7ker ,LL) - H2(G7 (Ahu))
defined by the composite

91
[E] — [a] — [(a, 1)].
This map is surjective and was defined when (A4, ) is a crossed G-module
[3].

Proposition 9. Let (A, i) be a crossed G-R-bimodule. There is an ac-
tion of G on H?(G, (A, i) such that Z(G) acts trivially. If R acts on G and
satisfies the compatibility condition (3) of [1] then there is also an action of

R on H?(G, (A, p)).

Proof. The action of G on H?*(G,(A,u)) is defined exactly in the same
manner as for a crossed G-module (A, ) (see Proposition 12 [1]). The
action of R is defined similarly. Namely, we have an action of R on Mg
given by

gl = (Mgl "gal 741 "9
and one gets an action of R on Der(Mg, (A, 1)) defined by

T(aa S) - (a7T 5)7

"(lgal" - 1gnl s 91

where a(m) = "a(" 'm), r € R, m € Mg. Define "[(a,1)] = ["(a,1)],
r€R. If (a,1) ~ (o, 1) it is easy to see that "(a,1) ~ "(¢/,1). O

Let (A, p) be a crossed G-R-bimodule. Using (1) it can easily be shown
that there is an action of H°(G, R) on H?(G, ker p) given by

"la] =["a], re€ H°G,R),

where a : Mg — Kker i is a crossed homomorphism under the action of G
on A (see diagram (5) of [1]) such that a(A) = 1.
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If this action of H(G, R) is trivial and Der(Fg,(A, 1)) =IDer(Fg,(A, 1))
then the map
V' Hz(Ga ker :LL) - Hz(Ga (Av N))
is a bijection.
Let

1— (A1) -2 (B, p) -5 (0, \) — 1

—~

2)

be an exact sequence of crossed G-R-bimodules. If the action of H(G, R)
on H?(G, A) is trivial then there is an action of H*(G, (C,\)) on H?(G, A)
given by
ey = ).
We have to show that "y is a crossed homomorphism and the correctness
of the action.
Consider the diagram

lo
: la Q

A 2 B 4

There is a crossed homomorphism 3 : Fg — B such that ¥ = arg. Take
the product

(Blo, ) (7, D) (Blo,7) ™" = (7,1)

in the group Der(Mg , (B, p)). Then F(z) = B(z) ™ "py(z) B(z) = "py(@),
x € M. Therefore "y : Mg — A is a crossed homomorphism such that
"y (A) = 1.

If (o/,7") € [(a,7)] € HY(G, (C,\)), ie., (a,7) ~ (/,7"), then

o (z)=cta(z)® and 7' = \c) lrt,

where t € H*(G, R). It follows that

’

p(" (@) = " py(z) = MO oy () oy(x) =
=b"""oy(x) b= "Tpy(x) = o("*(x)), =€ Mg,

A(e) _ u(b) et

where ¥(b) = c.
Hence we have /
A =["1=1"
proving the correctness of the action.
Using diagram (3) for the exact sequence (2) one defines a connecting
map
st HYG,(C,\) — H?*(G, A)

as follows.
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For [(a,7)] € HY(G, (C,\)) take a crossed homomorphism 3 : Fg — B
such that ¥3 = o 7g. Thus there is a crossed homomorphism v : Mg — A
such that

vy = (BL) " Blo.
It is clear that v(A) = 1. Define

8" ([(,m)]) = ).

We must prove the correctness of 6'. If 8’ : Fg — B with ¥ = ar,
then ¢3 = 1. Thus there is a crossed homomorphism ¢ : Fg — A such
that 3’ = Bpo. Then we have

ey = (B'1) " B'lo = (Bypo)li " (Bea)lo = poly* Bl Blo palo =
= Bly* Blopoly ' poly = p(yaly toly).
Hence [v'] = [y].
If (a,7) ~ (¢/,7') then

o'(y) =ctaly)¥e, ceC, yeM,

" =Xc)"'rt, te H(G,R).
Take 3’ : F¢ — B such that
B'(x) = b~ Bx)“b
with ¢(b) = ¢ where ¥ = ar. Then (ﬁ'lflﬁ'lo)(y) = B'(z2)7 13 (z1)
where y = (z1,22) € Mg. Hence py'(y) = (8'17'8'o)(y) = (b~ B(x2)
“20) 071 B(w) b = b7 B(w) T B(a) b = B(w2) ' B(r1) = w(y).
Whence 7/ = ~.

For any exact sequence (2) of crossed G-R-bimodules there is also an
action of Der(Fp, (C,\)) on H3(G, A) defined as follows:

@O =1,

3
where f: Fy — A is a crossed homomorphism with [] (fi?73)¢ = 1 where
i=0

€ = (—1)" (see diagram (7) of [1]) and («,r) € Der(Fp, (C,\)). The correct-
ness of this action is proved similarly to the case of a short exact sequence
of crossed G-modules (see [1]).

