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THE DEPENDENCE OF SOLUTION UNIQUENESS
CLASSES OF BOUNDARY VALUE PROBLEMS FOR
GENERAL PARABOLIC SYSTEMS ON THE GEOMETRY
OF AN UNBOUNDED DOMAIN

A. GAGNIDZE

ABSTRACT. General boundary value problems are considered for gen-
eral parabolic (in the Douglas—Nirenberg—Solonnikov sense) systems.
The dependence of solution uniqueness classes of these problems on
the geometry of a nonbounded domain is established.

The dependence of solution uniqueness classes of the first boundary value
problem for a second-order parabolic equation in an unbounded domain on
the domain geometry was considered in [2]. It was established there that
the uniqueness class could be wider than the solution uniqueness class of
the Cauchy problem for the above-mentioned equation. Analogous results
were obtained in [2] by the method of barrier functions.

In [3] O. Oleinik constructed examples of second-order parabolic equa-
tions in the exponentially narrowing domains for which the solution unique-
ness class for the second boundary value problem is the same as the solution
uniqueness class of the Cauchy problem although the solution uniqueness
class in this domain is wider. Later, in [4] E. Landis showed that if the
domain narrows with a sufficient quickness at || — oo, then the solu-
tion uniqueness class for the second boundary value problem can be wider
than that of the Cauchy problem. In [5] the author considered degenerat-
ing parabolic equations of second order and obtained analogous uniqueness
theorems for general boundary value problems.

This paper deals with general boundary value problems for general pa-
rabolic systems in unbounded domains. Such problems were studied in [6],
where solvability conditions similar to the Shapiro-Lopatinski conditions for
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elliptic boundary value problems were found. The solvability conditions for
analogous problems in unbounded domains were obtained in [7], [8].

Let w be an unbounded domain in R™*! contained between the planes
{t = 0} and {t = T = const > 0} and the surface v lying in-between
these planes. Let us consider, in this domain, a linear system of differential
equations with complex-valued coefficients of the form

N Gl
Z Z apj Bz, IS)DIa ﬁuj(x t) =0, (1)

J=1|a|+2bB<sk+t;

where b, N are positive integers, s1, So, ..., SN, t1,to2,...,tn, O are integers,
s; < 0and t; >0 foral j =1,2,...,N, agf(x,t) =0if s, +1t; <0
N

> (sj +t;) = 2bm, m is a positive integer, a = (a1,...,q,) is a multi-
j=1

index; [ = ay + @z + -+ + ap; DY = D81 - Dg2 - DS Dy = —ig2 (i

n x;
is the imaginary unit).
The matrix Lo(z,t,&,0) with elements
Yo al(@)ee” (kj=1,2,...,N),
|| +2bB<sk+t;
where £ € R", 0 is a complex-valued number, £* = £ - - - €&, will be called

the principal part of the symbol of system (1). It is assumed that system
(1) is uniformly parabolic in the domain w.

Following [6]-[9], we shall say that system (1) is parabolic in the domain
w if there exists a positive constant Ay called a parabolicity constant such
that for any (x,t) € w and & € R™ the roots oy, ..., 0., of the polynomial
P(x,t,&,0) = det Lo(z,t,&, 0) with respect to o satisfy the inequality

Reoy(z,t,€) < —Xolé[*” (s=1,2,...,m), (2)

where |¢[2 = Z £

Denote by Lo(a:, t,&,0) the matrix of algebraic complements to the ele-
ments of the matrix Lo(z,¢,&,0). Then Ly =p - Lgl.
On the surface v, we give general boundary conditions of the form

>y bo‘ﬁ(mt)D;“aﬁ uj(z,t)] =0 (v=1,2,...,bm), (3)

5=1|a|+2bB<q, +t; K

where g, are some integers.
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Let (ff,tA) € 7. Consider the matrix BO(E,E& o) with

oo i@ hee”.

|a|+2bB=q, +t;

Let vo = (v1,...,vs) be the unit vector of the external normal to the
surface sp = yN{z,t : t = t} at the point (Z,1), and 7(Z,?) be any tangential
vector to spat the same point. It follows from the parabolicity condition (see
[6] and [10]) that the polynomial P(Z,%,n(Z,t) + 7v0(Z,1), o) with respect
to 7 has bm roots, 77 (E,tA, n,0), (s =1,2,...,bm), with positive imaginary
parts if there exists a constant Ay such that 0 < A1 < Ag and the inequalities

