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ON THE NUMBER OF REPRESENTATIONS OF POSITIVE
INTEGERS BY THE QUADRATIC FORM 22 + - - - + 22 + 42

G. LOMADZE

Abstract. An explicit exact (non asymptotic) formula is derived for the
number of representations of positive integers by the quadratic form 2% +
---+x2+42%. The way by which this formula is derived, gives us a possibility
to develop a method of finding the so-called Liouville type formulas for the
number of representations of positive integers by positive diagonal quadratic
forms in nine variables with integral coefficients.

2000 Mathematics Subject Classification: 11E20, 11E25.
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In [6], entire modular forms of weight 9/2 on the congruence subgroup I'g(4N)
are constructed. The Fourier coefficients of these modular forms have a simple
arithmetical sense. This allows one to get the Liouville type formulas for the
number of representations of positive integers by positive diagonal quadratic
forms in nine variables with integral coefficients.

Let r(n; f) denote the number of representations of a positive integer n by
the positive quadratic form f = a12? + agz3 + - - - + agw?.

1. PRELIMINARIES

1.1. In this paper N, a, d, n, q, r, s denote positive integers; u, v are odd
positive integers; w is a square free integer; p is a prime number; k, ¢ are non-
negative integers; ¢, g, h, j, m, x, a, (3, 7, 0 are integers; z, T are complex
variables (Im7 > 0); e(z) = exp(2miz); @ = e(7); (%) is the generalized Jacobi
symbol; n(y) = 1if v > 0 and n(vy) = —1 if v < 0; a denotes the least common
multiple of the coefficients of the quadratic form and A is its determinant.

Further, > and Y denote respectively summation with respect to the
hmodgq hmodgq

complete and the reduced residue system modulo ¢; p(n; f) is a sum of the
singular series corresponding to 7(n; f).
Since

Vgn(z | T3¢, N)

S e (s ()

m=c (mod N)
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(theta-function with characteristics g, h), we have

0

5 V([ mie Ny =mi 30 (=1 (2m 4 g)

m=c (mod N)

(e () o

Suppose
Don(T5¢, N) =g (0| T3¢, N),
0 (1.3)
19’gh(7';c, N) = aﬁgh(z | 75¢,N) -
It is known (see, e.g., [5], p.112) that
{199+2j,h<7—; C, N) :ﬁgh<7;c+j7 N)7 (1 4)
19;+2j,h(73 c,N) :ﬁlgh(T;C‘f‘ja N), '
lggh(T;C—l-Nj?N) = (—1)hj199h<7'; C,N), (1 5)
Ign(mic+ Nj, N) = (1), (e, N). '
From (1.1) and (1.2), in particular according to (1.3), it follows that
ﬁgh(T;O,N) _ Z (_1>th(2Nm+g)2/8N’ (16)
(0N =70 30 (~1)(@Nm 4+ QN (1)

From (1.6) and (1.7) we obtain
V_gn(7;0, N) = Vg (7;0, N), ﬁlgjh(T;O,N) = —ﬁ;h(T; 0,N). (1.8)
It is clear that

9 00
H Yoo(730,2a;) =1+ Z r(n; /)Q". (1.9)
k=1 n=1
Further, put
O(rif) =1+ pln F)Q". (1.10)
n=1

It is known that
19272 o0

p(n; f) = W;A@’ (1.11)

where I'(+) is the gamma-function,

Ay = Y e ") TT Stagh.) (1.12)

h mod q q
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and S(axh, q) is the Gaussian sum.