If either the aforementioned action of Der(Fp, (C,\)) on H3(G, A) is triv-
ial or Der(Fy, (C,)\)) = IDer(Fy,(C,\)) and H°(G,R) acts trivially on
H?(G,ker )\), then a connecting map

5% H*(G, (C,)\)) — H*(G, A)
is defined by
52([(047 1)]) = ['7]7 (O‘ﬂ 1) € IT&(Mm (07 )\)),
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_ _ 2 .
where ¢y = Bry with 3= [[(B1})¢, e = (—1)%, and ¥3 = ar (see diagram
i=0

(7) of [1]). The correctness of 62 is proved similarly to the case of crossed
G-modules [1], and if (2) is an exact sequence of crossed G-modules we
recover the above-defined connecting map 6% : H*(G,C) — H3(G, A).

Theorem 10. Let (2) be an exact sequence of crossed G-R-bimodules.
Then there is an exact sequence

1 — HYG, A) 25 1Y@, B) 5 BY(G,0) 2
(G, A) 25 HY(G, (B, ) 25 HU(G, (C,N) 25 HA(G, A) 25
2 HA(G, (B ) S H(G, (C, ),

where @°, Y0, §°, ! are homomorphisms. If H*(G, R) is a normal subgroup
of R, then ¢! and 6 are also homomorphisms. If in addition H°(G, R) acts
trivially on H?(G, A), then §' is a crossed homomorphism under the action
of HY(G,(C,\)) on H*(G, A) induced by the action of R on A. Moreover,
if either the action of Der(Fy, (C,\)) on H3(G, A) is trivial (in particular if
R acts trivially on A) or Der(Fy, (C,\)) = IDer(Fy, (C,\)) and H°(G, R)
acts trivially on H*(G,ker \) then the sequence

HY(G, (B, 1) “5 H(G,(C, ) 2 HY (G, A)
s exact.

Proof. The exactness of the sequence

0 ©° 170 VR O
1— H°(G,A) — H°(G,B) — H°(G,C) — H (G, A)

is known [4].
If c € HY(G,C) then 6°(c) = [a] with a(z) = ¢ 1 (b71%b), z € G and
Y(b) = c. Tt follows that (ag, 1) ~ (pa, 1) where ag is the trivial map, since

pa(z) =btag®b, z€G,

and p(b) € H°(G, R) because u(b) = A\p(b) = A(c) and “A(c) = A(%*c) =
A(e), x € G. Therefore Im §° C ker !.

Let [a] € HY(G, A) such that (ag,1) ~ (pa,1). Then pa(x) = b~1 b,
r € G and p(b) € H°(G,R). We have ¥(b=1%b) = ypa(z) = 1. Thus
p(b) = (*b) = T¢(b), whence 1(b) € H(G,C). Tt is clear that §°(z (b)) =
[a]. Therefore ker ¢! C Im6°.

Clearly, ¥'¢! is the trivial map. Let [(a,7)] € HY (G, (B, u)) such that
(o,1) ~ (pa,1). Then Ya(z) = ¢ 1%, c € C, and r = Ac)7t, t €
H°(G, R). Let ¢(b) = c. Then pu(b) = A(c) and r = u(b)~'t. Take a(x) =
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ba(x)®b~1, z € G. Since Ya(r) =1, x € G, one has p~la: G — A and
(a,r) ~ (&, 1). Therefore ¢! ([p~1a]) = [(a,7)].

Let [(a,7)] € HY(G,(B,u)). Then ¢([(a,r)]) = [(¥a,r)]. Consider
diagram (5) of [1] and take a 7¢ : Fg — B. Then ¢y = (argl) targly
and 611 ([(o,7)]) = [7]- But v = ay is the trivial map, since argly = argly.
Therefore Im ' C ker ?.

Let [(a,7)] € HY(G, (C, \)) such that §'([(a,7)]) = 1. If B: Fg — B is
a crossed homomorphism such that 13 = arg then 6*([(a, r)]) = [7], where
oy = (Bl1)"1Bly . Thus there is a crossed homomorphism 7: Fg — A such
that v = (nl1)~'nly. Hence we have

(B11) 1Bl = (enl1) enlo,  (en~" B)lo = (en~ ' B)l1.

Thus there is a crossed homomorphism @ : G — B such that (¢n)~!8 =
arg. We have pf(z) = MpB(z) = darg(z) = r @ r=1 whence (8,r) €
Der(Fg, (B, p)) and (@, r) € Der(G, (B, ). Evidently, ¥ ([(@,7)]) =[(«,7)].

The rest of the proof repeats with minor modifications the proof of the
exactness of the cohomology sequence for a coefficient short exact sequence
of crossed G-modules (see Theorems 13 and 15 of [1]). O

It is clear that when (2) is an exact sequence of crossed G-modules,
Theorem 10 implies Theorems 13 and 15 of [1].

By analogy with the case n = 1 we propose the following definition of the
pointed set of cohomology H""1(G, (A, 1)) of a group G with coefficients
in a crossed G-R-bimodule (A, i) (in particular, in crossed G-modules) for
all n > 1.

