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Abstract. The purpose of the paper is reducing the three-dimensional Sig-
norini problem to a variational inequality which occurs on the two-dimen-
sional boundary of a domain occupied by an elastic anisotropic body. The
uniqueness and existence theorems for the solution of the boundary varia-
tional inequality are proved and a boundary element procedure together with
an abstract error estimate is described for the Galerkin numerical approxi-
mation.
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1. INTRODUCTION

Signorini type problems in the elasticity theory are well studied (see [11], [12],
[21], [7], [19], and the references therein). The main tool to investigate these
problems is the theory of spatial variational inequalities. By this method the
uniqueness and existence theorems are proved and the regularity properties of
solutions are established in various functional spaces.

The purpose of the present paper is reducing of the three-dimensional Sig-
norini problem to a variational inequality which occurs on the two-dimensional
boundary of a domain occupied by the elastic anisotropic body under consid-
eration. We will show that the spatial variational inequality (SVI) is equivalent
to the boundary variational inequality (BVI) obtained. The uniqueness and ex-
istence theorems for the solution of BVI are proved, and a boundary element
procedure together with an abstract error estimate is described for the Galerkin
numerical approximation.

A similar approach in the isotropic case is considered in [16], [17], [15], where
the Signorini problem is reduced to a system consisting of a BVI and a boundary
singular integral equation (for related problems see also [9], [8] and the references
therein).

2. CLASSICAL AND SPATIAL VARIATIONAL INEQUALITY FORMULATIONS OF
THE SIGNORINI PROBLEM

2.1. Let an elastic homogeneous anisotropic body in the natural configuration
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occupies a bounded region QF of the three-dimensional space R?: QF = QT US,
S = 0QT. For simplicity, we assume that the boundary S = 9Q* is C*°-smooth.
Further, let Q= = R¥\QF. The elastic coefficients Cj;p,, satisfy the symmetry
conditions

Cripg = Cpaki = Clikpg-
The stress tensor {oy;} and the strain tensor {ey;} are related by Hooke’s law

1
01 (1) = Chjpgepg(1), erj(u) = 5 (Oku; + Ojug),

0
0= (01,09,03), O == —,
(01,02,03) , Ok D
where u = (uy,us,u3)" is the displacement vector; here and in what follows
the summation over the repeated indices is meant from 1 to 3 unless stated
otherwise; the subscript T denotes transposition.
Define the symmetric bilinear forms:

E(u, U) = o (W)er; (V) = Chjpgepa(uw)er;(v) = E(v, u), (2.1)
a(u, /E u,v)dxr = a(v,u) /C’kqu Oruj Opvg dx. (2.2)

As usual, the quadratic form corresponding to the potential energy is sup-
posed to be positive definite in the symmetric variables e;; = ;i (see, e.g.,

[12])

E(u,u) = okj(u)erj(u) = Crjpgerj(u)ep(u)
> 01 egj(u) ex;(u), 6 = const > 0. (2.3)

Let the boundary S be divided into three disjoint open subsurfaces 57, Ss,
and 83, where SkﬂSj = @ for k 7& j, SQ 7é @,Sg 7é g, §1 U§2U§3 = S,
Sk = Sk U 0Sy; for simplicity, we assume 0Si, k = 1,2,3, to be C"*°-smooth
curves.

By T'(0,n)u we denote the stress vector acting on a surface element with the
unit normal vector n = (ny, ny, n3):

[ T(0rn(x))u(x) ] & = o1y (W), (2) = Cugpgny (@)Oguy(x), k=1,2,3.  (2.4)

We note that throughout the paper we will use the following notation (when
it causes no confusion):

(a) if all elements of a vector v = (v1,...,v,)" (a matrix N = [Ngjlmxn)
belong to one and the same space X, we will write v € X (N € X) instead of
veEX™ (N € Xpxn);

b)if K@ XyxXox--xX,;, Y1 xYox---xY,and X; = Xo =--- = X,
Yi=Y,=---=Y,, we will write K : X — Y instead of K : X™ — Y™,

(c) if a,b € R™, then a - b := Y ;' agby denotes the usual scalar product in
R™;
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(d) by |lu; X|| we denote the norm of the element u in the space X.

As usual, H*(Q"), HZ.(Q7) and H*(S) denote the Sobolev-Slobodetski
(Bessel potential) spaces; here « is a real number (see, e.g., [22], [31], [32]).
By H(Sk) we denote the subspace of H*(S):

HY(Sg) = {w: we HS), supp w C Si},
while H*(S;) denotes the space of restriction on S, of functionals from H®(S5)
H(Sk) =A{rs.f: f e H*(S)},

where 7g, denotes the restriction operator on Sy.