Reo > —Mi[n(@ ), |0 +|n(@,5)|* >0
are fulfilled.
We set M (Z,t,n,0,7) =[] (t —75(Z,t,n,0)).

s=1
As to the boundary conditions (3) and system (1), it is assumed that the
conditions for being complementary are fulfilled for any point (Z,7) € ~.
The condition for being complementary for system (1) and the boundary
conditions (3) is fulfilled at the point (Z,7) if the rows of the matrix

A(E,an(f,?)—i—Tuo(x i\) )E Bo(a? ?n( )—i—Tl/O(x t) ) X

~

xLO( 1) + (%, 1), o)

are linearly independent modulo the polynomial M™*(Z, i, n,0,T) with re-
spect to 7 provided that Reo > =X |n(Z,1)|?, o] + |n( f )] > 0.
We set
bm—1

(> @@ En.0)r) = A@ L@, D) + 70(3,1),0) x
s=0
x fmod M*(%,t,n,0,7)).

Consider the matrix Q(E,Z\,n,a) with elements qlfj (ﬁ?,n,a), which has
bm rows and bmN columns (h = 1,2,...,bm; s = 0,1,...,bm — 1; j =
1,2,...,N).

Let Ak(f,tA,n,J), (k = 1,2,...,N71) be the minors of order bm of the
matrix Q and let A(Z, 1,7, 0) = maxy, |Ak(Z, 1,1, 0)].

According to [6] the condition for being complementary is fulfilled uni-
formly on the surface v if

A, = inf A(ZE,tA, 77(5:\,1?),0) > 0, (4)
(z,t)eYy
Reo > —Aln(@, O, |o]* + n(@,1)|*" =1
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On wy =wN{x,t:t=0} we give initial conditions of the form

N s 86
>y ch, (@ )DF Zzui(wt)| =0 (h=1,2,...,m), (5)

, wo
J=1 |a|+2bB<ry+t;

where r, are some negative integer numbers and the coefficients czjﬁ (z,t) =
0, when r, +¢; < 0. Consider the matrix Cy(z,t,{, o) with elements

Z cc}ff(x,t)facrﬁ.

|a|+2bB=ry+t;

For system (1) and the boundary conditions (5) the condition for being
complementary is fulfilled at the point (Z,t) € @ if the rows of the matrix

H(Z,t, o) =0y (7, 1,0, o)- Eo(’x\, t,0, o) are linearly independent modulo o™.
m—1 N N
Let ( S d (7, t)as) = H(%,7,0)(mod o™).
s=0 ’

Consider the matrix H(Z,t) with elements dj, (z,1), which has m rows
and mN columns (s = 0,1,...,m —1; j = 1,2,...,N). Let Ek(;?,?),
(k=1,2,...,L1) be the minors of order m of the matrix H(Z,t) and let

A(?Ea %\) = m]?“X |Ek(§v%\)|

According to [6] the condition for being complementary is fulfilled uni-
formly in w if

Ao = inf A(Z,1) > 0. (6)

We introduce a space of functions, where a solution of problem (1), (3),
(5) will be considered.
Let G C R x (0,T) be a finite domain. Denote by (u)S the norm of

1/p
the function u in the space Ly(G), (u)Sy = (fG |ulP dz dt) .

8 .
We define the norm ||ul|C.,. = D> 2- )G where s is some
p,2bs z 9tB '/ p,0»
|| 4+2b3<2bs
positive integer.

Denote by Wp%s*s (G) the space of functions obtained by completing with
respect to the norm ||u\|§2bs the set of smooth functions in G.

As to the surface v, it is assumed that it satisfies the conditions of uniform
local unbending. By [9] this means the following:
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In the space jol we consider the sets

H(§7?;p):{x,t:|mj—§j|<p, i=1,2,....,n; —p2b<t—tA<p2b};
H= (@, tp) = {at:|z; —Fj| <p, j=1,2,...,n; —p? <t—1<0}
H+(E,Ep)={x,t:\x'—fj|<p, j=12,...,n; OSt—tA<p2b}'
HY (2,5 p1, p2 ={z,t:|o; T <p1, j=1,2,....m 0<t—t<p2}

Analogous sets in the space ]R"'H are denoted by s(y,7,p), s~ (U, T, p),

sY (4,7, p), and sT (4,7, p1, p2), rebpectively.

