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ON THE REPRESENTATION OF NUMBERS BY THE
DIRECT SUMS OF SOME BINARY QUADRATIC FORMS

N. KACHAKHIDZE

ABSTRACT. The systems of bases are constructed for the spaces of
cusp forms Si(I'o(3), x) (k=6), Sk(I'o(7), x) (k>3) and Sk (Io(11),x)
(k > 3). Formulas are obtained for the number of representation of
a positive integer by the sum of k binary quadratic forms of the kind
22 +z122+23 (6 < k < 17), of the kind #? + 2122+ 223 (3 < k < 11)
and of the kind x% + z1x0 + 31’% B<kELT).

Let F} denote a direct sum of k& binary quadratic forms F} with the same
negative discriminant —¢q (¢ is prime = 3 (mod 4)). The question of the rep-
resentation of natural numbers by the direct sum of some binary quadratic
forms was for the first time considered by Petersson [1]. In particular, he
constructed the basis for the space of cusp forms Si(I'o(3), x) for an arbi-
trary integer k > 6 using the Dedekind n-function and obtained formulas for
the number of representation r(n, Fy) of the positive integer n by Fj, when
Fy = 22 + 2129 + 2% and 2 < k < 6. Lomadze [2, 3] obtained formulas for
r(n, F) when Fy = 23 + 21200 + 23 (2 < k < 17) and Fy = 22 + xy25 + 223
(2 < k <11) and showed that they obey a fairly definite law. To this end,
he constructed the bases of the spaces S;(I'0(3), x) and Si(I'(7), x) apart
for each k using a generalized multiple theta series. Merzlyakov [4] con-
structed the basis of the space Sk(I'o(3), x) for an arbitrary integer k > 6
and obtained formulas for r(n, Fy,) when Fy = 2% + z122 + 23 (2 < k < 11).
But these formulas do not obey any law.

In the present paper, using the generalized multiple theta series, the
systems of bases for the space of cusp forms S;(T'0(3),x) with an integer
k > 6 and for the spaces Sk (T'o(7), x) and Sk (To(11), x) with an integer k >
3 are constructed. After that, these bases are used to obtain the formulas
for r(n, Fy) when Fy = 23 + m129 + 23 (6 < k < 17), Fy = 27 + 2129 + 223
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(3<k<11)and Fy = 2?2 + 2125 + 323 (3 < k < 7). These formulas obey
a fairly definite law.

1.1. Let
Q(X):Q(xha‘rf): Z brsxrxs

1<r<s<f

be a positive quadratic form with f (f is even) variables and integral coef-
ficients b,s. Let D denote a determinant of the quadratic form

f
QQ(X) = Z ArsTrTs (arr = 2brr; Asr = Qrs = br.97 r < S)-

r,s=1

A, is a cofactor of a,s in the matrix A = (a;;). One calls A = (fl)f/QD
the discriminant of Q(X). N = A/ is the level of Q(X), where § =
g.c.d.(%7Arr)(m:1 _____ #) - x(d) is the character of Q(X), ie., if A is a
perfect square, then x(d) = 1; if A is not a perfect square and 2t A, then
x(d) = (&) for d > 0, and x(d) = (=1)7/2x(—d) for d < 0 ((§) is the
Jacobi symbol). A positive quadratic form with f variables of level N with
the character x is called a quadratic form of type (%,N, X). Further, ¢
denotes an odd prime number, z = exp(27it), 2y = exp(Q%T), Im7 > 0.
Let I'(1) denote a full modular group and I' any subgroup of a finite

index in I'(1). In particular, if N € N, then

To(N) = {(“ Z) €T(1) |c=0 (mod N)},

c

T1(N) = {(“ Z) €Ty(N) la=d=1 (mod N)},

c

c

T(N) = {(“ Z) €T1(N) [b=0 (mod N)}.