2.2. The mathematical formulation of the typical Signorini problem reads
as follows: Find the displacement vector u = (u1,us,u3)’ € HY(QT) by the
following conditions:

A(Q)u(z) =0 in QF, (2.5)
[T (0, n(x))u(x)] T =g on Sy, (2.6)
lu(@)]* =0 on S 1)

[T(0,n)u(z)] T —n[T(0,n)u(z) -n]* =0,
—[u(z) -n]t >0,
—[T(9,n)u(x) -n]™ =0,

[T, n)u(x) -n] ™ [u(z) -n]T =0,

where A(0) is a matrix differential operator of elastostatics
A(0) = [Arp(9) ] 3x3,  Akp(0) = Crijpg0; 0y,

the symbols [-]*([-]5) denote limits (traces) on S from Q*, n = n(x) is the
unit outward normal vector to S at the point = € S.

Equation (2.5) corresponds to the equilibrium state of the elastic body in
question (with bulk forces equal to zero). Condition (2.6) describes that the
body is subjected to assigned surface forces on Si, while (2.7) shows that the
body is fixed along the subsurface S;. The unilateral Signorini conditions (“am-
biguous boundary conditions” — due to the original terminology of Signorini
[11]) mean that the body remains on or “above” the portion S of the boundary
o0t = S (the “upper” direction on S is defined by the outward normal n).

The first equality in (2.8) means that tangent stresses vanish on S3 (i.e., we
have contact without friction with a rigid support along the S3). The mechanical
meaning of the last three conditions in (2.8) are described in detail, e.g., in [12],
Part 2, Section 10.

We assume that the vector-function ¢ in condition (2.6) belongs to the space
Ly(Sy) = HO(S)).
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Note that if u € H'(Q") and A(Q)u € Ly(Q"), then, in general, the limit
[T(0,n)u]§ is defined as a functional of the class H2(S) defined by the duality
relation (see, e.g., [22]),

([TO,n)u(x)] &, [v]§)s = / A(Q)u - vdr + / E(u,v)dx, (2.9)
o+ Q+

where v = (vy,v9,v3)" € HY(Q); here (-, -)g is the duality between the spaces
Hz=(S) and H~2(S), which coincides with the usual [Ly(S)]? scalar product for
regular (in general, complex valued) vector-functions, i.e., if f,h € [Lo(S)]?,
then

(f,h)s = /fkhk dS =: (f,h)Ly(s),
5

where the over-bar denotes complex conjugation.
Equation (2.9) can be interpreted as a Green formula for the operator A(9).
Due to the regularity results obtained in [19] if, in addition, g = [G]¢,, where
G € H'(Q"), then all conditions in (2.8) can be understood in the usual classical
sense (see also [12], Part 2, Section 10).

2.3. The above-formulated Signorini problem is equivalent to the following
spatial variational inequality (see [12], [19]): Find u € K such that

a(u,v —u) > P(v —u), Vv e K, (2.10)
where the bilinear form a(u,v) is given by (2.2),
K= {u = (uy,ug,us) € H'(QT) : [n(z) - u(x)]™ <0 on Sy
and [u(z)]" =0 on 52}, (2.11)

and the linear functional P is defined by the equation
P) = {g.[])s, = [ - [v]*as (2.12)
S1

with g € Ls(.51).
In turn, the variational inequality (2.10) is equivalent to the minimization
problem for the energy functional (see [12])

EW) =2 alu,v) — {g,[v]")s, Vv € K. (2.13)
Observe that the bilinear form af(-,-) is coercive on the space
HY(QF;85) = {ve H(Q): []" =0 on S} (2.14)

since the measure of the subsurface Sy is positive (see, e.g., [29], [7]). Thus
there exists a positive constant ¢y such that

a(u,u) > co|lu; HH(QD)|?, Yue HY(QT;S,).
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Therefore the variational inequality (2.10) together with problem (2.5)—(2.8)
and the minimization problem for functional (2.13) is uniquely solvable (see,
.., [12], [7], [19], [13)).

In the subsequent sections, on the basis of the potential theory, we will equiv-
alently reduce the spatial variational inequality (2.10) to a boundary variational
inequality.

First we expose the mapping and coercive properties of the integral (pseu-
dodifferential) operators.

