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ON STOCHASTIC DIFFERENTIAL EQUATIONS IN A
CONFIGURATION SPACE

A. SKOROKHOD

Abstract. Infinite systems of stochastic differential equations for randomly
perturbed particle systems with pairwise interaction are considered. It is
proved that under some reasonable assumption on the potential function
there exists a local weak solution to the system and it is weakly locally
unique for a wide class of initial conditions.
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1. INTRODUCTION

We consider a sequence of R%valued stochastic processes
ZL’k(t), k:1,2,...,

satisfying the system of stochastic differential equations of the form

du(t) = alzy(t) — zi(t))dt + odwy(t), k=1,2,..., (1)

i#k
where a(r) = —U,(z), and U : R? — R is a smooth function for || > 0, and
o > 0 is a constant, wg(t), k = 1,2,..., is a sequence of independent Wiener

processes in R?.  System (1) describes the evolution of systems of pairwise
interacting particles with the pairwise potential U(z) which is perturbed by
Wiener noises. The problem is to find conditions under which the system has
a solution and this solution is unique.

Unperturbed systems were considered by many authors. We notice the recent
articles of S. Albeverio, Yu. G. Kondratiev, and M. Réckner [1], [2] where a
new powerful method for the investigation of unperturbed systems is proposed.
Finite-dimensional perturbed systems were considered in my book [3] and my
article [4]. The first general theorem on the existence and uniqueness of the
solutions to infinite dimensional stochastic differential equations were obtained
by Yu. L. Daletskii in [5]; he considered equations with smooth coefficients in
a Hilbert space. The existence and uniqueness of the solution to system (1) for
locally bounded smooth potentials and d < 2 was proved by J. Fritz in [6]. The
main result of this article was published in [7] without a complete proof.
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2. THE SPACE I'

It is convenient to consider system (1) in the configuration space I' which is
the set of locally finite counting measures v on the Borel o-algebra B(R?) of
the space RY. So a measure € I satisfies the condition: the support S, of the
measure 7 is a sequence of different points {zy, k € N'} of R? for which

2k| — 00, Y(A) =D Lalay).

The topology in I' is generated by the weak convergence of measures: v, — 7o
if
[ dwrntda) > [ o@)olde)

for ¢ € C; where C; is the set of continuous functions ¢ : R? — R with bounded
supports.
We use the notation

(6.7) = [ olontda), oecy,

and
(P, vy x ) = /(I):L‘l‘ (dx)y(dz") /Cbx:v (dx),

where ® : (R%)? — R is a continuous function with a bounded support.
We rewrite system (1) for I'-valued function ; for which

7 =2 ¢x(t), ¢€EC
k

Using the 1to’s formula, and considering the function a as a function of two
variables a(x — 2’), we obtain the relation

2

d{d, 1) = (&', ), 7 X )t + = 5 (80 %)
Z dwk( ))7 gbecf)? (2)

k

where A¢(z) = Tr¢"(z), and Cf is the set of ¢ € Cy for which ¢'(z) and ¢"(z)
are continuous bounded functions.
A weak solution to equation (1). A I'-valued stochastic process v;(w) is

called a weak solution to system (2) if, for all ¢ € C](CQ), the stochastic process

o) = (00 — [((@ ) x )+ Tldolds ()

0

is a martingale with respect to the filtration (F;);>0, where F; = (s, s < t),
and the square characteristic of the martingale is

(o 1o = 0 [((&1,0), ) ds. @)
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If v (w) is a weak solution to system (2) and

(6, 7e(w)) = oan(t))

for all ¢ € Cy, then the sequence {zx(t),k € N'} is a weak solution to system
(1).

Weak uniqueness. Let 7 € I'. System (2) has a unique weak solution with
the initial value 7, if for any pair of weak solutions to system (2) v}(w) and
72 (w) satisfying the condition 4 = 72 = 7o, the following relations are fulfilled:

Eq)(glllw--agllma"wglll?"'7£llm) = Eq)(é%l?""g%mf"?g?l?'"7£l2m)7 <5>

where ®(y11, ..., ym) is a continuous bounded function on R'™ and,

b= (0n (W), k=12 i=1,...,1, j=1,...,m,
$»€Cys, t1,....tn € Ry.

