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INEQUALITIES OF CALDERON-ZYGMUND TYPE FOR
TRIGONOMETRIC POLYNOMIALS

K. RUNOVSKI AND H.-J. SCHMEISSER

Abstract. We give a unified approach to inequalities of Calderon—Zygmund
type for trigonometric polynomials of several variables based on the Fourier
analytic methods. Sharp results are achieved for the full range of admissible
parameters p, 0 < p < 4o00. The results obtained are applied to the problem
of the image of the Fourier transform in the scale of Besov spaces.
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1. INTRODUCTION

In the present paper we treat the problem of finding all p for which the
inequality

|Pu(D)tl, < cldip: P 8) - 0™ A%, te T, n>1,  (L1)

is valid for all real or complex trigonometric polynomials t(x) in the space
7,, spanned by harmonics e*® (kx = kyzy + - -+ + kgzq) with |k| = (K2 + -+ +
k2)1/2 < n and for all n € N with some constant independent of ¢ and n.
In (1.1) |||, is the usual L, — norm (the quasi-norm if 0 < p < 1) on the
d -dimensional torus T¢ = [0,27)Y, m e N, 3 € R, 3> 0,

Po(D)=i"- > oD (kli=ki+- +ka);

kezd, |kl1=m
Ikl

D= —/—+
k1 kq?
31’1 "'axd

k= (ki,... kg) € NI,

and AP is the power of the Laplacian given on the space 7 of all trigonometric
polynomials by

APt(z) = (=1)7 > [k[*ere™, ((—1)° = ™P) (t(x) = > e e T) :

kezd kezd
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Some famous inequalities are special cases of (1.1). The Calderon—Zygmund
inequality [9, p. 59|

for C2-smooth 27-periodic functions or for functions having a compact support
is of type (1.1) with P,,(§) = —¢;& and [ = 1. As is well-known [9, p. 59],
(1.2) is valid for 1 < p < 4o00. The Bernstein inequality (for references see,
for instance, [2, Chapter 4, §§1, 3])

O*f
Ox;0xy,

< c(d;p) - [[AS]lp (1.2)

|p

1™, < en™||t]l,, t €T, nEN, (1.3)

corresponds to d = 1, P,(&) = (i)™, # = 0. It holds for all 0 < p < +oc.
We notice that the best possible constant in (1.3) is equal to 1 ([1]).

Inequalities (1.2) and (1.3) have been studied separately by using specific
methods and approaches. In the present paper we propose a unified approach
to inequalities of type (1.1). We shall show that this problem has a complete
solution. More precisely, if P,,(¢)-|¢]72° does not coincide on R4\ {0} with a
polynomial, then inequality (1.1) holds if and only if m < p < 400, for
m > 23, and if and only if 1 < p < +o0, for m = 28. Clearly, if P,,(¢&)-[¢]~%
is a polynomial, that is, 3 is a non-negative integer and P,,(§) is divisible by
|€1%9, then (1.1) is an immediate consequence of the Bernstein inequality and it
is valid for all 0 < p < 400. Considering the harmonics e?** it will be proved
below that (1.1) fails for all 0 < p < +oo if m < 205.

m<p§+oo if m > 23, and for
1 <p<+4ooif m =23, we use standard methods of harmonic analysis like
Fourier multipliers theorems in the scale of Bessel potential spaces [8, p. 150]
and the Marcinkiewicz theorem for periodic multipliers [5, p. 57]. The proof
of the inverse result is more difficult, in particular, we apply some facts of the
theory of homogeneous distributions [3, §§3.2, 7.1].

In Section 2 we formulate the main result of the paper and give some of its
consequences. In Section 3 we describe the asymptotic behavior of the Fourier
transform of the function P,,(€) - |€]72%(€), where 1 belongs to the Schwartz
space S of test functions and satisfies some additional conditions. Section 4 is
devoted to the proof of the main result. In Section 5 we prove the sharpness of
the smoothness order in the Szasz theorem on mapping properties of the Fourier
transform.