The surface v will be said to satisfy the condition of uniform local unbend-
ing with the constants d(w), M(w) and v € C* +*"b_ where t* = max{t;}
and s* > ¢ = max(0,¢1,...,qym), if the following conditions are fulfilled:

1. For any point (,0) € dwy there exists a neighborhood O~ | such that
the set w OOA is homeomorphic under some nondegenerate transformatlon
of the coordlnates Uy =A{y = f(z,t), 7 =t: f(z,0) = T} to the set

570,05 5e) N {yn > O}, 0 <5 <1, and the set N O ; is homeomorphic to
5+(O7 0;5e1) N {yn = 0}. Tt is assumed that the number 3z; does not depend
on the point (Z,0) € dwp. Let

My= U \1121( (0 0; )ﬂ{yn20})
(z,0)edw, =0 2

2. For any point (Z,T) € Owr, where wpr = w N {t = T}, there exists
a neighborhood O;,T such that the set w N OE,T is homeomorphic under
some nondegenerate transformation of the coordinates ¥~ . = {y = f(z,t),
T=t—T; f(Z,T) = 0} to the sets s~ (0,0;32) N {yn 2 0}, and the set
7 N O 4 is homeomorphic to 57 (0,05 52) N {yn =0}, 0 <30 < 1. It is
assumed that the number > does not depend on the point (Z,T) € dwr.
Let

e 00 ),

3. The transformations ¥~ , ¥~ W' WXl are given by the functions
x,0 z, T z,0 z,T

whose norms in the space C° +*"* are bounded by the variable K;(y) > 1.
4. For any point (Z,t) € v1, where

=10 et L () 1) <<

there exists a neighborhood O~ ;such that the set O~Nw is homeomorphic
under some nondegenerate transformation of the coordinates W~~= {y =
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f(z,t), 7=t —1t f(Z,t) = 0} to the set s(0,0;23) N {yn > 0}, 0 < 53 < 1,
and the set O~7N~ is homeomorphic to s(0, 0; 3¢3) N {y, = 0}. Assume that

225 does not depend on the point (Z,7) € 1. Let

M, = U W:A(<002)m{yn20})

(.fc\,wht)é'n @t

5. The transformations ¢~~ and wi% are given by the functions whose
s x,

norms in the space C* "¢ are bounded by the variable Ks(v) > 1.
Let K(vy) = max{K;(v), K2(7)}. Since the transformations w;_é, 1/1;?;

and z/)Z% shorten the distance between the points (n+1)K () times at most,
Z,
the distance from any point of the set wy = w\{MoU My U M,, } to 7 is at

least
d) =min {3 ()" (kG + 1),

3
() w67}

)" G+ 1)

DN =

We set d(w) = di(y)(n +1)"2, M(w) = K(y)(n+ 1). It is easy to
check that d(w) < 1, and for any point (zg,tp) € w; the parallelepiped
H(zg,to; p) N {0 <t < T}) belongs to w when p < d(w).

The following statement is proved in [9].

Lemma 1. Let system (1) be uniformly parabolic in w with the parabol-
icity constant Ag. Let system (1), and the boundary and initial conditions
(3) and (5) satisfy the conditions for being complementary to (4) and (6),
respectively. It is assumed that the surface =y satisfies the condition of a
uniform local unbending with the constants d(w), M(w), and v € C* b,
where t* = max(ty,...,tn), $* > ¢. = max(0, qp1,--.,qon)- Let the integer
numbers t;, Sk, qu, and rp be divisible by 2b, and for the coefficients of
problem (1), (3), (5) the condition

e R et o
+ sup || @ {t =) < M,
7€[0,T]

be fulfilled, where M = const > 0, k,j = 1,2,...,N, v = 1,2,...,bm,
h=1,2,...,m, |a|+2b0 < sp+t;, |&/[+203" < q,+t;, |&"|+205" < rp+t;.