1.2. For the convenience we quote some known results as the following lem-
mas.

Lemma 1 ([2], p. 811, the end of the p. 954). The entire modular
form F(7) of weight r on the congruence subgroup U'o(4N) is identically zero if
in its expansion in the series

F(r)=Cy+ Z C,Q",
n=1

Co=C, =0 foralln < 54N ] (1+ )

plAN

Lemma 2 ([6], Theorem on p. 64). For given N > a, the function
w( ngoo T, O Qak)—ﬁ )\Hﬁgkhk T, O,2Nk),
k=1

where X is an arbitrary constant, is an entire modular form of weight 9/2, and
the multiplier system

o(M) = 106 s-D/2 (511 /4(5A’;5n5 >

onTy(4N) (M = <?; ?) is a substitution matriz from Uo(4N)) if the following

conditions hold:
)2|gk7Nk|N(k_17273)7a’N;

)4|NZ 4|Z4N,
3) for alla and5 wzth ad =1 (mod 4N)

N, N, Ny
sgné( 5| )kl_[lz?agk 0 (750, 2Ny) = ( 0] ) Hﬁgkhk 7;0,2Ng).
Lemma 3 (see, e.g., [4], p. 14, Lemma 10). Let
X, =1+ A@p) + AP*) + -

then for s > 4

iz‘l(q} =11 x.-

q=1

Lemma 4 ([1], Theorem 2, p. 531). Let n be a positive integer and f be
a positive definite quadratic form in s > 4 variables with integral coefficients, A
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its determinant. If 21 s, 25 || n, 28" || A, An = 26F w0 = 2w, pt || n, p¥ || A,

u= 1] p =rdw,v= I p™** =r3w,, then
pn plAn, p|A
p2A p>2
(s =i~ 1ooy-17 (51 (s—1)/2
%= g6 I TL =)7L (5 =, (-2
1;[ P 2 Qﬂ- 1|Bs—1| 2}:}[1 pp:|l;[A 2
p>2
s—1)/2
<11 (1 _ (M)pusm)
plr2 p
p>2
_1)\(s—1)/2
(M (Sl e
dlr pld p

where L is the Dirichlet series and B,_1 1s the Bernoulli number.

If in Lemma 4 we put s = 9, then by (1.11) and Lemma 3 we get

o0 1) = o iare s I L7 k)
T0-Er)Zn0-Gr)
—p:ﬁﬁi xgﬁr}?x 1 R
-Gpr)zemp-Gp) o

Lemma 5 ([3], p. 298). The sum of Dirichlet series L(4,w) is equal to
4 11 4
- ) L<4a 2) = 771- )
25.3 28.3v2
h h? h?
_ o 4 —1/2 n _
Lt w) = 2w 2 (w) (22w2 3w3>

0<h<w/2

L(4,1) =

if w>1, w=1 (mod4),

L(4,w):2ﬂ'4w1/2{ S (Z) (ZZU_?ZZ)

0<h<w/4

oy (h)(l _3h+h2_h3>
w 25.3 240w 2w?  3ws

w/4<h<w/2
if w=3 (mod 4),
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L@yﬂzQMWAQ{ 5 &&)(5?3_23

0<h<w/16
h 5 h 202 24 R
" (w/z) (r5tam w50
h 37 h B2
! () (-—+—>}
3w/16§§w/4 w/2 28 .3 2% 2
if w>2, w=2 (mod8),

R NERIC=)

0<h<w/16

> (w};2> <281- 37 2£Lw * :i)

w/16<h<3w/16

h 7 13h  22h2 243
T () (e
w/2) \26.3 24y 2 e

3w/16<h<w/4
if w=06 (mod ).

In particular, using this lemma, by tedious calculations we get:

23 177 2074
L(47 3) = L , L(4, 5) = L , L(4’ 6) _ 7’7}' 7
21313 2-3-5%/5 27.32,/6
1137 157774
L(47 7) = 771—7 L(47 10) _ —7'(',
34 TVT 273 55/10
215374 1001
L(4,11) = ST pag) = BT
24.3.113‘/11 23133\/1_3
25037 170
26.3.73\/14 50 15215
2057 1493374
L(4,17) = 2057 . L(4,19) = 149337 :
17317 48 - 193/19
1877 2488974
L(47 21) == 771-7 L(4722> — T ’
9-212v21 27. 3. 113v/22
709374 436797
L<4; 23> = m ’ L(4’26) _ m 7
92.3.233,/23 273132V
26697 364517
L(4,29) = 27T [(4,30) = 2
2 . 293\/ 29 26 . 34 . 53 /30
103577 511574
L(A,31) = =0 L(4,33) =
6 ° 313 31 333 /3_3
24174 617337
26.3.173v/34 923.3.353y/35