To prove inequality (1.1) for

2. MAIN RESULTS

Henceforth we say that inequality (1.1) is valid for p if it holds in the p-norm
(quasi-norm for 0 < p < 1) for all ¢ € 7, and for all n € N with some
positive constant that does not depend on ¢ and n. We call the set of all p,
for which (1.1) is valid, its range of validity.
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For m € N we denote by
k
IL,, = { Z Oékfk : OékEC} (§k=§fl dd) (21)
kezd, |kli=m

the class of homogeneous polynomials of order m.
The main result of the paper is given by the following

Theorem 2.1. Suppose m € N, B € R, m > 28 > 0 and P, (§) € 11,,. If
Pn(€)-|€]7%8 is not identical on R\ {0} with a polynomial, then the inequality

| P (D), < c(d; p; P B) - 0™ 2P| AP, t € Ty m > 1,

s valid if and only if m < p < 40 for m > 28 and if and only
if 1 <p< 400 for m = 23. If B =0, the inequality s valid for all
0<p<+oo.

For the sake of simplifying our notations we shall often write
A, =n""-P,(D); B,=(-1)? - n2PA"
so that inequality (1.1) can be rewritten in the form
| Antll, < C(d;p; P B) - || Btllp, t € Tny n € N.

Remark 2.1. If P, (&) - |£]7%° = Q(&) for € € R4\ {0}, where Q(§) €
I, s € Ny, then P, (&) =Q(&)-|¢*® for each ¢ € RY and (1.1) follows for
any 0 <p < 400 from the inequality

1QD)El, < C-n?l|tlly, t € Tny n €N,
which is an immediate consequence of (1.3).

Remark 2.2. If m < 23, the function P, (€) - |£]72° is unbounded at O0;
therefore there exist sequences {k,} 5 C Z%, {n,} C N satisfying

-2
lim — =0, lim [P, ()‘ — = +o00.
s§—400 Ng s—+400 Ng Ng
Then
Ay, (e) ko \| [ Fs |
lim w = lim |P,|— || -|— = 400
s=F00 || By, (€], s—oe ns )| |ns

and (1.1) fails for all 0 < p < +o0.

Remarks 2.1 and 2.2 show that the conditions of Theorem 2.1 are natural.

Remark 2.3. The condition “P,,(£) - [€]72" does not coincide with a poly-
nomial on R4\ {0}” means that [ is not an integer or otherwise P,,(£)
is not divisible by |¢|*”. In the second case the range of the validity of (1.1)
depends essentially on algebraic properties of the polynomial P,,(£). We give
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d
one example. It is easy to check that the polynomial > 5]5 is divisible by
j=1

d
512 if and only if d = 2; therefore the range of the validity of the inequality
7j=1

d_ 95¢
Zﬁ

j=197;

< c(d;p) - n*||Atll,, t € Tp, n €N,

p

is (d%ﬁt,jtoo} for d > 2, butitis (0,+oc] for d=2.

3. FOURIER TRANSFORM OF SOME FUNCTIONS

In this section we deal with the Fourier transform of the function f,.5 - ¥,
where

fogm {Pm@ 6177, ¢ e R\ {0} 31)

0, £E=0
and 1 belongs to the Schwartz space S and satisfies some additional condi-
tions. We use some facts of the theory of homogeneous distributions that can
be found in [3].

Clearly, f(£) is homogeneous of order a =m — 23 > 0, that is, in spherical
coordinates

f&) =r"®u), r=1¢ >0, ue S,

where 8?1 is the unit sphere in R?. Clearly, ®(u) is bounded on S¢°! and
f has at most polynomial growth at infinity. Therefore it is a regular element
of the space &’ of distributions on &, that is

(f.0) = [ F©)p()de, g€ . (3.2

We recall that for g € 8’ and k € N¢ the derivative D*¥g is defined by
(D*g,0) = (=1)"1(g,D*¢), p €S . (3.3)
The Fourier transform of g € &’ is given by

(G,0)=1(9,9), p€S,

where

[SIIcH

B(z) = @m) - [ ple)e e
Rd

We notice that if g € &' N C®(R?\ {0}), the restriction of D*g defined by
(3.3)to Sp = {p €S : suppy C R\ {0}} coincides as an element of the dual
space S with the pointwise derivative of g¢.

