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ON THE REPRESENTATION OF NUMBERS BY
POSITIVE DIAGONAL QUADRATIC FORMS WITH FIVE
VARIABLES OF LEVEL 16

D. KHOSROSHVILI

ABSTRACT. A general formula is derived for the number of represen-
tations r(n; f) of a natural number n by diagonal quadratic forms f
with five variables of level 16. For f belonging to one-class series,
r(n; f) coincides with the sum of a singular series, while in the case
of a many-class series an additional term is required, for which the
generalized theta-function introduced by T. V. Vepkhvadze [4] is used.

1. Let f = f(z) = f(x1,29,...,25) = %X’AX = %Zj,k:l KT T
be an integral positive quadratic form. Here and in what follows X is a
column-vector, and X’ is a row-vector with components x1,xs,...,zs. Let
further r(n; f) denote the number of representations of a natural number n
by the form f.

For our discussion we shall need the following results.

As is well known, for each quadratic form f we have the corresponding
series

19(7—7 f) = 1+Zr(n7f)Qna (1)
n=1
G(Taf) = 1+Zp(n7f)an (2)

where Q = €2™7(Z,,7 > 0) and p(n, f) is a singular series. In the cases
considered here the sum of the singular series can be calculated by means
of the following two lemmas.
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Lemma 1 (see [1]). Let 2 1 5, A = 2°Ag, nlg = 240y = riw,
2%|n, 27| Ao, P A0, p?ln, vr = [ p* = 1w, v = [] » =
p|n p|Aon
pi2Ag p|Ao,p>2
raws, (w, wi and wy are square-free integers).
Then
2275l 3 (s — 1) o g o
pn, f) = T 2T X (@) a0 X (p)
D(3)AZ Baos p>2
2
s—1
—8\— s—1 s—1 -1 7w 1—s
XHP|2A0(17P1 ) 1L(Tr(_1) 2 W)HP\Tz (1 (L)p 2 >X
ro>2 p
(=)=
— 2 W 1—s
S (1= (BL)), 3
p
d|ry

where Bs—1 are Bernoulli’s numbers, (5) is Jacobi’s symbol, and the values

2
of x(2) are given in [2] (p. 66, formulas (28)—(33)).
For the case s = 5 the values of L(-,-) are given in

Lemma 2 (see, e. g., [3]).

2 271_2

L(2;1) = %7 L(2;2) = T

L(2;w)=—i. Z h(g)7 if w=1 (mod4), w>1;

N

W <h<y
2 h h
L(2w) = ——{2 h(=) + (w—2h) (=)},
2w?2 w
WL ach<y s <h<y
if w=3 (mod 4);
w2 h h
L(2w) = e {w (l—) - (w— 16h)(l—) -
w2 1<he s Sw Pty SW
h
— 2w Z (1w>}’ if w=2 (mod 8), w > 2;
fg<n<y 2
2 h h h
L(Zw) = {16 (r) +w (1—) tw > (1—>—
dw? 1<h<e 2% 3w 2% 3 W
<h<tp fr<h<i s ch<y
h
— 16w h(l)}, if w=6 (mod 8)
3*“’<h§% 5(4)
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In [4] Vepkhvadze constructed generalized theta-functions with charac-
teristic and spherical functions

In(m P f) = S () TR (X)e

X=g (mod N)

miTX'AX
N2

(4)

Here g and h are special vectors with respect to the matrix A of form f,
ie.,

Ag=0 (mod N), Ah=0 (mod N),

where N is a level of the form f, i.e., the smallest integer for which NA~!
is a symmetric integral matrix with even diagonal elements; P, = P,(x) =
P,(x1,...,xs) is a spherical function of v-th order with respect to f.

The properties of functions (4) are investigated in [4], where these func-
tions are used to derive a formula for the number of representations of a
quadratic form with seven variables.

In this paper we use the method of [4] to obtain formulas for the number
of representations of natural numbers by all positive diagonal quadratic
forms with five variables of level 16.