Let Gi(T, x) and Sk (T, x) denote the spaces of entire modular and cusp
forms, respectively, of type (k,T,x). If ' = I'(N) or T' = I'y(N), then
Xx(d) = 1; hence we shall write G(T") instead of G (T, x). As is known ([5],
p. 109), if F(1) € Gr(T', x), then in the neighborhood of the cusp ¢ = ico

oo

F(r) = Z amz™,  am, #£ 0.

m=mgy>0

The order of an entire modular form F(7) # 0 of type (k,T",x) at the
cusp ¢ = ioo with respect to I' is called the number ([5], p. 41)

ord (F(1),i00,T) = my. (1.1)
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Let F(7) be any function on H = {7 € C|Im7 > 0} and k € Z. Then,

for any matrix L = “ Z) e I'(1), let
F(r)| L= (cr+d)"F(L) (r €H).
Let
. _ ¥ Q(na,.my)
O Q). PX)L B = S Puning)d ,
n;=h; (mod N)
oo
QU RAX) = 3 R0 =30 (X )
Xezt n=1 >Q(X)=n
f
Here Q(X) =1 > a,s2,2, is a quadratic form of type (g, N,x); P,(X) is
r,s=1
a spherical function of order v with respect to Q(X); n1,...,ny are integers;
h = (hi1,...,hy), where h; are integers satisfying the conditions

f
Za,,shs =0 (mod N) (r=1,...,f).
s=1

Lemma 1 ([5], p. 217). If0(7; Q(X), P,(X), h) is not identically equal
to zero, then

0(m: Q(X), P,(X), h) € Gy /2(T(N)).

a b

Lemma 2 ([5], p. 218). If L = (c d) € I'y(N), then

0(m;Q(X), Py(X),h)|, oL =

S Q) )07 QX), Pu(X), ah).
Note ([5], p. 210; [6], p. 856) that

G(T;Q(X)vpu(X)vh) = Q(T;Q(X)ﬂPV(X)?g) for h=yg (mOd N)ﬂ (12)
H(TvQ(X)vpu(X)v _h) = (—1)”9(T,Q(X),PV(X), h)7
0(m; Q(X), P,(X),0) = N"0(; Q(X), P, (X)).

Lemma 3 ([6], p. 855).
0(7_; Q(X)7PV(X)) € Gu+f/2(F0(N),X)
and when v > 0

9(7—5 Q(X)a PV(X)) € Squf/Q(FO(N)J X)'
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Lemma 4 ([5], p. 114; [7], Ch. 3, §1). Let F(7) € Gx(T'1(N)) and
F(r) = Z amz™.
m=0

If all @, = 0 when m < % (1- p%), then F(7) is identically equal to
pIN
zero.

Lemma 5 ([6], p.846). If Q1(X) and Q2(X) are quadratic forms of
types (ki,N,x1) and (ka, N, x2), respectively, then Q1(X) @ Q2(X) is a
quadratic form of type (k1 + ka, N, x1Xx2)-

As is known ([6], pp. 874, 875, 817), if Q(X) is a quadratic form of type
(k,q,1), 2|k, k > 2, then
A:q217 1<I<k-1, (1.5)

and the Eisenstein series

E(r,Q(X)) =1+ (aok_1(n)2" + Box_1(n)z™) (1.6)

n=1
corresponds to it, where
ik k—1 _ ik 1 k _ Zk k—1
azi.iqk 7 5:7.7q - q , (1.7)
e ¢°—1 Pk ¢k -1
or-1(n) = S d5 g = (—1)%2 - B (k) (C(k) is the zeta function of

d|n
Riemann).
If Q(X) is a quadratic form of type (k,q,x), k > 2, x(—1) = (=1)*, then
([6], pp. 877, 818)

A=(-1)"T ¢ 0<i<k-1, (1.8)
and the Eisenstein series
BrQU0) =1+ s 3 (02 Y o+
Ak(q) n=1 dd=n
+ Zx(d)dk_l)z” (1.9)
d|n

corresponds to it, where

=

k—2 o
Ap(g) = (—1)*2. ("27) (k=1 x(n)n ™.

n=1
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To any positive quadratic form Q(X), as is well-known, corresponds the
theta series

O(r,Q(X)) =1+ r(n,Q(X))z" = > 2909, (1.10)
n=1 Xeznf

where r(n, Q(X)) denotes the number of representations of a positive integer
n by the form Q(X).

Lemma 6 ([6], pp. 874, 875). If Q(X) is a quadratic form of type
(k,q,1) or of type (k,q,Xx), then if k > 2,

is the cusp form of type (k,To(q),1) or of type (k,To(q), x), respectively.

Lemma 7 ([8], p.76). Let n(r) denote the n-function of Dedekind.
Then if ¢ > 3

fu(r) = n'(er) _ on 11 (A=) G ozt (To(a), %),

where x = x(d) = (%).