A preliminary estimate of the asymptotic behaviour of the Fourier transform
of fi, where 1 € § is given by the following
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Lemma 3.1. Let [ be defined by (3.1) and a = m — 25. Then for any
veSsS

()] < e (14 [a)) e R?, (3.4)
where ¢ does not depend on x.

Proof. We put | = [a] +d —1. Let v € N and |v|; < 1. Then D"f is
homogeneous of order a — |v|; as an element of S’ [3, p. 95-96]. With the help
of the remarks given above, D¥f is a regular element of & and

DUf(E) =7, (u), r=1¢ >0, ue ST,

Since ®,(u) is bounded on S

1
1D Py = [ [t @, (w)drds(u)
Sd-1 0
1

< c(v) /r“"”'ler’ldr < 400, (3.5)
0

where dS(u) is the surface element of S ' D, = {z € R? : |z| < r},
D, ={r e R%: |z| <r}. Applying the Leibnitz formula for the derivative of
the product we deduce from (3.5) that D¥(fy) € Li(R?) for |v|; <.

Since fi € L;(RY), the inequality (3.4) is valid for |z| < 1. Let now |z| > 1.
Using

2 Fib(z) = (=)D (f{)(x), = €R?,
we obtain for |v|; <1, v € R?
2| - [f(@)] < D" (F) Ly ray
and

[fi(a)] < (Z !x”l) -2 D)l nawrey

lv|1=l v|j1=l
-1
SC/'(Z ‘xlj‘) SC//"33|_Z.
lvhi=l
This completes the proof. [

By X¢ we denote the space of radial real-valued functions 1 € S with

$(0) = 1.

Theorem 3.1. Let f be defined by (3.1) and a = m — 25. If f(§) is not a
polynomial and ¢(€) € X9, then fi(z) € Ly(R?) if and only if 39 < p < +o0.
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Proof. We prove that

[fo(@)] < er(1+ o))" 2 e RY (3.6)
and
()| = - 2|7 |z e, (3.7)
where

Q=Q(p,0,up) ={x=ru: r>p, uecS cosh < (u,uy) <1}

for some p >0, 0<60<Z and uy e S

Clearly, Theorem 3.1 follows from (3.6) and (3.7). Indeed, as a > 0, f is
bounded on D; and fih € Loo(RY). If 7 < p < 400, then 0 =d—1-
p(d+ a) < —1 and we obtain from (3.6)

—+00

||ﬁ||12p(Rd) <c-q1+ / / popldta)  pd-1 drdS(u)

Sdfl 1

“+00
§c’~{1+/r”dr}<+oo.

1

Let now 0<p< #‘la. Then o > —1 and we get from (3.7)

+o0o
VPO oy 2 PO @ = [ [ 70 et ras )
cos 0<(u,up)<1 P
+00

=c - /r(’dr:—koo.

p

First we prove (3.6) and (3.7) for functions ¢ in
X ={¢ex: >0, suppd C D3} . (3.8)

Since f is bounded on Dy, fi belongs to L;(R?) that implies (3.6) for |z| < 1.
Let now |z| > 1. By the properties of the Fourier transform of homogeneous
distributions [3, p. 203-205, Theorems 7.1.16, 7.1.18], f is homogeneous of
order —(d+a) as an element of &’ and it belongs to C*°(R%\{0}), in particular,
it is a regular element of S and

fl@)=r"D W), r=z] >0, ue s, (3.9)
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Noticing that 12(93 — ) belongs to Sy for |z| > 1 and applying the properties
of convolution [3, p. 202, Theorem 7.1.15] as well as (3.8) and (3.9) we obtain

Fo@) =c-| < fdla—) /f

=c / ﬂw&@—ywySc-rmx|ﬂww/$@my

|z—y|<3/4

< max |y| (dra) < g |~ (40
lz—y|<3/4
that proves (3.6).
To show the lower estimate, we observe first that since f is not a polynomlal
f cannot be concentrated at 0 and, therefore, there is o € S%! such that
U(ug) # 0. Without loss of generahty we may assume that ReW(ug) > 0. We
choose 0 < 6 < 7 from the condition