3. PROPERTIES OF BOUNDARY INTEGRAL (PSEUDODIFFERENTIAL)
OPERATORS

3.1. Single- and double-layer potentials and their properties. Let
I'(-) be the fundamental matrix of the operator A(0)

A(O)(z) = d(x)I,

where §(-) is the Dirac distribution and I = [dj;]3x3 is the unit matrix (dy; is
the Kronecker symbol). This matrix reads [Nal]

1

Do) = Fel, [A7(-0)] =~ [ 47 (an)de, (3.)

where A71(—i€) is the matrix inverse to A(—i&), £ € R3\{0}, v € R3\{0},

a = [ay;]3x3 is an orthogonal matrix with the property a'z = (0,0, |z|)", n =

(cos p,sinp, 0)"; ngx denotes the generalized inverse Fourier transform.
Further, let us introduce the single- and double-layer potentials

V(g)@) = [T~ y)g(v) ds,, (3.2
S

W(g)(w) = [[T0y, n(u)T( — )] g(y) dS,, (33)
S

where g = (g1, g2, 93) " is a density vector and x € R?\ S.

The properties of these potentials and the corresponding boundary integral
(pseudodifferential) operators in the Holder (C***), Bessel potential (H}) and
Besov (B, ,) spaces are studied in [20], [25], [2], [26], [27], [5], [6], [28] (see
also [18], [3], [24], where the coerciveness of boundary operators and Lipschitz
domains are considered).

In the sequel we need some results obtained in the above-cited papers and

we recall them here for convenience.

Theorem 3.1 ([25], [2], [26]). Let k > 0 be an integer and 0 <y < 1. Then
the operators
Voo OM(8) — CFTI(QF),

W C*(9) = CF(QF), (3:4)
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are bounded.
For any g € C**7(S) and any x € S

V@@ = Vig) =Hglx).
@@V (@@ = [F271+K]glx) (35)
W)@ = 271+ K g(a),
@ n(@)W()@)]" =[O n(e)W (o))" = Lo(x), k>1,
where
Hg(a) = [ Da—y)g(y) dS,, (3.6)
K@) i= [ 70y n(@)D(y - o) g(y) dS,, (3.7)
K g(a) = [0, n()T(w = )] g(y) dS,, (3.8)
Lo(x)i=  lim _ T(0.,n(2)) [[T0,n()y—2)]" g(y)dS,. (3.9

S

Theorem 3.2 ([5]). Operators (3.4) can be extended by continuity to the
bounded mappings

Vo HN(S) - HEERQE) [HY(S) — H TR o)),
W H(S) — HYHQF) [H(S) — HLE ()],

with s € R. The jump relations (3.5) on S remain valid for the extended
operators in the corresponding functional spaces.

Theorem 3.3 ([25], [5]). Let k > 0 be an integer, 0 < v < 1, and s € R.
Then the operators
H o CMT(S) — CFTI(S),
H*(S) — H*"(S), (3.10)

12U K, 227 T+ K 2 CMP(S) — ORI (9),
. HY(S) — HY(S), (3.11)

L o CFI(S) — CF(8),
H**Y(S) — H*(S) (3.12)

are bounded.

Moreover,

(i) the operators £2711 + K and +2711 + K* are mutually adjoint singular
integral operators of normal type with the index equal to zero. The operators H,
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271 + K and 2711 + K* are invertible. The inverse of H
HL L OMTIT(S) — ORI (S) [HTY(S) — HE(S)]

18 a singular integro-differential operator;
(ii) the L is a singular integro-differential operator and the following equalities
hold in appropriate functional spaces:

K*H =HK, LK* =KL, HL = —47'T + (K*)?, LH = —47'1 + K% (3.13)

(iii) The operators —H and L are self-adjoint and non-negative elliptic pseu-
dodifferential operators with the index equal to zero:

(=Hh,h)s >0,  (Lg,g)s >0, (3.14)
Yh e C(S), Vg € C™(S), [Vh € H 2(S), Vg € H2(S)],
with equality only for h =0 and for
g=laxz]+b, (3.15)

respectively; here a,b € R3 are arbitrary constant vectors and [- x -| denotes the
cross product of two vectors;

(iv) a general solution of the homogeneous equations [—2711 + K*|g = 0 and
Lg =0 is given by (3.15), i.e.,

ker £ = ker (—2_11 + IC*) and
dim ker £ = dim coker £ = dim ker (—2_11 + IC*)
— dim coker (—2—11 + /c*) =6.