1.2. Lemma 8. Let

1
Q& = Q&(X) =4q Z ;T +q Z TiTg—1 + 1 xﬁ_l,
: : 1<i<j<q-2 1<i<q—2
-1 q¢+3 q+5 q(1—q)
h<q>=(12... g )
b b b 2 b 2 b 2 b ’q

Then
a) ifg=3

93(7; di)7 17 h(S)) S G3(F0(3)7 X>7 Ord(GS(T; gg)a 17 h(g))7 ’iOO, FO(S)) = 17
b) if ¢ =5,7,11 and 13
0(7:Q1, 1,h9) € Gus (Do), %),
5 2

2
—1
ord (0(r; Q'Y ,1,h(®), ico, Ty (g)) = £ .
2
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Proof. In [9] it is shown that a quadratlc form Q a1 is of type (45- L g, X)-

It is easy to verify that if Q(q) =1 Z QrsZTrTs, then

r,s=1
g—1 q2 .
Zarsh(‘l) =0 (modgq) and Q L (h9) = ¢ —
s=1

d
I'y(3). Then (a,c) = 1, i.e., a = 1 or =1 (mod 3) and, as v = 0, from
Lemma 2 and (1.2), (1.3) we get

a) By Lemma 1, QS(T;QgP’),l’h(?’)) € G5(I'(3)). Let L = (CCL b) c

0 (r; Q) 1, h<3>>|3L = x*(d) ex : 3)9%; Q. 1,an) =
= x(d)6 (r; QY 1,h).

Hence,by definition, 62(r; Qgg), 1,h3) € G3(To(3), x). Using the computer
we get

. (671';@1)

P QY 1,h®) =272 + 8122 + 24323 + -
Consequently, by (1.1),

ord(93(T'Q§3), 17h(3)),ioo71—‘o(3)) =1

b) By Lemma 1, 6(; ng)l, 1,h@) € Gox (T(g)). T L € T1(q) C To(q),
then a =d =1 (mod q), hence by Lemma 2 and (1.2)

0(; Q .1 h(‘Z))}q;lL:

:X(d)exp(%mab Q(q) (h (q )) (r; Qq 1,1,ah(Q))
= 0(r: QY 1,h@).

That is, by definition, §(7 Q 91 WD) € Go 1(F1( )). By Lemma 7,

o) = T € Gy (Po0) ) € G (D10
Hence
Wbq(T) = fo(r) = %9( QL LD = 37 D" € G (T(0)).
m=0

)

If g =5,7,11 and 13, using the computer we get that all c5,‘{ = 0, when
2

qg—1
m < 5=

Lemma 4, 1,(7) is identically equal to zero, i.e.,
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Q(T;Q(qqé, 1,h0) = qfq(T) € Gq;zl (T'o(q), x). Using the computer we get

2

52 +522+1023 + -+ when ¢ =25, (1.11)

0+ 0D 1 p@)y T2 4T84 when ¢ =7, (1.12)
(T7Qq771) 9 ) 5

2 1127 +--- when ¢ =11, (1.13)

1327 + - .- when ¢ = 13. (1.14)

By (1.11)—(1.14) and (1.1)

-1
2

Further ®;,, denotes the direct sum of m quadratic forms ®.

ord(8(m; Q'Y ,1,h(9)), ico, Ty (q)) =

1
2

O

Lemma 9. Let Iy,lo,t1,t; € NU{0}, X € Zh | Y € Zl2th |V € 72,
W = (X,Y,Z) € Zhtlethtt [ and &, are positive quadratic forms.
If Q(T;Fll’Pl(X» € Sk1(F0(q)’X); H(T;Ez D (I)tw PQ(Y)) € Sk2(F0(q)7X)7
O(7; @y, Ps(V)) € Si;(To(q), X), then

0(r; Fi,, PL(X))0(7; Fiy @ oy, Po(Y))0(7; ey, P3(V)) =
= 0(7-7 Fl1+l2 S3) (bt1+t27 P(W)) € Sk’l-‘rkz-‘rks (FO(q),X)7
where
P(W) = P(X)P(Y)P5(V).