This means that the distribution of the stochastic process ¥ does not depend
on k, i.e., the distribution of the weak solution to system (2) is unique if it
exists.

Local weak solutions. Let v, (w) be a continuous I'-valued stochastic pro-
cess, and (F;)i>o be the filtration generated by it. v (w). is called a local weak
solution to system (2) if there exists a stopping time 7 with respect to the
filtration (F¢);>o for which P{r > 0} = 1 and the stochastic process ps(w,?)
which is determined by relation (3) is a martingale for ¢ < 7 with the square
characteristic given by equality (4).

Local weak uniqueness. Let 79 € I'. System (2) has a locally unique
weak solution with the initial value vy if, for any pair of locally weak solutions
to system (2) v} and ~? satisfying the condition 7 = & = o, relation (5) is
fulfilled for

zkj = <¢z> ’ij (w)>[{tj<7'k} )

where 7%, k = 1,2, are stopping times with respect to the filtration (FF)i>o
generated by the stochastic process vF(w).

Compacts in I'. For any 7 € I' and a continuous decreasing function A(t) :
(0,00) — Ry for which A\(0+) = 400, A(+00) > 0 there exists a continuous
decreasing function ®(t) : [0, 00) — Ry with ®(+00) = 0 such that

] @22 DA = 2D aperyy(dw)(de’) < oo. (6)
Denote
Dx(z,a) = B(|x)@(|2' DAl — o)) (7)

For any compact set K from I' and any fanction A satisfying the conditions
mentioned before there exists a function of the form given by relation (7) for
which

sup(®y,y x v) < oo.
vyeK



392 A. SKOROKHOD

Note that the set
{ry : <(I)>\;7 X ’Y> S C}

is a compact in I' for any @, of form (7) and ¢ > 0. Denote by I's ) the set of
those v € I' for which relation (6) is fulfilled. Set

d«1>,,\(71,72) = SUP{\(¢®;%>—<¢‘I)W2> NS Lipl|}+|<q)>\771 ><71>—<(I)>\,72 ><72>|,
where

Llp1:{¢60fsup‘¢<x>|§]_7 Supwx)_wgl}

z,x’ |CL’ - [E,|

I's » with the distance dg ) is a separable locally compact space.

3. AN EXTENSION OF GIRSANOV’S FORMULA

Assume that the potential function U(z) satisfies the condition

(PC) U(z) = u(|z|) where the function u : (0,00) — R is continuous, it has
continuous derivatives u/, u”, there exists a constant r > 0 for which u(t) = 0
for t > r, and

/td’llu(t)|dt < 0.
Free particle processes. Let a measure 7y satisfy the condition (IC)

(¢s,70) < 00, ¢s(x) = exp{—=d|z[*}.

Introduce I'-valued stochastic processes by the relation

<¢77t o, W Zgb xk+awk<t))

where

Z¢ wk ¢7 ’YO>

It is easy to check that ~; (o, w ) is a continuous I'-valued stochastic process if
o € T% where I'V is the set of finite measures from I'. There exist functions
¢, \ for which P{y}(70,w) € I'sx} = 1 for all £ > 0. The stochastic process
v (70, w) is continuous in the space ' ), and for any ¢y > 0 the function

EF(Y" (70, w))

is a continuous function in vy € I'g ) if I’ is a bounded continuous function
on Clo](I'e,x) which is the space of continuous I'g y-valued functions on the
interval [0, to].

Girsanov’s formula for finite systems. Let 7 be a sequence of finite
measures from [' satisfying the condition:

% = %% <%
It was proved in [4] that under the condition (PC), for any n, there exists a
unique strong solution to system (2) with the initial value +§. Denote it by

/715(’7(7)17 w)
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Lemma 1. Set a(z,2') = a(x — 2'),

i) =0 Y [((alait ow(s), )05 w). duwi(s)),

5
t

)=o 2//’ ), 7 (6 @) 7 (38w, da)ds,
0

pult) = exp {G1(H) — 1G3(1)}.
Then

Eq)<<¢177t1 (/7(7)1?(")»7 T <¢k77tk(7(glvw>)
= Epn()2({¢1,7, (00, @) - - (s 72, (0 @)

forallk =1,2,..., bounded continuous functions ® : R¥ — R and ¢, ..., ¢r €
Cf,tl,...,tk € [O,t]

The proof of the lemma can be obtained using the approximation of the
function a(z,z’) by smooth functions since for smooth a(x,z’) the proof is a
consequence of Girsanov’s formula [8].