Theorem 3.4 ([5], citeNal). Let u be a solution of the homogeneous equa-
tion A(D)u =0 in QF. Then

N N tu(x), 1€ QF
W ([)%) v (rag®) = { 7 TS

where either u € C*(QF) with k > 1,0 <~y < 1, oru e H{(QY) [HL.(Q7),
u(z) — 0 as |z] — +o0].

We also need some additional properties of the above-introduced operators,
which will be proved below.

Theorem 3.5. Let f € H2(S) and h € H™2(S) satisfy the condition
(27 1+ K") f=Hh, de, h=H"'(-27T+K")f  (3.16)
Then there exists a unique vector-function v € H' (%) such that
A@)u(x) = 0 in QF,
(u]"=f and [Tu]® = h on S=00Q%.
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Moreover,

£f=(27T+K)h e, h=(2"T+K) Lf. (3.17)
Proof. We put
u(z) =W(f)(x) =V (h)(x), =€
Clearly, u € H'(Q")NHL,(Q7) and A () u(x) =0 in QF. Due to Theorem 3.2
and equality (3.16) we have

[u] = = (=271 +K") f = Hh =0.

Therefore, with the help of the uniqueness theorem for the exterior Dirichlet

boundary value problem (in 7) for the operator A(9), we conclude that u(x) =
0in Q. Thus

u(z) for ze€Qtf

Wi - v ={ ¢ B TS

Whence, applying again Theorem 3.2, we get
(u]* = [u]"=f and [Tu]™ = [Tu] =h on S,
ie.,
[u]"=f and [Tu]™ =h.
The uniqueness of u can be easily shown by the uniqueness theorem for the

Dirichlet problem.
To complete the proof we note that (3.16) and Theorem 3.3, (ii) imply

HLf = (27 +K7) (=27 T+ K*) f = (27 T+ K ) Hh=H (27T + K) b,
from which (3.17) follows since H is an invertible operator. [

Further, we discuss in detail the coercive properties of the bilinear forms in
(3.14) and the operators related to them. Note that similar problems for the
isotropic case and the Laplace equation are studied in [18], [3], [24], Ch.10, [4],
Ch. XI, §4 with the help of Korn’s inequalities. Here we treat the general
anisotropic case and prove the coerciveness of the corresponding operators by
means of different arguments.

3.2. Coercive properties of the boundary bilinear forms. We start
by the following simple lemma.

Lemma 3.6. Let (-,-)s be the bracket of duality (bilinear form) between the
dual pair H"(S) and H™"(S), Vr € R, and (-,-)g-r) denote a scalar product
in H77(S).

There exists a linear bounded bijective operator

Py : H'(S)— H™"(9) (3.18)
and positive constants C7 and Cs, such that

(£;9)s = (Porf s Q) gr(sy, VI € H'(5), Vge H(S), (3.19)
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and
ColIf; H' (S| < | Porf; HT(S)| < Collf; H'(S)|, Vf € H'(S). (3.20)
Moreover,
(f. Porf)s 20, VfeH (), (3.21)
with the equality only for f = 0.
Proof. First we consider the case of real functions. Let f € H"(S). Then
[(foadsl < CUFHT S g H (9, Vg € H(S),

where C'is independent of f and g, i.e., (f, ) is the linear bounded functional on
H~7(S) and due to the Riesz theorem there exists a unique element F' € H~"(5)
such that

{(£,9)s = (F.9)p-r(s), Vg€ HT(S). (3.22)

We put F' = P, f. It is evident that the mapping Py, : H"(S) — H™"(S)
is linear and injective. Now we show that it is surjective, i.e., for arbitrary
F e H77(S) there exists unique f € H"(S) such that equality (3.22) holds.
Let A, be an equivalent lifting (i.e., order reducing) pseudodifferential oper-
ator of order —r (see, e.g., [22], [10], [14], [1]):
A, . H°(S) — H"(S).

This mapping is an isomorphism. Then the adjoint operator (with respect to
the duality bracket) A’ is also an equivalent lifting operator

A [H'(S)]* — [HY(S)]*, ie., AF: H(S)— H°S).
Obviously, there exist positive constants aq, as, by, and by such that

ar | f; HUS) < (1A f; HT(S)]| < ax [l F HO(S)Il, - Vf € HY(S),

by llgs H7 () < Mg HY(S)| < b2 llgs HT(S)]l, Vg € HT'(S).

r

Here a; and b; do not depend on f and g, respectively. Note that

B(f? g) = <EA:f7 g>S
is a bilinear form on H~"(S5) x H~"(S).
Consider the equation

B(f.9) = (F.9)yrs). Vo€ H(S). (3.23)

where F € H™"(S) is some given element and f € H~"(S) is the sought for
element. Obviously, the linear functional in the right-hand side of (3.23) is
bounded on H~"(S).