Proof directly follows from (1.4) and Lemma 3. O
In the sequel let

f i) = o¢(n) if ¢gtn,
oy (n) { (n)

+ ()T o) i g
‘) =gt ST (D)t 1 (1) S (e
il =at 30 (5)d+ |Z (5)d"
If Fy is a quadratic form of type (k, g, x), then by Lemma 3,
O(r, Fy,) = 0(7; F, 1) € Gx(To(q), x)- (1.15)
It follows from (1.10) and (1.1) that
ord(0(r, Fy,),i00,T9(q)) = 0. (1.16)
Using the formula ([6], pp. 824, 825)

Zq;l X(l){ngk (i) - gk(zl) },

_x@k =Dty
Ak(Q)—W'qk g p
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where
k —

T TPyt
= — —4
98(@) = 37 ~ Z (& —2m1(2r)!

'r<—
are the Bernoulli polynomials defined on interval 0 < z < 1, we get

3-25-17

As(11) = =3, A5(11) = =

A7(11) =-9-17-71. (1.17)
2. Let
F = x? + 129 + arg

In [2] it is shown, that F} is a quadratic form of type (k,3,x) (x = x(d) =
(4) when 21 k and x = 1 when 2|k) and

O(1,F1) =1+624+0-2% 4. (2.1)

Applyng the Jacobi method it is easy to show that the linear transfor-
mation

x1=y1—%y2, 332:%92,
1 9 (2.2)

x3=y3—%y4, $4=ﬁy4

reduces the quadratic form F5 into the normal form.
Lemma 10. a) ¢ = ¢(z1,...,74) = x5 + a} — 62323 is a spherical

function of order 4 with respect to Fy;
b) 0(7; Fo,p) = 82 — 4822 + 7223 + 3224 + .- € S5(T0(3),1);
c) ord(0(; Fy, ),i00,T9(3)) = 1.

Proof. Using transformation (2.2) we get

16 , 16 , 32
16-4-3 32-2

Z s (=-S5 ) B =0

Consequently, by definition, ¢ is a spherical function of order 4 with respect
to Fy and, by Lemma 3, 0(7; Fa, ¢) € Ss(T'0(3),1).
Using the computer we get

0riFag) = Y (X b bab—oafed )" -

n=1 “Fy=n

=8z — 4822 +722% 4322 + -+ . (2.3)

o(x1,...,14) = y3y: = o1, ..., ya),
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It follows from (2.3) and (1.1) that
ord(0(7; F, ¢),i00,T9(3)) =1. O

Theorem 11. Let C = (¢cq) (s =1,2,3;7=1,..., [g]fl) be the matriz
whose elements are non-negative integers satisfying the conditions

6cir +3cor +c3 =k } (’I’ =1 [ﬁ} _ 1) (24)

c1r+eor =1, c1>0 R ] ‘ (2.5)

Then for k > 6 the system of functions
k
01 (135 Fy, )03 (15 Q§3)7 1, hA3esr (7, ) (r =1,..., [g} - 1), (2.6)

where 0(T; Qg?’),l,h(g)) is defined by Lemma 8, is the basis of the space
Sk(To(3), x)-

Proof. By Lemmas 8-10 and (1.15), (2.4), functions (2.6) are cusp forms of
type (k,T0(3),x). By Lemmas 10, 8 and (1.16), (2.5), we have

ord(0°17 (75 Fy, )07 (7: QY 1, R0 (7, Fy ), ico, T (3)) = r

(r:l,...,[g] —1).

Functions (2.6) are linearly independent because their orders at the cusp
100 are different. Hence the theorem is proved as it is known ([6], pp. 815,
816) that dim Sy (I'o(3),x) = [£] - 1. O

Corollary 12. The system of functions
O(7; Fa, )0 (7, F)) when 6<k<8 and

0" (7; Fa, )0~ (7, Fy) (r =L [g} )’

051 (s o, )10 (7 QY 1)) (r, 1)

k k
= |= R e >
(7“ [6} + 1, ,[3} 1), when k> 9,
is the basis of the space Sk(I'o(3), x).
By Lemma 6, §(7, Fy,) — E(7, Fy,) € Sk(T'o(3), x). Hence,by Corollary 12,
there are constants a&k) such that
[§]
0(r, Fy) = E(r, Fx) + > _ al¥0" (15 Fy, )0 (7, Fy) +

r=1

+ Z a®PEI=T (1 By, )03 15D (7,Q) 1,003 5} (7, 1Y), (2.7)
=[£]+1
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Using the expansions of 0(r, Fy), E(7, F}) [2] and the expansions of

0(; Fy, @) and O(T;Qgg), 1,h3) and equating, in both parts of (2.7), the

coefficients of z,22,..., 2!, where | = dim Sj(I'¢(3), x), we get the systems

of linear equations. By solving these systems we find the constants a&k).
Equating, in both parts of (2.7), the coefficients of 2", we obtain formulas

for the arithmetical function r(n, Fy).