Introduce the stochastic processes

wi(t) = /1{|zk+wk(s)\§c}dwk(3), T € Sy,
0

where ¢ > 0 is a constant. Let F;" be the o -algebra generated by
{wi(s),s <t,m, € Spp}

Lemma 2.
E(pn/F") = pulc,t),
where
pn(c,t) = exp {GT(c,t) — 3GE(c,1) },
and

Gi(e,t) =0 /(E(<a($i +owi(s),.), 75 (g, w)) [ F), dwi(s)),

t
G;L(Cv t) = 0_2// |E(<a($’ ')77:(737W)>/ngc)|21{\$|§6}7:(’78’w’ d$)d3
0

The proof rests on the statement below.
Statement. Let F;,t € R, be a continuous filtration, and its subfiltration
Fi,t € Ry, satisty the condition

(RE)E(¢/F:) is a Ff-measurable random variable if ¢ is a bounded FZ-
measurable random variable.
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Let p; be an F; -martingale with the square characteristic (1), for which the
stochastic process

p(t) = exp {pm — §{u)e}
is a martingale. Then

E(p(t)/F7) = exp { iy — 3},

where puy = E(uy/F;) is a martingale, and (), is its square characteristic.
Proof. Set fi; = py — pf. Condition (RE) implies the relation

(O/tg (s)dfis/ F, )ZO

for all Fi-adapted functions g(¢) for which

t
E /g(s)dﬁs < 00
0

pr(t) = exp {uy — $u )}, p(t) = exp {jin — Lk},
where (f1); is the square characteristic of the martingale fi;. The proof follows
from the relations p(t) = p*(¢)p(t) and

Set

B(H(1) —1/72) (/p i)/ 7 =0. 0

Remark 1. Assume that ¢;(z) = 0 for |z| > ¢,i = 1,2,... )k, ¢1,..., 0% €
Cr,t1,...,tx € [0,t]. Then for ® satisfying the conditions of Lemma 1 we have
the relation

E(I)(<¢1, Tt (737 w)), T <¢ka Vi (78,&)»)
= Epn(C, t)@((gbl’ /7:1 (78>W)>7 R <¢k7 ’7;5; (’78’ w)))

Remark 2. Denote by F; the o-algebra generated by {wj(s),s < t,x, € S5}
Then there exist the limits in probability

nlLHOlo G?(Ca t) = Gl (Cv t)a nlLIEO GS(C, t) = G2(ca t)7

i p(0) = (e, 1) = exp { Gl 1) — 5Gile 1),

n—oo

Gilet) =ot 3 [(B({alws + owils), ), 7 (0, 0))/FD), dus(s)),

Galet) = 072 [ [IE(alz, ). 7: (0,0 FPLatcer i (0., da)ds.

0
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Let w(t) be a standard Wiener process . Introduce the functions
Q(s,x,B) = P{x + ow(s) € B,qilrg9 |z + ow(u)| > ¢},
veV. BeB(V.), Vo={r € Ry: |2|> ¢},

) . Qc(s,z, B)
B) =lm ——-— =c, B .
Gl n B =g oo ne vy M6 BB

Set
ei(ca S) = inf Ai(ca 8)7 Ci(cv 3) = Sup Ai<ca 3)7

where
Ai(eys) ={u<s:|xf(u)] <c}, xf(u) =x; + wi(u).