Let1>0,0<7<T,1<p<oo, and 0 < p < min(l,d(w),7/?*). Then
for any solution u of the homogeneous problem (1), (3), (5) such that

uj € W;*H-’“(S*HJ’)/% (w(l+ M(w)p;0,7)) (j=1,2,...,N),
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we have an estimate

N

Z ps*+t*

Jj=1

g Wy T HD2 (4150, 7)) || <

< Co Y p* " |ugs Ly(w(l + M (w)p; 0,7))

, (7)

wherew(l;0,7) = wN{a,t: |z;| <1, j=1,2,...,n;0 <t < 7}; the constant
Cy depends on the set of constants {K} = { o, n, s*,m,b,t1,...,tn,81,. ..,
SNaM7M(w)7d(w)}'

Let us introduce an additional independent variable zy and assume that
the domain 2 = w x Rio. In the domain €2 we consider an additional system
of the form

>y aZ‘f(x,t)Df;(w+p1chlﬂ’>Vj(x,:l:0,t) -0 (8
5=1 |a|+2b8<s)+t;
(k=1,2,...,N)

with the boundary conditions on I' = v x R;O

> Y @ (55 +pDE )y =0 (9)
J=1 |al+2b8<q +t;
(v=1,2,...,bm),

and the initial conditions on Qy = w x RL

Z Z ciﬁ(m,t)Dg‘(w +p1Diﬁ)Vj($,xo,t) =0 (10)
i=1 |al+2bF<rn+t;
(h=1,2,...,m),

where p; is a positive integer.
The following statement is also proved in [9].

Lemma 2.

(a) System (8) is uniformly parabolic in the domain Q with the parabol-
icity constant A(p1); AM(p1) — Ao for p1 — oo, where A\ is the parabolicity
constant of system (1).

(b) For system (8) and the initial conditions (10), the conditions for being
complementary are fulfilled uniformly in Q with the constant Ay defined by
condition (6).
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(¢) There are positive constants Ag and po such that, for p1 > po, system
(8) and the boundary conditions (9) satisfy the conditions for being comple-
mentary uniformly on I' with the constant Ar > AgA., where A, is defined
by condition (4).

(d) The coefficients of problem (8)—(10) satisfy the conditions of Lemma
1 with the constant M (p1) > 0.

(e) The function v(x,x,t) = exp{iure — p1u*t}u(z,t) is a solution of
problem (8)—(10) for any real parameter p if only u is a solution of problem
(1), (3), (5).

Let u be a solution of problem (1), (3), (5). Consider two additional
functions w(x,t) = exp{—p1 p?*t}u(z,t) and v(x, zo,t) = exp{ipxo yw(x,t).

By Lemma 2 the function v is a solution of problem (8)—(10) and thus
this problem satisfies the conditions of Lemma 1. Then for v the inequality

N *
S
j=1

j,(s*+tj)/2b(Q(l; 077_))H <

<CoZp B |vj; Ly (R + M(w)p; 0,7)) | (11)

holds, where Q(;0 7') = w(l;0,7) x {|zo| < I} and the constant Cy depends
on the set of constant {K, } = {A(p1),n,s" t1,...,tn,51,...,5Nn,b,m,

M(p1), s(w), M(w)}.

Lemma 3. For the functions w and v, for anyl >0 and 0 <7 < T the
estimate

o5 Lp(Q(1:0,7)) || < CF [|wys Ly(w(1;0,7))]| (12)
holds, where the constant C7 depends on | and p.
Proof. It is easy to see that
[ o5 Ly (R0, 7)) || = || exp{ipao}w;; Ly(2(1:0,7))|| =

1/p 1/p
:( / |wj|pdxdx0dt) :el/p< / wj|pdxdt) .

Q(1;0,7) w(l;0,7)
Hence follows inequality (12). O

Lemma 4. For the functions v and w, for anyl >0, >0, 0<7<T
the inequality

CJ ’u7 ij’ ( (Z;O,T))H < ij;W;*-i-tjv(S*-&-tj)/Qb(Q(l;07T))H (13)

holds, where the constant C’g depends only on I, m, p.
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Proof. As in proving Lemma 3, it is easy to see that

9°  owor
oy W™+ "4/ (010, 7)) | = Z <D§,woa?”j>§,(ol’o’ ) >

|a|+2bB8<s*+t;

“ . " 1/p
> (05, 2§00 = (g e ar) " =

Q(1;0,7)
= p* e P Jwg; Ly(w(B;0,7)).
Hence follows inequality (13) for C = us*Hﬂ'l%. O

Lemma 5. For the function w, for any ! >0,0<7<T, and 0 < p <
min(1, d(w), 7Y/?Y) the inequality

NE

Cg(u,p,l)pt*_t"ij;Lp(W(hO’T))H <

<.
Il

N
<D 0" Jwgs Lp(w(l + M (w)p; 0,7)) (14)
j=1

holds, where the constant Cg depends only on u, p, 1, p.