9

1
ReV¥ (u) > iRe\IJ(uo), u € S cos20 < (u,ug) < 1.

Let p > 1 be so large that the conditions z € Q(p,0,up), |y — z| < % imply
y € (1,260, up). Then for z € Q(p, 0, uy) we obtain

Fo@l=c-| [ Fwyba-yay

|lz—y|<3/4

c &/ [y| =) -Rei'<||> b(x —y)dy

lz—y|<3/4

v

c —ldta) T
> SReW(uw) - [ T — y)dy

|lz—y|<3/4

> e~ (d+a)=1 ReV(ug) - |£B|_(d+a) /@Z(Q)d?/

e C, . |$|_(d+a) ,

where ¢ = 27071 ReW (uy)(27)%24)(0) > 0. Inequality (3.7) is proved.
Let now 1 be an arbitrary function in X<¢. We set
fo=fo+ [ —9), peiy.

Clearly,

P(E) — (&) = alg]*- ¢ (€) ,
where 1, € X% and
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Therefore,

FW(&) = f(&)@(€) + af(€) - [E] - v (€) - (3.10)

Noticing that g¢(&) = f(€) - [£|* is homogeneous of order a + 2, we obtain by
Lemma 3.1 that

lgen ()] < e(1+ [a)" Dz e R (3.11)
From (3.6) for functions in X¢, (3.10) and (3.11) we get for z € R?
[fo(@)] < [fe(@)] +[al - g (@)l
< (1 4 |x|f(d+a) + ’$|7(d+[a}+1)) < (1 + |x’f(d+a)) .

Hence estimate (3.6) is proved for 1 € X<
Let Q(p,0,up) be the domain, where (3.7) is valid for ¢. We put

1
i { <2]a|c>1—{“}}
p = max\ p, .
Ca

ey —claf - |z > % :
From (3.7) for ¢ € Xg, (3.11) and (3.12) we have for z € Q(p, 0, ug)
o) = |fe(@)] = |a] - |gvn ()]

d+a

Then for |z| > p

(3.12)

d+[a]+1)

> eyl — cla| - [z]

> |:L,|—(d+a) . (02 . C|Oé| . |[E|{a}_1) > C

2 |—(d+a)

The proof of Theorem 3.1 is complete. [

4. PROOF OF THE MAIN RESULT

To simplify our notations we omit the index n in A, and B, defined in
Section 2. We notice that the operator B~! is well-defined on

T° = {t(m) = > e eT o= O}

kezd

by the formula

B 't(x)= Y

kezd, k#£0

—283

b ccpe™ (H(x) € T°). (4.1)

n

By P we denote the projection operator

P ( Z Ckeikx) — Z Ckeik’x

kezd keZd, k#0
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that maps 7 into 7°.
We split the proof of Theorem 2.1 into 4 steps.

Step 1. If m > 203, then (1.1) is valid for m <p < +oo.

Indeed, as it follows from Theorem 3.1, f¢(z) € L,(R?Y) (¢ € X%) for all
q € (W, —I—oo}; therefore fi(z) € Lz(R?), where p = min(1,p). It
was proved in [8, p. 150-151] that

Z f (:z) ckeikx

|k|<n

<c- ||f¢||L,;(Rd) Nt s te T,

where ¥(§) =1 on D; and ¢(£) =0 outside D,. Hence the inequality

|AB~'Pt]|, < c||t|l,, t € Tn, n €N, (4.2)
is valid for m < p < 4o0. For t(z) = keZZd cpet™ € T, we put 7(z) =
Bt(x). Then we get from (4.2)

|AB1Prl, < el (43)

Since B™'Pr(z) =t(z) — ¢y and P,(0) =0, AB'Pr(z) = At(z) — Acy =
At(x) and (4.3) can be rewritten in the form

[At]l, < c-[|Bt]ly ,

that is, (1.1) is valid.
Step 2. If m =208, (1.1) is valid for 1 <p < 4o0.
Since m = 23, f is homogeneous of order 0 and D f = %Tgsm
homogeneous of order —m for each 1 <m <d [3, p. 95-96], that is,
D F(E) =r D, (u), =€) >0, ue ST (4.4)