It is also evident that B(-,-) is continuous:

IB(f.9)| = (&AL f g)s| < CIRALFHY(S)|] [lgs H(S)]]
< cagby[|f; H(S)|l llg: H ()]
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Moreover, B(-,-) is coercive:

B(f, f) = (8A . s = (NF R s = (ALFACT) o
= I HOS)I > 6 |13 17 ()]

Due to the Lax—Milgram theorem then there exists a unique solution f €
H="(S) of equation (3.23), i.e.,

(NAF,9)s = (F gy, 9€HT(S),

which proves the surjectivity of the operator Py, since A, A* f e H(S). Thus
mapping (3.18) is bijective. Inequality (3.20) then follows from the Banach
theorem on inverse operators.

Now let f = fi +ifs and g = g1 + ige, where f; € H"(S) and g; € H"(5)
are real functions.

Due to the results just proven we have

(f;9)s = (fr +ifo, 01 —iga)s = (f1,91)s +i{f2, 91)s — i{f1,92)s
_i2<f2792>5 = (P27"flagl)H*T'(s) +1 <P2rf2ygl)H77-(S)

—i (Por f1,92) () = 0 (Parf2, 92) g9y = (Parfs 9) ir—r (s
whence (3.20) and (3.21) follow. O
Lemma 3.7. There exists a positive constant Cy such that
(~He,2)s > Cs g H2(S)|*, Vi € H3(S).
Proof. Due to Lemma 3.6
_1

<_H§0’¢>S = (_PIH% SO)H_%(S) ’ VSO € Hz (S)

Moreover, the mapping
—PH : H2(S) — H2(S)

is an isomorphism and

(—PHe, ¢) 1o = (—He, P)s 20

(5)

for an arbitrary (complex-valued) function ¢ € H~2(S). Evidently, —P,H is a
self-adjoint positive operator (see, e.g., [30], Theorem 12.32).

By the square root theorem (see, e.g., [30], Theorem 12.33, [23], Ch.7, §3,
Theorem 2) we conclude that there exists a unique positive linear bounded
bijective operator

Q: H2(5)— H 2(5)
such that Q? = —P;’H. Consequently, @ is self-adjoint and invertible, and

er s H 3 (S)|| < |Qe; H2(S)|| < ez |l@; H2(S)]|
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with some positive constants e; and e;. Therefore
(—He,@)s = (=PrHe,9) o4 )
= (Q%0.9) 1) = 1QEH 2 (S)IP 2 & [l H2(S),
which completes the proof. [

We denote by X (Q1) the space of rigid displacements in QF, and by X (S) =
X (097) the space of their restrictions on S = 90" (see (3.15)). Note that
dimX (Q%) =dimX (S) = 6. Let ¥U(S) = {x’}%_, be the orthonormal (in the
HO(S)-sense) basis in X (S):

(Xj,x’“)HO(S) = (X, x")s = iy,

where 0y, is Kronecker’s symbol. Clearly, the system {x’ ?:1 can be obtained

by the orthonormalization (in the H°(S)-sense) procedure of the following basis
of X(S):

v =(1,0,0), v =(0,1,0), v® =(0,0,1),
y(4) = (%3,0, _xl)a V(5) = (—.772,1'3,0), I/(6) = (07 —Z'g,ill'z).
Further, let » € R and
HI(S) = {p:p € H'(S), (p,x')s =0, j =16} (3.24)
It is evident that H(S) is a Hilbert space with the scalar product induced by
(5 )ar(s)-
Lemma 3.8. L(Hz2(S)) = H;%(S), where the operator L is given by (3.9).
Proof. The Green identity
/[Au-v—u-Av] de/{[Tu]+- [v]* — [u]*- [T]*}dS
o+ S
with u = W(p) and Vv € X (Q1) yields

/wade: (Lo, x')s =0, Ve H(S), j=T1,6.
S

Therefore

L. HY(S)— HI3(S), ie, L(H3(S))C Hi:(S).
On the other hand, the equation

Lo=f feH(S), (3.25)

is solvable, and a solution ¢ € Hz(S) can be represented in the form ([25], [5])