Lemma 3 (see, e.g., [4], Lemma 4). Let k be an arbitrary integral
vector, and | a special vector with respect to the matriz A of the form f.
Then the equalities

h' Ak

Vg Nk n (T3 Py, )= (1)~ Ogn (1 Py, ), Vg nt2(T; Py, f)=0gn(7; Py, f)

are valid.

For M = <: ?) € I'y(NV) denote

’U(M) _ (i%"("/)(sgn(s_l))s—i_QV(Sgn 5)1/(2.((5'2’1)2)8—’_2”(%(5@?6)5) (%)7(5)

n(y) =1 for v >0, n(y) = —1 for v < 0. By vo(M) we denote v(M) in the
case v = 0.

Lemma 4 (see, e.g., [4], Theorem 2). Let f = f(x) be an integral
positive quadratic form with an odd number of variables s, A the determi-
nant of the matriz A of the form f, and N the level of the form f. Then
function (1) is an integral modular form of type ( -5, N, vO(M)).

Lemma 5 (see, e.g., [4], Theorem 2). Let fi = fr(z) (k=1,...,75)
be integral positive quadratic forms with the number of variables s, Pl,k =
P () (k=1,2,...,7) the corresponding spherical functions, Ay a matriz
of the form fi(x), Ay the determinant of the matriz Ay, and Ny the level
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of the form f,. Let further ¢ and h™® be vectors with even components,
and By, arbitrary complexr numbers. Then the function

i
O(1) =D Bt (13 P, fir)
k=1

is an integral modular form of the type ( - (5 +v), N,v(M)), where v(M)
are determined by formula (5), if and only if the conditions

Ni|N, NZ|fi(g™), 4Nk|N£kfk(h(k)) (6)

are fulfilled, and for all o and 0 satisfying the condition ad = 1 (mod N)
we have

(*1)5;1 Ak) _

J
ZBkﬁagu,),_h(m(ﬂPu(k),fk)(sgms)u( 5]

k=1

SIS AN &
- (()|5|) ZBkﬂg(km(k)(T%PzEk)afk)' (7)

k=1

Lemma 6 (see, e.g., [5], Theorem 4). If all the conditions of Lemma
5 are fulfilled and v > 0, then the function ®(7) is a cusp form of the type
(= (5 +v),N,v(M)).

Lemma 7 (see, e.g., [4], Theorem 1). Let F be an integral modular
form of the type (=T, N,v(M)), where v(M) are determined by formula
(5). Then the function F is identically zero if in its expansion into powers
Q = e?™7 the coefficients of Q™ are zero for all

r 1
<IN (1 7).

n < 2 H —|—p
p|N

2. Positive diagonal quadratic forms with five variables of level 16 are
written as

S1 52 5
fose =2 a3+2 3 af+4 ) aj,
j=1

j=s1+1 j=s2+1
where 1 < 51 < 59 < 4.

Theorem 1. Let f1 = 4% + 423 + 22%, P = x3, ¢ = (4,4,8), b/ =
(2,2,4). Then the identity

7‘9(7-; fshsz) = 9(7—5 f$1732) + (I)(Tv fshsz)’ (8)
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holds, where

1
O(7; fi,2) = Eﬂgh(T; Py, f1),

O(7; fo,3) = P75 f34) = %ﬁgh('ﬂpla f1)s

O(7; fs,.5,) =0 in other cases.

Proof. By Lemma 4 the function 9(7; fs, s,) belongs to the space of
integral modular forms of the type ( — g, 16,UO(M)), where the system of
multiplicators vo(M) is calculated by formula (5). Therefore by Siegel’s
theorem the function 0(7; fs, s,) also belongs to this space.

It is easy to verify that the function ®(7; fs, s,) satisfies conditions (6)
of Lemma 5.