For each dyadic rectangle

18

L=T] 2 24 c peR™: <l <2n}, L= (h,....la) € Z",

s=1

where r; = (g 22(|ls|_1)>2 , for k € N we have from (4.4)
s=1

ollal—1 ollml_1

sip Y o S A AR

kmatsekd g _olll-1 g —oliml—1
< s [P G ks k)| d e dn
km+1,.. kdll

2r;

dér - d
< max |<I>m(u)|/ 5 3 &; w < Cn
N Nk
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where A;f = f(...,k;+1,...) — f(...,kj,...) is the first difference of the
sequence f(k) with respect to the variable j and C,, does not depend on I.
If I, is equal to 0, the corresponding sum is extended only to k, = 0. The same
estimate is obviously valid for any other set of variables 1 < j; < -+ < j,, < d.

We have checked the conditions of the Marcinkiewicz theorem on periodic
multipliers [5, p. 57]. In view of this theorem we conclude that the inequality

IAB= P, < cltll,, t €T,

is valid for all 1 < p < 4+o00. As it was shown in Step 1, this implies (1.1).

Step 3. If (1.1) is valid for some 0 < p < +o0, then m <p.

Obviously, it is enough to consider the case 0 < p < 1. For a function
1 € X% with support in D; we consider the polynomial

V() =V,(2)= > o <i> et e T, .

kezd
We choose h = h,, such that

180AB PO, = mas 18,457 PU
where Ayg(-) = g(- +y) — g(-). We put
t(x) = B'ALY, (7).
Clearly, t(z) € 7, N T°. We notice that

< en®-VP) e N, (4.5)

P

> (fi) o

kezd

where ¢ does not depend on n. For 0 < p < 1 this was proved in [4] with
the help of the Poisson summation formula. Using a Jackson type inequality
(obviously, the proof given in [7] fits for complex-valued functions), (1.1) for
t(x) and (4.5) we get

Ey(AB7'PU), < c- ||AABTIPY,
= ¢ |ABT'PALY||, = ¢- |[ABTIAL Y,
= c-||Atll, < Bt < ¢ - A,

< 2P| W, < ¢ - nd1-3) , (4.6)
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where Ey(g), = inf [|g(z)— z||, is a best approximation to g by constants. Re-
z€R

calling that f(£) is bounded on D, we get with the help of Holder’s inequality
|AB™*PU||, < (27)"5 2| AB~ P,
d k k
= 2 ; . — —
(2m) {Z (5o ()

9y 1/2
kezd }

< ¢ {card(suppyy N ZH}V2 < ¢ - nd? (4.7)

We choose ¢ = o,, such that
Eo(AB™'PV), > 275||AB"'PT — o, . (4.8)
From (4.7) and (4.8) we obtain
2m)¢|of? < 2- Eo(AB™'PY)? + |AB~ PU|?
< 3||ABT'PU|P < en's
in particular,
‘o, =0. (4.9)

lim n~
n—-+o0o

We note that in different formulas the constans ¢ can also be different, but all
of them do not depend on n.
We consider the functions {F,(z)},'> given by

k k ity
kédf(n>¢(n>“

0, otherwise .

p
d
" (4.10)

. , x € [—mn,mn]

F(w)

Clearly, the functions F,(x), n € N, are non-negative and measurable. Let
zo € R% Then there exists ng € N, such that zq € [—7mn,mn]? for n > ny.
The function f(£)y(€)e® of variable ¢ is integrable in the Riemann sense on
[—1,1]¢. By the definition of the Riemann integral we get

. _ k k iﬁmo
v g 1) ()

kezd

- / FOW(E)esde = (2m)"* - fb(—wo) -

[_171]d

Therefore by (4.9) we have

lm  F,(z0) = (2m)%/2 - | fib(—z0)|P . (4.11)

n—-+00
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From (4.6) and (4.8) we get

/Fn(x)dx =n~%® /

Rd

e
[—7mn,mn]d kezd " "

k Ay
() e ()|

=P A, B P, — o, [P < 20/ P Eg(A, B PU, )P < c.