115
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2. FORMULAS FOR 7(n; f) IF f =2 + 23+ -+ + 22 + 423

Lemma 6. The function

»(7s f) = 950(730,2)000(7; 0,8) — (75 f)
6-9 1
BT 512(m)3198%(7;0’24)
64-27 1
17 2048(mi)
32.21 1
C17 1024(mi)?

896 1 ,
T 17 1096(mi)? Vs 0(730,24) (2.1)

3 19/126,0 (Tv O? 24)19250 (7—7 07 24)

79;;20(7'; 0, 24)19'16’0(7'; 0,24)

is an entire modular form of weight 9/2 and the multiplier system

p(M) = 1) sens=1)/2. @'<|5—1>2/4(4ﬁ Eﬁ“ )

on I'o(48) (M = (: ﬁ) is a substitution matriz from T'y(48)).

o

Proof. In Lemma 2 put a = A = 4; g1 = go = g3 = 8 g1 = ¢go = 16,
g3 =8 g1 = 92 =8, 93 = 16; g1 = g2 = g3 = 16; hy = hy = hg = 0;
Ny = Ny = N3 = N = 12. It is easy to verify that the last four summands in
(2.1) satisfy the conditions 1) and 2) of this Lemma. Further,

3 _ _ _
- () () ()G e
0] 0] 0] 0] 0] 0]
If ad6 =1 (mod 48), then ad = 1 (mod 24), whence, in particular,

a = +1 (mod 24), then respectively 6 = +1 (mod 24). (2.3)

From (2.3) it follows that if « = £1 (mod 4) and @ = £1 (mod 3), then
respectively

d==+1 (mod 4) and 0 =+1 (mod 3). (2.4)
By (1.4), (1.5) and (1.8),

19/8306,0(T§ 0,24) = §£8+8(aq:1),0(73 0,24) = ﬁg&o(ﬂ 4(aF1),24)

93 (7:0,24)  for a=1 (mod 24),

/ 2.5
—9g(7;0,24) for a=—1 (mod 24). (2:5)
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Similarly,
19/126304,0(7—; 07 24>19/8a,0(7—; 07 24)

B 19’12670(7'; 0,24)0%,(7;0,24)  for a=1 (mod 24), (2.6)
| =02 ,0(730,24)94(730,24)  for a = -1 (mod 24), '
19;;201,0(7'5 0, 24)19,16a,0(75 0,24)

_ Jvg (o0, 24)016,0(7;0,24)  for a =1 (mod 24), (27)
| =9(r;0, 24)0160(7;0,24) for a = -1 (mod 24), '
9 (r0,24) = 2 %(7' 0,24) for a=1 (mod 24), 2.8)

’ 03 (7;0,24) for a=—1 (mod 24).
From (2.2) it follows that
3 :
N, No N 3 ( if 6>0,
sgné(le?’) = sgn(5<M|> = 5> (2.9)

—Li)if5<0

If in (2.9) we have § > 0 and 6 = 1 (mod 24), i.e., § = 1 (mod 4) and
§ =1 (mod 3), then (2) = () = (3) = 1 and (5}) = 1. Thusif § > 0,
then sgn5(|a|) = (5) = (ﬁ) But if in (2.9) we have § < 0 and 6 =
(mod 24), ie., d =1 (mod 4) and § =1 (mod 3), then, as —d = —1 (mod 4),
we get (&) = —(32) = —(3}) = 1 and (5}) = —1. Thus if § < 0, then
Sgnd(w) ( ) (%) (|5|)

Now suppose that in (2.9) we have 6 = —1 (mod 24); hence § = —1 (mod 4)

hen i =

and 6 = —1 (mod 3). Then if § > 0, we get (2) = —(J) = 1 and (

Le., sgné(w) (T> = Wl) But if 6 < 0, then (_%
(=)= 1. e snd) = () = ~() = ~().
Thus
—1
NiNoN3\ <M|> for 6 =1 (mod 24),
() = 210)

_(;5’1) for 6= -1 (mod 24).