6
. 1
SOZ<PO+ZCJ‘XJ7 SOOEHE(S)v

Jj=1



480 A. GACHECHILADZE AND D. NATROSHVILI

where , is some particular solution of the above non-homogeneous equation
1

and ¢; are arbitrary constants. In addition, if we require that ¢ € HZ(.S), then
(3.25) is uniquely solvable and the solution reads

6
©=w0— > (po,x")s X’ (3.26)

J=1

It can be easily shown that the right-hand side in (3.26) does not depend on the
choice of the particular solution g since the homogeneous version of equation

(3.25) (with f = 0) possesses only the trivial solution in the space H?(S). O

Corollary 3.9. The operator

1 1
L: H2(S)— H.?(5)
15 an isomorphism, and the inequality
cilles H2(S)II < 1£9; H2(9)]| < ¢ [l H2 ()], (3.27)

holds for all ¢ € HZ(S) with some positive constants ¢; and c; independent
of .

Lemma 3.10. There exists a positive constant c; such that

1 1
(Lo, @)s > 3oy HE (S|P, Vo € HZ(S).

Proof. Let

6
Lo:=Lo+ > (0, X))sX.
j=1

Note that Lo = Ly if and only if ¢ € H2(S).
Evidently,

6
(Lo, @)s = (Lo, @)s+D_ (e, X))sl”, Vo € Hi(S),
j=1
and (Lp,?)g = 0 implies ¢ = 0, due to Theorem 3.3, (iii) and (iv). This also
shows that the homogeneous equation

Lo=0, ¢eH(S),

possesses only the trivial solution, and since ndL = Ind L = 0, we conclude
that the mapping

L:H

NI

(8) = H3(5)
is an isomorphism.
Let A 1 be an equivalent lifting operator

Ay o HY(S) — H3(S),
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and construct the operator EZA%, where A} is the operator adjoint to Ay with
2 2

respect to the duality bracket. Therefore the isomorphism A% : H _%(S ) —
2

HO(S) is also an equivalent lifting operator.
It is obvious that the mapping

ASLA; = HO(S) — H'(S) (3.28)
2
is an isomorphism. Moreover,

(MTLA3p.B)s = (LALp, Kip)s 20, Vg € La(S) = H(S),

with equality only for ¢ = 0. Thus (3.28) defines a positive invertible operator.
Further, due to the square root theorem, there exists a positive (self-adjoint)
invertible operator Q : HY(S) — H(S) such that

N LA, = Q%

1
2

Therefore, with the help of the self-adjointness of the operator O and invoking
the Banach theorem on inverse operator, we get

(B LA 7)s = (D0, 0)s = (0. 9) 1o g
=|1Qp; H(S)|I* > calls HO(S)|I?, Ve € H°(S).  (3.29)

Note that for arbitrary ¢ € H2(S) there exists unique ¢ € H°(S) such that
Ao =1, ie, = A g and [|@; HO(S)|| > es||v; H2(S)|), where ¢s is a positive
2

constant independent of ¢ and 1. Consequently, by virtue of (3.29) we derive
(L, P)s = (LA, Aip)s = <A72£~A%%¢>s
> calles HUS)I® 2 eac |3 H2 ()]
which completes the proof since £y = L1, Voo € H *% (9). O
Below we need some mapping and coercive properties of the operator
Mi=L— (=271 +K)H ' (=27 T +K7). (3.30)
Applying equalities (3.13) we easily transform (3.30) to obtain
M=H"(=27"T+K") = (-2 T+ K)H". (3.31)
Corollary 3.11. The operator
M : Hi(S) — H 2(S)

is a bounded, positive, formally self-adjoint (with respect to the duality bracket),
elliptic pseudodifferential operator of order 1, and

kerM = kerl = ker (—27' 7+ K*), IndM = 0.
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Moreover,

The mapping
M : H2(S) — H,2(S)

1s an isomorphism, and the inequalities
1 _1 1 1
ci llgs H2(S)|| < M H2()|| < e [lgs H2 ()], Ve € H2 (),

1 1
(Mo, p)s > |l H2(S)|?, Vo € H2(S),
hold with some positive constants ¢}, c,, and ¢ independent of .