— pdd-p)

Thus we have proved that the sequence {F,(x)};2] satisfies all conditions of

Fatou’s lemma. Hence the integral of its limit can be estimated by the same
constant, that is, fi € L,(R?). On the basis of Theorem 3.1 we obtain

d
a+m—2p) <P
Step 4. In the case m =203, (1.1) fails for p = +oc.

Let us assume that (1.1) is valid for p = +o0o. For t(z) = ¥ ¢ € T,
kezd
we put 7(x) = B~ (t(x) — ¢). From (1.1) for 7(z) we get
IAB™ (t(2) = co)lloo < ¢ [It(2) — collos - (4.12)

Noticing that t(z) — ¢ = Pt(x) and ||t(z) — collee < 2||t||c , We obtain from
(4.12) that

M (f)t]loo < cllt]lo , t € Tny nEN, (4.13)

where M, (f) = A,B,;'P~'= AB™'P.
Next we shall use the principle of duality. For a function ¢(x) € X¢ that is
equal to 1 on D; and to 0 outside of Dy we consider the polynomial

P, (z) =Y ¢ (i) et e T, .

kezd

For g € L, we have

M= 3 o (5] e = 20 [ota s e, mar,

kezd

where
g(k) = @m)" [ gla)e e, ket
Td
and by virtue of (4.5)

1M (@)glloe < 2m)™ - [lglloe - |1 Palls < ¢+ llgllos (4.14)

where ¢ does not depend on ¢ and n.
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Noticing that inequality (4.13) being valid for f is also valid for f, we get
by (4.14)

| M (f)¥nlli = sup [(Mn(f)¥n,9g)]

lglloe<t
“en g, 31 ()0 ()7 ®
= (27r)d” up Yoo (k I k) @ <k> 9" (k)
9lloo<1 |pezd n n n
= S”up<1 (W, My (f)(Mn(9)g))]
< Wully - sup [[M,(f)(Mn(9)g)]loe < c. (4.15)

l9lleo<1

We put in (4.10) 0, =0, p = 1. Then we obtain from (4.15)

k K\ iz
>o(n) e )

p

/Fn(:v)d:r =n¢ dx
Rd

[—mn,mn]?

> o(5) v (n)

= ||Mn(f)\1jn||1 <c.

p

Thus, by virtue of Fatou lemma, ﬁ € Li(R?). Since f is homogeneous of order
0, we obtain a contradiction to Theorem 3.1.

The second statement of Theorem 2.1 concerning the case (=0 is a direct
consequence of the classical Bernstein inequality.

The proof is complete.

5. SOME ESTIMATES FOR THE FOURIER TRANSFORM

Mainly, the proof of Theorem 2.1 was based on Theorem 3.1. In this Section
we give one of its further possible applications that concerns mapping properties
of the Fourier transform. We consider the Besov spaces B3, seR, 0<p<
~+00, that can be defined as

1
p

+o0
By, =49€S - (Z 2% H/g\HziQ(Kj)) ; p < +0o9;
j=0

gooe

where Ko ={z eR?: |z| <1}; K; ={x e R?: 2771 <|z| <27}, j € N. The
following estimate is known (see [6, pp. 9-11]; [8, p. 55]).
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Theorem. Let >0, 0<p<1, o =0(d;p;a) = a—i—d(% — %) Then

1A+ [z - gll, < c-[lglB3, |l g € By,

where the positive constant ¢ does not depend on g.

We will show that the order of smoothness ¢ is sharp. More precisely, the
following theorem holds.

Theorem 5.1. Let >0, 0 < p < 1. For each s < o and for each 0 <
q < +oo there exists a function g € Bs,,, such that the function (1+|z[)*-g(x)
does not belong to L,.

Proof. We consider a function f = P, (¢) - [£]72° such that a = m — 28 =
a+d (% — 1). We put g = fi, where 1 € X% By (3.7) we obtain

+o00 +00
R e e
p P

Since d+a:a+%, we get for ¢ < +o0

[S]5)

400 27
||9|B§;q||q =c- |1+ ZQW . / p20d+a) =1,
j=1

251

“+o00 +o0
< (1 +> 2qﬂ'<s+5-<d+a>>) <329 < oo,
j=1 7=0

The case ¢ = +oo follows from the embedding B;, C B; . [
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