Since in the investigated quadratic form A = 4, we have (ﬁ) = (ﬁ), and

according to (2.3), formula (2.10) can be rewritten as

(ﬁ) for § =1 (mod 24),

N1N2N3> B i.e., also for a =1 (mod 24),

sgné( _
0] _<|C;|l) for 0 =—1 (mod 24),

(2.11)

i.e., also for & = —1 (mod 24).
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Hence by (2.11) and (2.5)—(2.8), for all @ and § with ad = 1 (mod 24) we

have
) sgn 5(N1N2N3

o )93 o(7;0,24) = (T 0 (70, 24),

2) sgn (NN (750,24)04,0(73 0, 24) = (71 )0 (73 0, 24)040(7; 0, 24),
3) sgn 0 MERN )92 (730, 24)016,,0(73 0, 24) = (1)U (73 0, 24)01 (73 0, 24),
4) sgn 5(N1]‘\§fN3)191%a’0(7';0,24) = (|5|)191%0(T 0,24).

Thus the condition 3) of Lemma 2 also is satisfied. [

Theorem 1. The following indentity takes place:

16-9 1
8 (0.9 . — .
1900(7—707 )7900(7—7078) 9(7—7 f) + 17 512(7”)3

64 - 27 1
17 2048(ri)? 19160(7 0,24)04,(7;0,24)

32.21 1
17 1024(mi)?

896 1

17 4096(i )3

O (750, 24)

1980(7' 0,24)01 (730, 24)

19160(7 0,24).

Proof. According to Lemma 1, the function ¢ (7; f) will be identically zero if all
coefficients of @™ (n < 36) in its expansion in powers of ) are zero.
If in (1.13) we put A =4, ie., v =1, 7 = 1, and n = 2*u, then

27k/2u7/2 . 256 4 d7 W .
plns f) = gy 48300 g Lt w dZ| H( (p)p )
ri pld
2021/ 12988 L(4 d7 “Y 9212
_c v 1— (£ ). .
g 2 ST (- () e

A method of finding the values of x, in the general case for an arbitrary
quadratic form is developed in [7]. In the case of the quadratic form f =
xt+ a3+ -+ af + 4a3, we get

X, =1 i k=0,
:; it k=1,

143 — 255 . 27 7k/2-3
= o7 if £>2, 2|k, u=3 (mod4),
143 + (127 - (—1)(w*~1)/8 — 8)9=Tk/2=6
127
if k>2 2|k u=1 (mod4),
143 — 255 - 2-(Th=1)/2

57 if k>3, 21k

(2.13)
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In particular,

0224 + (—1)@*=1)/8
8102 o1

1151 . - o
= 101 if k=2, u=3 (mod 4) and if k= 3.

Our aim now is to find the values of p(n; f) for all 1 < n < 36. In the table
below the values of y, are obtained by virtue of (2.13) and (2.14), the values
of L(4,w) are calculated by Lemma 5 and are placed after this lemma, and the
values of p(n; f) are calculated by (2.12).