Proof. 1t is a ready consequence of (3.30), (3.31), Theorem 3.3, Corollary 3.9,
and Lemma 3.10. [

4. REDUCTION TO BVI. EXISTENCE AND UNIQUENESS RESULTS

Let u € K be the unique solution of the SVI (2.10). Due to Theorems 3.4
and 3.1 we have the following Steklov-Poincaré relations connecting the Dirichlet
and Neumann boundary data on S = 9Q% of the vector u:

L)t = (27 1+ K) [Tu], (=27 +K°) [t =H[Tu]t.  (41)
These equalities imply
[Tu]* = Lt — (=27 1+ K) [Tu]*
= Llul" = (=27 + K)H " (=27 + K7) [u]f = M[u]", (4.2)

where M is defined by (3.30).
The Green formula (2.9) with the vector v and arbitrary v € H'(Q") can be
rewritten as

/E(uyv)dﬂc = ([T, n)u(x)] ", [v]")s = (M[u]", [v]")s, (4.3)
QO+
whence by virtue of (2.2)
a(u,v) = (Mu]™, [v]")s. (4.4)
Substituting (4.4) into (2.10) leads to the BVI: Find ¢ € K(S) such that

Moo= s = [ g- (0= 9)dS, Vo e K(S), (45)
S1
where, in our case, g € Ly(S7) is a given function (see(2.6)),

p=[u", =", (4.6)

K(S):={f: feHS), n-f<Oon S f=00nS} (47
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Obviously, the closed convex cone K(S ) coincides with the space of traces (on
S) of functions from K (see (2.11)).

In what follows we show that the BVI (4.5) is equivalent to the SVI (2.10)
in the following sense. If u is a solution of the SVI (2.10), then [u]T = ¢ solves
the BVI (4.5) which has just been proved.

Vice versa, if ¢ is a solution of the BVI (4.5), then the vector-function

ulw) = W () (2) = V (B) (), =€ QF, (48)
where (see (3.31))
h=H"(-2T+K)p=(-2""T+K)H 'p = My (4.9)

solves the SVI (2.10). To prove this, we show that the vector-function (4.8)
meets conditions (2.5)—(2.8). Since ¢ € H2(S) and h € H~2(S), it is evident
that w € H'(Q") by Theorem 3.2 and A(9)u = 01in Q*. In accord with Theorem
3.5 (see the proof of Theorem 3.5) we have ¢ = [u & and h = [Tu]§ = M.

Obviously, condition (2.7) holds since ¢ € K.

If in (4.5) we put ¥ = ¢ + ¢ € K, where ¥ € H2(S,), we arrive at the
equation

(M, 0)s = (g.0)s, V€ H2(S)),

whence My = g on S; follows, i.e., condition (2.6) holds as well.

Further, if in (4.5) we put ¢y = p tw € K, where w € E%(Sg) and w-n =0,
we get

(Mp,w)s = (g,w)s,, Ywe H2(S3), w-n=0,

which implies My — n(n - Mg) = 0 on S3. Thus, the first condition in (2.8)
holds automatically due to the inclusion ¢ € K. .,

Let us set ¢ = ¢ —n v, where n is the outward normal vector and v € Hz(S5)

is a non-negative scalar function .
From (4.5) then it follows

(Mo, —nv)s >0, ie., (—n-Mp,v)s >0, Vv e ﬁ%<53>, v > 0.
This shows that the third inequality in (2.10) holds.
Now, let h be a scalar function with the properties
0<h(x) <1, heCYS), supphC Ss,

and put 1) = [1 + ¢ h(z)]¢ € K with ¢ € (—=1,1). From inequality (4.5) then we
get
(Mg, h(z)p)s =0,

which can be rewritten as

(n- Mo, h(n-p))s=0 (4.10)

due to the equation My =n (n - Myp) on Ss.
Since h is an arbitrary function with the above-mentioned properties, from
(4.10) we conclude that the fourth condition in (2.8) also holds. The above
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arguments prove that the vector u defined by (4.8) meets conditions (2.5)—(2.8)
and therefore it solves the SVI (2.10).
Thus, there holds

Lemma 4.1. The SVI (2.10) is equivalent (in the above-mentioned sense)
to the following BVI: Find ¢ € K such that

(Mo = ¢)s 2 [ g- (0= )as, v eK(S), (4.11)
S1
with given g € La(Sy).

From the existence and uniqueness theorems for the SVI (2.10) it follows
that BVI (4.11) is also uniquely solvable. Observe that to develop the Galerkin
method for approximation of solutions by means of the boundary element pro-
cedure and to obtain the corresponding abstract error estimate we need the
coercive property of the pseudodifferential operator M on the cone K(S). This
property is also sine-qua-non to study the well-posedness of the BVI (4.11)
independently (without invoking the mentioned SVI) on the basis of the theory

of abstract variational inequalities in Hilbert spaces.
Note that Corollary 3.11 proves the coercivity of the operator M on the space
1

1 — £
HZ(S). But, in general, the K(S) is not a subset of H?(S). However, there
holds

Lemma 4.2. The bilinear form (Mp,¥)s is bounded and coercive on the
space HZ(S\S3) x HZ(S\S3):
(Mo, ¥)s < k1|l H2 (S)| [[os H2 (S)]),
(M@, @)s > k2 ||p; H2(9)]?
with positive k1 and ko independent of ¢ and 1.