Proof. With (12) and (13) taken into account, inequality (11) implies

N
D Y () |Jwy; Lyp(w(1;0,7)) || <

Jj=1

N
< Co Y p" O+ M(w)p)||ws; Lp(w(l + M(w)p; 0,7))| -

j=1
Hence follows inequality (14) for C3 = e%(l + M(w)p)~t/r L (up)S i O

Lemma 6. Let u be a solution of problem (1), (3), (5). Then for the
function w, for any my; > mg = const > 0 and 0 < 7 < T the inequality

N

> s Lyl i0, )| e S g Lyl 2750, 7)) (19
j=1 Jj=1

holds, where k(my) = [)\2%”“} and X\ is a positive number, while

w(l2,11;0,7) = w(la; 0, 7)\w(ly;0,7) forly > 1.
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Proof. Assume l; = 2™ and Iy = 2l;. Let p(mq) = 2™ /(M (w)k(m4)).
Let mg be a sufficiently large number such that for m; > mg the inequal-
ity
2™ /(M (w) K (m1)) < min(1,d(w), 73) (16)

is fulfilled.
Let I1(ny) =11 + niM(w)p and 1;(0) = I;. Then inequality (14) implies

ZCJ (N tJ |fw]7 l1 +n1M( )p7077—))|| <
j=1

N
< 3P i Lyl + (4 DM, 7)]

It is easy to see that

; 2™ 4+ nyM(w)p 31 " 1y o
J . s+t_7>2 > s+t1-
B = (g om  Dattors) G+ = 275G (o)

mi

Let it = Abp2%7T. Since p(my) > 2™ (M (w)A) =12~ 51 = (M (w)A2F21) 1,
we have C > 2_%Calb8 i Tt is easy to check that if by = (27 Cpe),
then CJ > 2e for any j = 1,2,...,N. In that case we obtain

Zzept s g Ly ()50, 2| < 377 s Ly )50, )|

j=1

where l3(nq1) = l1(ny + 1). Hence we find

N
2(26 = 1)p" 7wy Ly(w(la (n1); 0,7))]| <

N
< Z T |wj; Ly(w(la(n1), 13 (n1); 0,7)) -

But since 2e — 1 > 0, we have

Zﬂt [l Ly(w(la (n1):0,7))]| <
N *
<et Zpt —t; ij;Lp(w(lz(nl),ll(nl);0,7-))||, (17)
J=1

If we now apply inequality (17) corresponding to ny = v + 1 to estimate
the right-hand side of this inequality corresponding to n; = v and assume
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successively that » =0,1,2,..., (kK — 1) and also take into account the fact
that the domain w(lz(k(m1) — 1),11(k(m1) — 1);0,7) is contained in the
domain w(ls,11;0,7), then, since p < 1, we obtain

N
2P Mg Ly (2™ 0, )| e Zme W@, 2m50,m)|
j=1

Since t* —t; > 0 for any j, we have

tj *

(p(m1))" =1 > (2™ /(M (w)k(m1)))" " > (M(w)k(my))s

Since k(mi) — oo as m; — oo, the estimate (M(w)k(ml))t*itj <

exp(k(mq)/2) holds for m; > myg, where mg is a sufficiently large num-
ber.

Thus for m; > my the function w satisfies the inequality

anj, (w@m;0,)) <e” “”“}anm St 2mi0 ). o

J=1

Theorem. Let the domain w be such that for a solution u of problem
(1), (3), (5) in the domain w the equality

Rlim exp{—oR%} |Ju; Lp(w(2R, R;0,T))|| =0 (18)
holds, where 1 < p < oo and o is a positive constant. Then u =0 in w.

Proof. Since w(x,t) = exp{—p1pu?*t}u(z,t), inequality (15) implies

ZHuJ, w(@0,7))|| < exp { — Shm) + pup?(ma)r ) x

xZHuj, w(2m™ om0, 7)),

where k(m) = [2 7t A, plma) = Abp225-T
Let A =40 and 79 = (4p1A?*~1b2%)~1. Then for any 7 < 79 we have

N
Z|uﬂ’ 2m107_ H<6Xp{7022b 1m1}x

Jj=1

xZHu], w(2m T 2m 0, 7).
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Passing in the latter inequality to the limit as m; — oo and taking into
account condition (18), we find that v = 0 in the domain w N {z,t : 0 <
t < 79}. Next we find that u = 0 in the domains w N {x,t : 79 <t < 279},
wnN{z,t: 27 <t <37m},.... Therefore u(z,t) =0inw. O
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