nlulr| An |7 w|X, L(4,w) o(n; f)
4 12
1114110211 7T 128
4 .
5130143231 27 _ 256 - 23
24,34\/5 17
4
2.3.53\/5
4 .
7l 701147120711 1137 1024 - 113
22.3.73\/7 17
mt 128 - 2161
4 - 111 a0 et
9193 916 o =
4 .
ali 1 la1lal1] 1 21537 9256 - 2153
21.3.113/11 17
4 4
31314130213 1 | BT | 59300
2.3 13313
4 .
Gl 1la sl 1 1797 1024 - 1611
20 - 152v/15 17
4 .
17017 ) 1 (417 ]2|1p] 1 | 20T | 4096-615
17317 17
4 .
0l19l114.1012110] 1 149337 9256 - 14933
48 - 19319 17
4
o121 1 421|221 1| B 215302
9.212y/21
4 .
9312311 14.231219231 1 70937 1024 - 7093
92.3.923%,/23 17
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nlujn]An el u | 4w p(n; f)
wt 128 - 78001
25 | 2 4-25110] 1] 1 128 - 78001
5255 5110 . T
237 1024 - 12581
o7|27|3 |4-27]6 | 3| 1 ST 024 - 1258
24,34\/§ 17
4
29020 1 [4.20] 2 |20 1 | 20T 064608
2 - 2934/29
4 .
31013111 14.311 2 [31] 1 10357 2048 - 10357
6-313v/31 17
211574 4096 - 634
3333 1(4-33] 2 33| 1 211577 | 4096 - 6345
333/33 17
4 .
3503501 14.350 2 [35] 1 617337 51261733
8-3-35%/35 17
4 .
ol1|1]s1]22] L A 16 - 77
7 297 321827
63[1/83[|2|6] = _ T 321827
8 27-3%V/6 17
4 .
wlsl1lsgs5!20 - 15777 32-11039
8 27.3.53/10 17
4 .
1471187214 7 25037 64 - 17521
1174 16 -1
18|93 ls96|2| ! it 16 - 170555
4 . .
22911111 [8-11] 2 |22 7 24889 32724889
8 27.3.113/22 17
4 .
o613l 118.131 2 |26] 7 436797 32 - 305753
7 364517 64 - 255157
30151 (815 2 30| =
8 26.34.53\/% 17
4 .
34 (1711 18-17| 2 |34 7 57241m 64 - 400687
8 [26.3.173\/34 17
4 .
gl 11061041 |22 m 29225
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nlu|r| An r |w X, L(4,w) p(n; f)
1151 117 16 - 12661
111]132.1412 -
8 s 1024 28.3v2 17
1151 2374 32 - 26473
12 1/16-3|4]3
3 6-3 1024 24.34/3 17
1180681 74 2. 1180681
16/1)1]64-11]811 2 53 —
9223 1774
20|51 16-5 |45 T 295136
8192 2.3-5%/5
1151 2974 32300411
24 11323416
3 323 1024 27 . 321/6 17
1151 11374 128 - 130063
2817111 16-7| 4|7
1024 34737 17
18743041 1174 16 - 11 - 147583
211111281 p)
s 8 8 217127 | 28.3\/2 17
9225 7l 2.9225.2161
16-9 121 | == coese 2
361913 16-9 8192 2.3 17
Thus according to (1.10) we get
128 16 - 77 256 - 23 2.9225
O ) =1+ = Q+ —-— @+ Q'+ = Q1+ 2048Q°
32.1827 1024-113 .  16-12661 , 128-2161
T A T e T A T
32-11039 .,  256-2153 ,,  32-26473 _, 3
i i bk 59392
T A T A T @
64-17521 _,, 1024-1611 . 2-1180681
A A T T
4096 - 615 . 16170555 . 25614933
T e T T A
32 -7 - 24889
+2951360Q%° + 315392Q%! + — Q*
1024 - 7093 ., 32-300411 _,, 128-78001 _,.
17 @+ 17 @+ 17 @
32305753 ,; 1024-12581 . 128130063
+ 17 @+ 17 17 @

9646080Q%°
+ Q% + T

64 255157

2048 10357

17

121
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16 - 11147583 _,, 4096 - 6345 ,,  64-400687 .,
17 A T T
: 29225 - 2161
| 512 1(371733Q35+ 9 157 6L oo, ... (2.15)