If @0 =1 (mod 16), then ad = 1 (mod 4), i.e., either & = 1 (mod 4)
and =1 (mod 4) or « = —1 (mod 4) and 6 = —1 (mod 4).

In our case condition (7) of Lemma 5 is written as

ﬁag,h(T;P17f1)(Sgn5)(_|§|8) = (T;T)ﬁgh(ﬂphfl) 9)

and we must check it.
1. Let « =1 (mod 4) and § =1 (mod 4). It is easy to verify that

) (757) = (57)

and since ag = Nkj + g with as an integral vector ki, together with Lemma
3 this implies the validity of (9).
2. We now set a = —1 (mod 4) and § = —1 (mod 4). Since

728 210
o () =)
0] 0]
and ag = Nko — g, where ks is an integral vector, and, as is easy to verify,
V_gn(T; P1, f1) = —0g.1(7; P1, f1), Lemma 3 implies (9). From (9) it follows

that the function ¥gs(7; P, f1) satisfies conditions (7) of Lemma 5 as well.
Hence, by Lemmas 5 and 6, the function 9,45, (7; Py, f1) is a cusp form of the

type ( — %, 16,v0(M)).
Therefore due to Lemma 7 the function

w(T; f51782) = 19(7—; f31752) - 0(7—; f81782) - q)(T; f81,82) (10)

will be identically zero if in its expansion into powers of Q = e2™" all
coefficients of Q™ for n < 5 are zero.
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Let n = 2%m (2{m, a > 0), 210751752 = 2w m = 72w, w and w; be
square-free integers. Then by formulas (2) and (3) we have

o)
0(7;f51752 = Z n; f&l,bz 3

where

3a+sy+sg
f—"_Q

P for ) = T““Zdi”ﬂ (1= Chr?) L@@, 1)

The values of L(2,w) are given by Lemma 2. Introduce the notation
Xs1,s,(2) for the values of x(2) corresponding to the quadratic form f;, s,.
Using formulas (28)—(33) from [3], we obtain

1, fora=0o0ra=2;
B 1
A (13 25342 — 12 )), for 24 a, m =1 (mod 4);
X2,3(2)= TS (12)
—(13- 27’5—1—15) for 24 a, m =3 (mod 4);
2~ 2

(13-2% 3 +15), for2|a, a>2

N

After calculating the values of p(n; f23) for all n < 5, by (2), (11) and
(12) we have

0(7; f2.3) = 1 +2Q + 6Q* + 12Q% + 16Q* + 28Q° +

Formula (1) implies

V(75 fa3) = 1 +4Q + 6Q% + 8Q% + 16Q* + 24Q° +

By (4) we obtain

HNCINAED S G DR e

n=1 4n:xf+x§+2x§
z1=1 (mod 4)
z2=1 (mod 4)

21’1‘3

=20Q —4Q% —4Q° + .... (13)

Now it is not difficult to verify that all coefficients of Q™ in the expansion
into powers of @ of the function ¥(7; f2,3) determined by (10) are zero for
all n < 5. Thus identity (8) is proved for the case, where s; = 2 and so = 3.

For other values of s; and so, the theorem is proved similarly. We give

here a list of suitable values of x(2) calculated by means of formulas (28)-
(33) from [2]:

x3Q") =
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X1,1(2) =

X1,2(2) =

X1,3(2) =

0,
737a+1 )
; 5.9% +2—7(— )
2_37(1—"_2 37(!_1
- (5-27 71 +15),
2= +3 .
27 “(5-2% 73 1 15),
1,
5 +s
7
2_37&_‘—% 3a 1
- (3-2% 77 +15),
25 +3 o
C(3-2% 24 15),
1,
2-% N 2
“ (5 237+2—7(—)),
7 m
2= o,
- (-2% 1415,
2~ +3 e
—(5-2% 7 +15),

X1,4(2) = x2,3(2) (see (12));