Let Gi(x1,...,24;) = Hizl(xﬁt_Q + x4, — 623, _52%,). Then formulas for
r(n, Fy) when k =6,7,...,17 have the following form:

252 27
r(n, Fy) = S 05(n) + 35 > Gi(w,.. ., ma),
Fg:n
3 ., 27
r(n, F7) = ?pG(n) + - Z Gi(x1,...,24),
F3=n
240 216
r(n, Fg) = How(n) + e Z Gi(x1,...,24),
F4:’I’L

27 5184
T(naF9) = 7[)*(7’1) + Z Gl(xlv-- -71'4)7

F5:n
12, 81
r(n, Fio) = I o(n) + I > Gi(w,.. . xa),
FGI’I'L
3 15147
r(n, Fi1) = @Pw(”) + STV Z Gi(z1,...,24),
F7:n
6552 453168
r(n Fiz) = gy on(n) + 73gar D Gilons o) -
Fs=n
36450
— Go(x1, ..
73691 j{: (1, 78)
3 . 541836
r(n, F13) = mﬂm( n) + 73747 Z Gz, 24) —
138510
_ mFZZ Gg(xl,...71’8)7
12 1147
T(n,F14) = @013 1093 Z Gl xl,..., )
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9 77863977
r(nFis) = 41916510 "1+ T 119 16510 2{: Grler,- @4) -

63425916
T 419-16519 jg: Gal21,.., T5),

480, )+ 8376912 e ra) -
193 - 3617 193 - 3617 B

F12:7l

9669456
SO0 NT Gy(an, -
1933617 25%1 2(21,.-, T8),

3 . 1609496352
55 10T 13657 P9+ 53101 13087 2 1@

Fi3=n
2434381776
T 93.401 - 13687 ZE: Ga(21,--,73).

(n Flﬁ)

(n F17) P )

3. Let
F, = x% + 129 + 290%.
In [3] it is shown that the quadratic form F} is of type (k,7,x) (x = x(d) =
(4) when 21 k and x = 1 when 2|k).
The following Lemma is proved exactly as Lemma 10.

Lemma 13. a) ¢ = ¢(z1,72) = 23 — 223 is a spherical function of order
2 with respect to F;

b) O(7; F1,0) =22 — 622 4+0-22 +1022 4+ 0-2° +--- € S3(T(7), x);

c) ord(0(7; F1, p),i00,I'0(7)) = 1.

Theorem 14. Let C = (¢csr) (s = 1,2,3; r = 1,...,2[%] — 1) be the
matriz whose elements are non-negative integers satisfying the conditions

3c1r + 3cor +c3r =k (T_l 2?}_Q (3.1)
Cir +2cor =1, c1r >0 I K] ' (3.2)
Then for k > 3 the system of functions

k
0 (s F, )0 (3 Q7 L)oo (r 1) (r=1,...,2[3) —1), (33)

where 0(t; Qz(;),Lh(?)) is defined by Lemma 8, is the basis of the space
Sk(To(7),x)-

Proof. By Lemmas 8, 9, 13 and (1.15),(3.1), functions (3.3) are cusp forms
of type (k,T0(7),x). By Lemmas 8, 13 and (1.16), (3.2), we have

ord(0° (75 Fy, )0 (7 Q5 , 1, (D)0 (1, ), oo, T (7)) = 7

G=L~w2§]—ﬁ-
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Functions (3.3) are linearly independent because their orders at the cusp
100 are different. Hence the theorem is proved as it is known ([6], pp. 815,
816) that dim Sy,(I'o(7),x) = 2[£] - 1. O

Corollary 15. The system of functions
O(t; Fy, )08 3(1, F1) when 3<k<5 and

0" (1; Fy,)0% 3" (1, Fy) (r =1,..., {g} ),

P (7 By )0 B Q7 1) (7, )
k k
= |- = = >
(1" [S}Jrl, ,2{3} 1), when k > 6,
is the basis of the space Sk(To(7), x).