Using (1.6), we have

Yoo(7;0,8) = Z Q(16m)2/64: Z Q4m2

m=—00 m=—00

=1420Q"+2Q" +20Q% + ... (2.16)
and
Joo(0,2) = 3o QUMY = 3 Q™
=1420Q +2Q" +2Q° + 20" +20% +2Q% + - - - . (2.17)

From (2.17) it follows that
¥2,(750,2) = 14 4Q + 4Q* + 4Q* +8Q° + 4Q® + 4Q° + 8Q"™
+ 8@13 + 4@16 + 8@17 + 4@18 + 8@20 + 12Q25 + 8@26
+ 8@29 + 4Q32 + 8Q34 + 4Q36 4o
It is not difficult to verify, but by very tedious calculations, that
930(7:0,2) = 14 8Q + 24Q* + 32Q° + 24Q" + 48Q° + 96Q° 4 64Q"
+24Q°% + 104Q° + 144Q™ 4+ 96Q™ + 96Q"* + 112Q"
+192QM + 192Q" + 24Q'° 4 144Q'" + 312Q"® + 160Q"
+ 144Q%° + 256Q%" + 288Q%% + 192Q* + 96Q*! + 248Q%*
+336Q%° + 320Q%" + 192Q* + 240Q* + 576Q° + 256>
+ 24Q% + 384Q%% + 4323 + 384Q%° + 312Q% + - ..
and
95,(7;0,2) = 14+ 16Q + 112Q* + 448Q° + 1136Q* + 2016Q°
+3136Q° 4 5504Q" + 9328Q% + 12112Q° + 14112Q*
+21312Q" + 31808Q"* + 35168Q" + 38528Q™
+ 56448Q"° + 74864Q"C + 78624Q'7 4 84784Q™® + 109760Q°
+143136Q% + 154112Q* + 149184Q% + 194688Q%
+ 261184Q*" 4 252016Q% + 246176Q2° 4 327040Q*"
+ 390784Q% + 390240Q* + 395136Q™ + 476672Q™
+ 599152Q%2 + 596736Q% + 550368Q>*
+ 693504Q% + 859952Q° + - - - . (2.18)
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From (2.18) and (2.16), again by tedious calculations, we get
D50(7:0,2)000(73 0, 8)
=1+16Q + 112Q7 4 448Q° + 1138Q* + 2048Q° + 3360Q°
+6400Q7 + 11600Q° + 16144Q° + 20384Q"° + 32320Q"!
+50464Q" 4 59392Q" + 66752Q'* + 99072Q"
1+138482Q™ + 148992Q"" + 162064Q"® + 223552Q"
+295136Q%" + 3153920Q%" + 325024Q* + 425216Q*
+566112Q%* + 584464Q% + 572768Q*° + 7590400Q*"
+976768Q + 964608Q* + 9645440Q™ + 1243648Q*
+1530448Q3% + 1534464Q% + 1510208Q**
+1866368Q° + 2344530Q% + - - -
From (1.7) it follows that

o0

1) 93(r;0,24) = (87rz' >

m=—0o0

(6m + 1)Q(Gm+1)2/3>3 _

= (0omi)°Q(1 — 15Q° + 96Q"° — 335Q*" + 672Q** — - ),

ie.,
S12(mi)? 93(7:0,24) = Q — 15Q° + 96Q17 — 335Q% + 672Q% + - -
T

2)  igo(7;0,24)04 (730, 24) = <l6m' S

m=—0oQ

2
(Bm + 1)Q4(3m+1)2/3>

e}

X <8m' > (6m+ 1)Q(6m+1)2/3>

= 2048(mi)*Q*(1 — 4Q* — Q° +20Q" — 13Q"°
_QOQQO + 12@24 . 4OQ28 + 70@32 + 76@36 +.. ‘)’
le.,
19 . ro. 3 . " .
~13Q" - 20Q* +12Q” — 40Q”' +70Q* + -