Let (A, u) be a crossed G-R-bimodule. Consider diagram (7) of [1] and
the group Der(F,, (4, 1)), n > 1, where (A, u) is viewed as a crossed F,-
R-bimodule induced by 700402 - -- 9510y with 9y = 15 'm0 = 1,...,n.
Denote by Z1(F,, (A, n)) the subset of Der(F,, (A, 1)) consisting of all ele-
ments of the form (a, 1) satisfying the condition

n+1

[[eopth =1, e=(-1)"

=0
Note that since pa(z) =1, v € F,, we have a(F,,) C Z(A). In ﬁ(Fn, (A4, pn))

we introduce a relation ~ as follows: (a’,1) ~ (a, 1) if there is an element
(8, h) € Der(F,,—1, (A, p)) such that

o/ (z) = "a(x) H(ﬂ@”(z))i x € Fn, (4)
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where € = (—1)". Since the homomorphism 7,8} 07
depend on the sequence (i1,142,...,in—1,in), we have

B0} (x)(BO] (x)) " = (BO] (x)) ' B0} (x) E kerp,  x € Fy,

n—1aqn
0,7 0) does not

for j even and I odd. It follows that the product [] (607 (z))¢ in (4) does
i=0
not depend on the order of the factors. Note that if n is even then 8(F},) C
ker u C Z(A).
Similarly to the case n = 1 it can be shown that the relation ~ is an
equivalence, the quotient set Z1(F,, (4, n))/ ~ is independent of diagram

(7) of [1] (for instance, we can take the free cotriple resolution of the group
G), and there is a surjective map

9, - H"WH(G ke ) — ZY(F,, (A,p)/ ~, n>1,

given by [a] — [(«, 1)] which is bijective if (A, i) is a crossed G-G-bimodule
and either p is the trivial map or n is even.

Definition 11. Let (A, u) be a crossed G-R-bimodule. Define
H" NG, (A, ) = 2V (Fu, (A, )/~ > 1,

It is clear that for n = 1 we recover the second set of cohomology of G
with coefficients in (A, p).

Remark 1. Using the above-defined cohomology with coefficients in
crossed bimodules it is possible to define a cohomology H™(G, A), n < 2, of
a group G with coefficients in a G-group A.

Consider the quotient group A = A/Z(A) and define an action of A on
A and an action of G on A as follows:

[“/]a:aa, a,a’ € A,
9al =[a], g€G, acA

Let ua : A — A be the canonical homomorphism. Then (A, u4) is a
crossed G-A-bimodule and we define

H™(G, A) = HY(G, (A, ua)), n<2.

For n = 1 this cohomology differs from the pointed set of cohomology
defined in [4]. If

1—)ALBLC—>1
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is a central extension of G-groups then ¢ induces an isomorphism ¢ :

B/Z(B) =5 C/¢(Z(B)) and one gets a short exact sequence of crossed
G-B-bimodules

1— (A1) % (B, pp) % (C, i) — 1,

where 7ic is the composite of the canonical map 7 : C — C/¥(Z(B))
and the isomorphism ¥~!. Since B acts trivially on A, from Theorem 10
immediately follows the exact cohomology sequence

1 — HYG, A) 25 1Y@, B) 25 506G, 0) 25 HY(G, A) 2=
2L HYG, B) 5 HY(G, (Cie) 2o HA(G, A) 25 H2(G, B) 5
L H2(G,(C ) S HY(G, A),

Remark 2. As for the case n = 2 (see Remark of [1]) it is possible to
give an alternative more non-abelian definition of the third cohomology

HS(G, (A, 1)) of G with coefficients in a crossed G-R-bimodule (A4, y1). To
this end consider the commutative diagram

Yo
—_

Mé Z’ Qc 29, Mg
q 1l qo Ii 1l
) 9 e
e e

FG) & @

where F(G) = Fg, F*(G) = F(F(G)), 7¢ and Tp(g) are canonical surjec-
tiOHS, yle; is induced by F(TG)a and (MGv l07 ll)a (QGa q0, Q1)7 (Mé'v ©o, <)01) are
the simplicial kernels of 7¢, 7p () and ng, respectively. It is clear that (A, 1)
is a crossed Qg-G-bimodule induced by T¢long. Let Der(Qg, (A, u)) be the
subgroup of Der(Qg, (A4, i) consisting of elements (3, g) such that 5(Ag) =

1, where Ag = {(z,z),z € F?(G)}. Consider the set Z1(M}, (A, u)) of all
crossed homomorphisms « : M}, — A with a(A)=1 where A={(y,y),y€
Qc} and M} acts on A via 7glongpo. Introduce, in Z1(ME, (A, ), a
relation of equivalence as follows:

of ~aif H(Ba g) € ]3\e/r.<QG7 (A7M))
such that o (x) = By1(z) ra(z) Bpo(x), x € M. Define H3(G, (A, 1)) =

ZY (M}, (A, 1))/ ~. Then H3(G,(A,p)) is a covariant functor from the
category of crossed G-R-bimodules to the category of pointed sets. It can
be proved that H3(G, (A, 1)) is isomorphic to the classical third cohomology

group H3(G, A) if A is a G-module.
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