By Lemma 6, (7, Fy,) — E(7, Fy,) € Si(T'0(7), x). Hence by Corollary 15
there are constants a&k) such that
(%]
0(r, Fy) = E(r, Fy) + > _ al¥0" (15 Fy,0)0F % (1, Fy) +

r=1

B Z NP (s )0 (7 Q8,1 )0 (7, ).
=[5]+1

Then, using the expansions of 0(7, Fy,), E(r, Fy) [3], the expansions of
0(r; F1,) and 6(r; Q(7 1,h(M), exactly as above, we get formulas for
r(n, Fg).

Let Gi(z1,...,x9) = [[}_,(3,_1 — 23,). Then formulas for r(n, F})
when k = 3,4,...,11 have the form

7 3
r(n, Fs) = g p3(n) + g > Giar,x2),

F1:7L
24 8
r(n, Fy) = £ oj(n) + > Gila,72),
F2 n
1
r(n, F5) = 6" Z Gi(21,22),
F3 n
28 o 100 18
T‘(n,FG) = TQ Z Gl fEl,.’EQ TQ Z GQ(ml,...,m;l),
Fy=n Fo=n

1 ( 3917 501
’I"(TL,F7) = @p6 584 Z G1 Il,CCg Z GQ CC17...,.T4),
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20 o, 9488
rin Fs) = 1901 700+ 01 ZE: G, 22)
| 2288
+ 101 jg: Ga(z1,...,24),
7 2534921
Fo) = ——p}
r(n Fo) = o5 geat 5V T 35 et Z Gr(a1,z2)
57299 27675
Golz, ... Gs(zr, ...
8831 Z 2 xla ) 4 23 8831 Z 3 xlv y L )a
14 | 27988
rn, Fio) = 5551 79+ Sgor 25: G, z2)
5522 4320
- 2801 Z G2 ':617"'7 ) 2801 Z G3($1,...7I6)7
Fe, n F4:71
1 19527061
Fi)=— SRR NT Gy, 2) —
i Fn) = sy g o A0 om0 ;Z; 1(21,22)
9=nNn
1319075
2273701 j{: Calor,- o) =
4070853
Gs(z1, ... x6)-
T 2.11-73-701 ZEI 3(@1, . 6)
4. Let

F1 = .%% + x119 + 31’%,
ﬁQ = 2(:17% + I% + I’g + IZ) + 21’1$3 + X124 + 23 — 23]2354.

It is easy to verify that the quadratic form Fj is of type (k,11,x) (x
x(d) = (—) when 21k and x = 1 when 2|k) and the quadratic form FQ is
of type (2,11, 1).

The following Lemmas are proved exactly as Lemma 10.

Lemma 16. a) o1 = ¢1(z1,22) = 23 — 323 is a spherical function of
order 2 with respect to Fy;

b) O(7; Fi, 1) =22 — 1023 +82% — 225+ 026 4+ .-+ € S3(To(11), x);

c) ord(0(; F1, p1),i00,T(11)) = 1.

Lemma 17. a) @3 = @a(x1,...,24) = 25 +4x223 is a spherical function
of order 2 with respect to ﬁg,’

b) 0(7; Fy, o) = 422 — 1623 + 82% + 3225 — 2025 + .- € S4(To(11),1);

¢) ord(8(7; Fy, 3),i00,To(11)) = 2.
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Lemma 18. a) o3 = ¢3(71,...,26) = x&+2x223 is a spherical function
of order 2 with respect to Fy ® Fy;
b) O(7; Fo @ F1,p3) = =823 — 2424 46425 +0- 25 4. € S5(To(11), x);

c) ord(0(r; F @ Fy,3),i00,p(11)) = 3.

Lemma 19. a) ¢4 = ¢4(z1,...,24) = 275 — 3] — 62322 + daz2d +
62223 + 62322 is a spherical function of order 4 with respect to Fy;

b) 0(7; Fa, p4) = —482% + 4825 + 9625 + - - - € Sg(To(11),1);

¢) ord(0(7; Fa, ¢4), 100, To(11)) = 4.