3) U 0.20)50(r:0.24) = (8mi Y

(6m + 1)62(67”“’2/?’)2

[e.e]

X <167m' > (Bm+ 1)Q4<3m+1)2/3>

m=—0o0

123

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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= 1024(mi)*Q*(1 — 2Q" — 10Q® + 20Q"2 + 39Q"® — 74Q™

—70Q% + 100Q% + 44Q™ + 58Q% + - -+ ), (2.24)
ie.,
1 2 . . 2 6 10 14
W 7980(7-, 0, 24)19,16,0(7—7 0, 24) == Q — QQ — ].OQ + 20@
+39Q" — 74Q* — 70Q*° 4 100Q* + 44Q** 4+ - - - . (2.25)
o) 2
4) 9 (730,24) = (16m’ > (3m 1)U /3>
= (16mi)*Q* (1 — 6Q" + 12Q° — 8Q" + 12Q™ — 48Q™*
+48Q% — 15Q% + 60Q*° + - - ), (2.26)
ie.,
1
7193 .24 1 6Q% + 120" — 8Q1'°
+12Q24 —48Q% +48Q%* — 15Q%° + - - - . (2.27)

By (2.1), (2.19), (2.15), (2.21), (2.23), (2.25) and (2.27), one can verify that
all coefficients of Q" (n < 36) in the expansion of ¥ (7; f) in powers of @) are
zero. Thus, according to Lemma 1, the theorem is proved. [

Theorem 2. Let n = 2%u, 4n = r’w, r? | u. Then

122887/2 w
rf) = o L) ST (1 (2))
17m4r] C% gg P
16-9
< > r1xoxs if m=1 (mod 4),
xitad+ai=3n
r1=x2=x3=1 (mod 6)
12288u7/2 w
- L) AT (- (5 )
177r47" i pld P
64 - 27
5 > r1xexs if m =3 (mod 4),

4(z?+ad)+22=3n
z1=22=1 (mod 3), z3=1 (mod 6)

12288 - 27k/24,7/2 w
= 2= (3))
1777_47”{ X2 ( 7W)Z H p p

dlr1  pld

32-21
+ == > 117923 if n =2 (mod 4),
17 x%+x%+4z§:3n
z1=22=1 (mod 6), z3=1 (mod 3)
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12288 . 27k/2y,7/2 W
- e A 1= ()
r(n; f) 17t XoL(4,w) Y d' ] ’ p

dlry pld

896
+ I > r1xexs if m=0 (mod 4).

4(z2+z3+22)=3n
z1=z2=x3=1 (mod 3)

The values of x, can be calculated by formulas (2.13) and (2.14), the values of
L(4,w) by Lemma 5.
Remark. If p*{n (p > 2), i.e., r; = 1, then in all above formulas
Sall(i-(G)r) -1
diri pld p

Proof. Equating the coefficients of Q™ in both sides of the identity from Theo-
rem 1, by (1.9) and (1.10) we get

16-9 64 - 27
T(”;f):P(”;f)‘l'li?wl(n)"'?ub(”)
22 () + 5 wan)

17 VYT i)

where wq(n), wa(n), ws(n) and wy(n) respectively denote the coefficients of Q"
in the expansions of the functions

1, ,
e U (1:0,24), s 02 (750, 24) 94 (73 0, 24
512(mi)3 s0(73 0,24), 2048(7i)? 16,0(73 0, 24)05 (7 0, 24),
I L
U (730, 24)00740(750,24),  ————— 107} (730,24
1020 V20750 2 Wr00(m3 0 24), - g Pieo(m: 0,24)

in powers of ().
The values of p(n; f) are given in (2.12).
Further,
a) from (2.20) it follows that

512(mi) Vg (750, 24)