Then the following statement holds.
Lemma 3.
E(a(z, 27 () 1z o)<}/ F5) = al@, 27 ()1 ja; (9))<e)
Lo esreoe) [ al@2)Qils = Gile, ), w1 (Gile,5)), d2)
+146,(c,5)=+00} /a(x, 2)Qc(s, x;, dz).
Corollary 1. Introduce the measures

Ve(A) =Y Taeaylues)=to0), A € B(V2),
k
Vi A) =D 1 eoyen) L an(ules))ea)
k
A e B([0,s]), AeB(V)), V.={x€ Ry: |z|=c}.

Then
E((a(z,),v:(v0,w))/ F5) = ac(s, z,w) +/a(xaw’)l{\xqgc}vi(%,w,dw’),

where

a.(s, r,w) = //a(az,z)Qc(s,x’,dz)us(dx’)
—l—/// a(z,2)Q%(s — u, ', dz)vi(du, dx').

Corollary 2. The functions Gy(c,t), k = 1,2, can be represented in the
form

()

Gilet) = o7t [ Solacls,wi(s),w), duf(s)),

and
t
Go(c,t) = O_Q/H(C, s)ds,
0
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2

> al@(8), 75 () Ljas(s)1<e) + ael(s, 77(5), )| Ljaz (o)<}
i g
Remark 3. Denote by (Ff(i)) the filtration generated by the stochastic pro-

cess wi(t), and by (Ff(i,7)) the filtration generated by the pair of stochastic
processes (wf(t);ws(t)), i # j. Set

pile.t) = E(ple,t)/Fi(i),  p™(c,t) = E(ple,t)/Fi (i, j).

Then . .
plet) =] [ shaui(s) - [IoesPas),

where 0 0

og'(c,s) = [E(ac(s, x) + kzﬁa(%xZ(S))l{xZ(SNQ})} .
and

pest) = oxp 1.0 du ) + a9 duso)]

—op{ = 5 [l e o) + I e )Fles .

where

*

0g;;(c, 8) = a7 (s), 25 (5)) Lz (5)|nle ()| <e)
—l—{E(ac(s,a:) +> 1{k¢i}1{k¢j}a(rﬂ,wZ(S))lﬂz;(s)Sc})L .
Remark 4. Assume that 7. is a stopping time with respect to the filtration
(Ff)i>o satisfying the condition Ga(c,7.) < ¢, where ¢; is a constant. Then
Ep(e,7.) =1 and E(p(c,7.))* < exp {c1}.
Introduce the stochastic processes

tATe
wi(e,t) = wi(t) — o " / ac<$’w:(s)’w)l{lm;(s)\gc}ds
0
tATe
_O'*l / Za(x;k(5>7x;(s))1{|zf(s)|v‘x;‘(s)|§c}ds (8)
0 7

Lemma 4. Denote by {Q, F, P}, the probability space generated by the se-
quence {wg(t),k =1,2,...} and let P. be the measure on {2, F} for which

dP,
R = plen).
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Then {wg(c,t),k = 1,2,...} is the sequence of independent Wiener processes
on the probability space {Q, F.P.}.

The proof is a consequence of Girsanov’s results [8].
Remark 5. Let ¢; < ¢y and 7, be stopping time with respect to the filtration

(FF )0,k = 1,2,7,, < T, and Ga(c1, 7e,) + Gao(c2,7e,) < c¢3, where ¢3 is a
constant. Then

E<p(6277—62)/:'r7?611) = IO(CbTCl)'

This formula is a consequence of the relation
E(Gi(c2,7¢,) [ F7) = Giler, 7ey).-

Lemma 5. Let {c;,k = 1,2,...} be a sequence of positive numbers, for
which limy_ 4 o ¢y = 400. Then there exists a sequence of positive numbers {ay}

for which
P{ Zasz(ck,t) < oo} =1
k
for allt > 0.