Lemma 20. a) ¢5 = p5(x1,...,06) = 4woxi + 3ziw? — 24wowsa? —
—3x323 — 6222% — dasad + xf is a spherical function of order 4 with respect
to ﬁQ D Fl,'

b) 9(7’, ﬁg G}/VF&7 (p5) = 5282’6 + e € S7(F0(11), X),

=6.

c) ord(0(7; F2 © F1, ps5),100,g(11))

Theorem 21. Let C = (¢or) (s =1,...,7;r=1,...,k—2) be the matriz
whose elements are non-negative integers satisfying the following conditions:

Tc1r+4co,+5c3,+6¢4,+ 3¢5+ 5cer+Crr =k (41)
6§1r+232r+3c3r+4C4T+C5r+5c6r =My, (’l":]., o k72), (42)
> csr >0; cip-e3 =05 cip ez, =0 or 1

s=1

my =1 whenr=1,....k—=3; mr_2=k—21ifk#5l+2 and mp_o=k—1
if k =514+ 2, 1 € N. Further, let (") = @7 o5 05 054 5" be the direct
product of functions s defined by Lemmas 16-20 (2 = 1). Then for each
k >3, k # 8, the system of functions

0(r; Fay, @ Fy,, 0))0% (73, Q0D 1, R0 (7, Fy)
(r=1,....k—2), (4.3)

where O(T; éll), 1, (1)) is defined by Lemma 8 and

Vp = C1p + Cop + C3p, t, =cir + C3p + C4y + Csp (44)

is the basis of the space Sk (Io(11),x).
Proof. Tt follows from the definition of ("), (4.4) and Lemma 9 that

0(7; Fay, @ Fy, ) = 07 (1, Fo @ Fy, 05)°20(7; Fa, p2) X
x 0% (75 Fy @ F1, p3)0%7 (13 Fa, 04)0°7 (13 F1, p1). (4.5)



ON THE REPRESENTATION OF NUMBERS 69

Therefore (4.5), (1.15), (4.1) and Lemmas 8, 16-20 imply that functions
(4.3) are cusp forms of type (k,I'o(11), x). By Lemmas 16-20, 8 and (1.16),
(4.2), we have

ord(6(7; Fau, @ Fy,, ))0% (73 QS 1, D)0 (7, 1), ivo, T (1)) =m,

m=12,...,k—2 when k #5l+2and m = 1,2,...,k — 3,k — 1 when
k =514 2,1 € N. Functions (4.3) are linearly independent because their
orders at the cusp ico are different. Hence the theorem is proved as it is
known ([6], p. 815, 816) that dim Si(To(11),x) =k —2. O

By Lemma 6, §(7, Fy,) — E(7, F};) € Si(To(11), x). Hence by Theorem 21
there are constants a&k) such that

9(7’, Fk) = E(T, Fk) +
k—2 N
+ Z a®o(1; Fyy, @ Fy, 0M)0(T; Qéu), 1, A9 (1, Fy).

r=1

From (1.5)—(1.10) and (1.17) when ¢ = 11, using the computer we get the
expansions of §(r, Fy,) and E(7, F);). Then exactly as above we get formulas
for r(n, Fy). When k = 3,...,7 they have the form

1. 4
r(n, F3) = 502(71) t3 > @} —3a3,

F1:TL

120 184 88

r(n, Fy) = 51 78 (n) + oL x? — 3x3 — 6l Z x5 + daoxs,
Fy=n Fo=n
11 " 5704
r(n, F5) = m%(”)er af — a3 —
F3:’I’L
3608 9
_73.52.17~Z x2—|—4.');‘2.’[73,
FodFi=n
36 552
r(n,F6):ﬁ0'5(n)+m SU%—?).T%—
Fy=n
528 121
—WNZ $§+4$2$3—m~2 x%+2x2x3—|—
Fo@Fo=n Fo®Fy=n
_ 1381 Z 2xy — 3a] — 6x3x3 + dagal + 6x3w; + 62523
2-3-5-19 = ’
1 " 75376

T(TL7F7) = 32.17.71 pﬁ(n)+ 32.17.71 Z 1‘? _3I§ -

F5:n
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94360 )
T 2 R dws s
F@F3=n
33187 ,
T3297.71 Z Tg + 20203 +
F>®F3=n
365057
2%17n§:2 g — 62503 + 4wzl + 6a3w] + 6x5x].
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