_ Z (6my + 1)(6ma + 1)(6ms + 1)Q((6m1+1)2+(6m2+1)2+(6m3+1)2)/3

mi,mz2,Mm3=—00

oo
n
> (X ama)en
n=1 x%+x§+z§:3n
r1=x2=x3=1 (mod 6)
le.,

wy(n) = > T1T9T3;
:c%—i—x%—&-x%:f}n
rz1=r9=x3=1 (mod 6)

it is obvious that wq(n) =0 for n =0 (mod 2) and n = 3 (mod 4).
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b) from (2.22) it follows that

1
2028 Voo (T 0:24)05(7:0,24)

o0

= > (3my +1)(3mg + 1)(6my + 1)QUEMFD BT Ema+1))/3

mi1,m2,m3=—00

00
n
-3 ( )3 21232 ) Q"
n=1 4(99%—&-96%)—%30%:377,
z1=22=1 (mod 3), z3=1 (mod 6)
i.e.,

ws(n) = > L1 T2 3;
4(z?+ad)+2%=3n
z1=22=1 (mod 3), z3=1 (mod 6)
it is obvious that wq(n) =0 for n =0 (mod 2) and n =1 (mod 4).
¢) from (2.24) it follows that

1

T0za(miye Vo0l 0 24)¥60(73 0,24)

_ i (6my + 1)(6ma + 1)(3ms + 1)Q((6m1+1)2+(6m2+1)2+4(3m3+1)2)/3

mi,m2,m3=—00

oo
=> ( > rlxzxa) Q",
n=1 w+a3+4zi=3n

z1=22=1 (mod 6), z3=1 (mod 3)

ie.,

ws(n) = > T1T2T3;
x%+x§+4x§:3n
z1=22=1 (mod 6), z3=1 (mod 3)
it is obvious that ws(n) =0 for n =1 (mod 2) and n =0 (mod 4).
d) from (2.26) it follows that

1 /
1006078 V160(730:24)

oo

= 3 Bmi+1)(Bma +1)(3my + 1)QUEMFL HEma P Bmat1)?)/3

m1,m2,Mm3=-—00

oo
n
> (X ama)en
n=1 4(38%—&-:23—4—3:%):371
z1=z2=x3=1 (mod 3)

ie.,

wy(n) = Z T1ToT3;
4(z2+z3+22)=3n
r1=x2=x3=1 (mod 3)

it is obvious that wy(n) =0 for n =1 (mod 2) and n =2 (mod 4). O
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The author expresses his gratitude to G. Gogishvili for providing formulas
(2.13) and (2.14).

REFERENCES
1. R. I. BERIDZE, On the summation of Hardy-Littewood singular series. (Russian) Soobshch.
Akad. Nauk Gruz. SSR 38(1965), No. 3, 529-534.

2. E. HECKE, Mathematische Werke, zweite Auflage. Vandenhoek und Ruprecht, Géttingen,
1970.

3. G. A. LOMADZE, On the representation of numbers by odd number of squares. (Russian)
Trudy Tbiliss. Math. Inst. Razmadze 17(1949), 281-314.

4. G. A. LoMADZE, On the representation of numbers by some quadratic forms with six
variables. (Russian) Trudy Tbiliss. Univ. 117(1966), 7-43.

5. G. A. LOMADZE, On the representations of numbers by positive quadratic forms with six
variables. (Russian) Trudy Tbiliss. Math. Inst. Razmadze 45(1974), 111-133.

6. G. LoMADZE, On some entire modular forms of half-integral weight on the group I'g(4NV).
Analytic and probabilistic methods in number theory. Proc. in honour of I. Kubilius,
Palanga, Lithuania, 1991, New Trends in Probab. Stat. 2, 5767, VSP, Utrecht, 1992.

7. A. V. MALYSHEW, On the representation of integers by positive quadratic forms. (Russian)
Trudy Mat. Inst. Steklov 65(1962), 3-212.

(Received 01.06.2000)

Author’s address:

Faculty of Mechanics and Mathematics
I. Javakhishvili Thilisi State University
2, University St., Thilisi 380043
Georgia