Proof. Choose ay, satisfying the inequality
P(Ga(cr, k) > (KPap)™) < k72
Then for any ¢ > 0 we have the relation

> P(agGolcg,t) > k7%) <t+ > k™ < o0.
k

k>t
This completes the proof. [J

Corollary 3. Let a sequence {ay} satisfy the statement of Lemma 5. Set
G(t) = Z ang(ck, t)
k

With probability 1 G(t) is an increasing continuous function satisfying the rela-
tions G(0) = 0,limy_,o, G(t) = co. Set

™ =inf{t : G(¢) > b}, 9)
where b is a positive number. Then

Ep(cy, 7)) =1, E(p(cx, 7)) < exp {ba'}.
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4. A THEOREM ON EXISTENCE OF A LocAL WEAK SOLUTION

Theorem 1. Let conditions (PC) and (IC) be fulfillrd,and let T* be a stop-
ping time introduced by relation (9). Then the following statements hold:
(i) there exists a probability measure P* on (Q F) for which

P*(A) = lim Elap(c, %) AE\/ P*(A) = P(A),A e F~,

where the o-algebra F* is generated by the processes
{zp(tVv 1) —ai(t), t>0, k=1,2,...}.

(ii) the stochastic processes given by the formula

tAT™

owk(t) = z(t) — / §a<x;<s),x;<s))ds, k=12,

are independent Wiener processes with respect to the filtration (F;)u>0) on the
probability space (2, F, P*).

Proof. Since 7* is a stopping time, for A € F* we can write, using Remark 5,
the relations

Elap(c, ) = Elap(ck, 7%)
if ¢ > ¢;. This implies the existence of limits

hmleBpCT , AG\/ B e F*.

It follows from the last formula that there exists a limit
I @61, En)ole 7). (10)
where ® € C(R™) and
&= ([, (0,w)), i=1,...,m,

where f; € C(RY), fi(x) = 0 for |z| large enough.

Now we prove that there exists a probability measure P* on (2, F) for which
a limit in the formula (10) is represented in the form E*®(¢y,... &), where
E* is the expectation with respect to the probability P*. Set

folz,2') = (1 - |§3n|> (1 — |c;|) <1+ |x—1x’|> V0.

Using Corollary 3 we can write the inequality

E(fn, v (70,w) x 75 (y0,w))ple, 77)
< (B{fas 75 (30, ) X 77 (70, w))?) % exp {Lba; '} (11)

Denote
An(t) = E{fn, 7 (Y0, w) X 77 (Y0, w))>.
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The functions A, (t) are non-negative and continuous. There exists a sequence
of positive numbers {b,} for which

> bu(1+ An(t)) exp {3ba,'} < oo, t>0. (12)
Formulas (11) and (12) imply the relation
limsup £ b {fa 77 (Y0, w) X 7 (0, w))ple, 77) < oo

This formula implies that the set of measures { P}, ¢ > 0} for which

dP; .
dP (CU) —p(ch )

is weakly compact, so there exists a sequence ¢}, ¢j, — oo for which P} converges
k

weakly to a measure P*. The statement (i) is proved.
Introduce the stopping times

7, = inf {t : Z apGa(ck, t) > b}’
k<n

and set
PL(A) = Blaplen70), A€ F.
Let ®(&y,...,&n) be the same as before. Then

lim EL @&y, &m) = EX (6, &m);

n—oo

here E? is the expectation with respect to probability P;.This formula is a
consequence of the relations

in probability and
E(p(en, 7)) = p(Cn, 7).
Let w}(c,t) be given by formula (8). Then for fixed n the sequence

{w!(ep,t),i=1,2,...}

represents independent Wiener processes on the probability space {Q, F, Pt}
Introduce stopping times

¢ =inf{t : |z;(t)| > ¢, — r}.
Since a.(z,w) = 0 for |z| < ¢, — r,we have

wi(en, 1V (') = wi(tV ().
Using Remark 3 we can prove that the relation

lim limsup P {sup |z} (s)| > c} =0 (13)
=00 oo s<t
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is fulfilled for any ¢ and t > 0. Let ®, hq, ..., h,, be the same as before . Set

= [his)dwi(s), & = [h(s)dwi(en,s), i=1,....
0 0
Note that
(e, ) = Ecp(/h1 Ydw (s /hm Ydw( )) (14)
0

for all n. Denote the expression in the right hand side of formula (14) by ®.
Then

0 6) =+ BO( X lamciopen ) (1)

i<m
Formulas (13) and (15) imply the relation
*O(EF, .., E8) = lim EX0(&, ... &) = .

n—oo

The statement (ii) is proved. [J
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