X2,2(2) =

9—

EN|

w‘g ~J

L,
3a

2(5.2% +2,7(2))7
7 m

2=+

3a _q

(5-2% 71 +15),

+

wfot

(5-2% -3 +15),

fora=1ora =0,
m =3 (mod 4);
fora=0, m=1 (mod 4);

97

for 2|, @ > 1, m =1 (mod 4);

for 2|, & > 1, m =3 (mod 4);

fora=0o0ra=1,

m =3 (mod 4) or a = 2;

a 2
3.237%4_2_7(%)), for2ta, m=1 (mod 4);

for 2t a, a>1, m=3 (mod 4);

for2 | a, a > 2;

fora=0ora=1;

for 2| @, a>1, m=3 (mod 4);

for 2| @, a>1, m=3 (mod 4);

for24a, a>1;

for 2 | a,

for 2| a,
for 2 | o,

for2ta, a>1,;

a>0, m=1 (mod 4);

a>0, m=3 (mod 4);

a >0, m=3 (mod 4);
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1, fora=0ora=1;
37@71 3a 2
7<3~27+2+277<—>), for2| o, a>1,
7 m
m=1 (mod 4);
X2,4(2) = 273706 3a ( )
- (3~27+1+15), for2 | o, a>1,
m =3 (mod 4);
2_37(”'_% 3a_ 1
- (5-27_5—1—15), for2ta, a>1;
3
2 fora=1lora=0, m=1 (mod 4);
1
3 fora =0, m =3 (mod 4);
2— -1
X3.3(2) = = for2|a, a>1, m=1 (mod 4);
2—%
= for2 | a, @ >1, m =3 (mod 4);
- +3
T for24a, a > 1;
1, fora=0o0ra=1,

m =3 (mod 4) or o = 2;

3

27272 30 1 2
27 2(27-2%—@2—7(*)), for2fa,, m=1 (mod 4);
m.

X34(2) = { 2753

(7-2%% 430), for24a, a> 1,
m =3 (mod 4);
2=+l sa
; (9~23T_3—i—5)7 for 2 | o, > 2;
1, for a = 0;
’2737@4"»l @
k —— (2% +5),  for2fa;
Xaa(2) = 27%-2, ., 2
: (3-2%+2+2—7(—)), for2 | a, m=1 (mod 4);
7 m
3'2_370(_1 3a
72 (237'“—1—5), for2 | a, m=3 (mod 4). O

Theorem 2. Let n =2%m (a >0, 21m), m = riwy, 1 < 51 < 59 < 4,
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210=s1=520 — 12y (w and wy are square-free integers). Then

3a+sy+s 3
r(n; L2 T N BT (1 - (D) B
n7f317$2)_ 71_2 Z H (p)p ( ,UJ)X( )+
d|ry pld
+ V31752 (n)7 (14)

where

2v19(n) = o 3(n) =v34(n) =2 Z ( 2 )(j)zg,

T1T2 T3
4n:m§+m§+2w§
2’(931, 2+I2, 2*23
x1>0, x2>0, z3>0

Vs, .s5(n) =0 in other cases.

Proof. By equating the coeflicients of equal powers of ) in both parts of
identity (8) we obtain

(05 fsy.8,) = p(n5 f51,52) + Vsy,s0 (n), (15)

where v, 5, (n) denotes the coefficients of Q™ in the expansion of the func-
tion ®(7; fs, s,) into powers of Q).
When s; = 2 and sy = 3, by (13) we have

-1 wg—1  mg—1
va,3(n) = > (1) T T T
4n:r?+m§+21§
z1=1 (mod 4)
z2=1 (mod 4)
2)(583

ie.,

Vg 3(n) =2 Z ($121E2) (;731)3?3 (16)

4n:zf+x§+z§
2tz ,2txs,2fxs
x1>0,22>0,23>0
From formulas (11), (15) and (16) it follows that the theorem is valid
when s; = 2 and s3 = 3. The validity of equality (14) for other values of s;
and sg is proved in a similar manner. []
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