Proof. Step 1. 1t is evident that for any vector-function ¢ € H: (S) we have the
unique representation

(@) = ¢W(x) + o (@), (4.12)

where

e (@) = p(x) = Y cj(@xV(@), () = (p.x")s,  (4.13)

eV () =3 ¢; ()XY (2); (4.14)

J=1

16
here {X(])}. . is the above-introduced H°(S)-orthogonal basis in the six-di-
]:

mensional space X (S) (traces on S of rigid displacements, i.e., vectors of type
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(3.15)). Clearly,

oV e HE(S), ¢© € X(S)=ker M C H3(S). (4.15)
Note that
lei ()] = 1. X)s| < il HE(S)], § =T1,6, p € HZ(S),  (4.16)

with the constant x; independent of ¢.
We put

- /g@ Dds. (4.17)

6 )
It is easy to see that if ¢ € X(S), i.e., p(z) = 2 ¢;(p)xV(x), and lx(p) =
j=1

0, k =1,6, then p(z) = 0. Indeed, from these conditions we derive
6

0=>" /90 pdS = /!w\dS

k 1

whence ¢ = 0 on Sy and, consequently, ¢ = 0 on S (if a vector of rigid displace-
ments vanishes at three points which do not belong to the same straight line,
then it is identically zero in R3, that is, the vectors a and b in (3.15) vanish).
This implies ¢;(¢) =0, j = 1,6.

Step 2. Let us introduce a new norm in Hz(S):

el = llells + el Nl =D HEZS), el = le [, (4.18)

where 1) and [;(¢) are given by (4.13) and (4.17),

Note that || - ||, and || - ||+, represent semi-norms in H2(S), which admits the
following estimates:

lells = 1l H2(S)[| = |lp — ch L HE(S))|
< |l; H ||+ch )IxXD; Hz(9)|
< Mluso, H2(5)|| (4.19)
M1—1+fo||x“ 3(S)|l, Ve e H2(S9),
7j=1
||<P||**= / o -x9ds <ZH¢ HO(S)|| [|xY); H(S)||

7j=1

= 6||90; HO( I < 6llgs H2(S)], ¥y € H2(S), (4.20)
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where the positive constant M; does not depend on ¢ (see (4.16)).
Further, we show that the seminorm || - ||+« is a norm in X (.5), i.e., if p(x) =

6
> ax®(2) and |||« = 0, then ¢ = 0 on S. Indeed, these conditions yield
k=1

6 6
follee = 32| [ 3 cex® (@) X @)ds | =0,
Jj=1 S k=1
ie.,
6 .

/Z erx®(x) - XY (2)dS = 0.

g, k=1
Hence

6

/1l

6
Sa 1 Jj=1 So
and, consequently, ¢ = 0 on S (that is, ¢, = 0, k = 1,6). This proves that
|| - ||+« is @ norm in X(.5).

Since X (9) is a six-dimensional space, we have the estimate

k=

mo |lg; H2(S)[| < [[@lleey Voo € X(S), (4.21)

with some constant my > 0 independent of ¢, due to the equivalence of all
norms in finite-dimensional spaces.

Step 3. Here we show the equivalence of the norms ||| - ||| and ||-; H2(S)| in
H2(S). On the one hand, by virtue of (4.18), (4.19), and (4.20)

el < M| HZ(S)|, ¢ € H3(S)

with M =6+ M;.
On the other hand, with the help of (4.18), (4.20) and (4.21) we derive

1 1
el = el + gl > lo; HES)] 4 5 16 + 0O,
> e B S+ = [0 s — = oD > 0D HE ()]
- ' 12 12 - 2 ’
mo 1 1 1
00 ()| 2 m { ;B ()] + ;13 (5)]])

=m|p; H2(S)||, Vo e H3(S),

where the constant m :min{%, %} > (0 is independent of ¢.

Thus there exists positive constants m and M such that
1 1 1
m|le; Hz2(S)|| < [l[o]ll < Mllp; H2(S)|l, Ve € H2(S). (4.22)

Step 4. Here we complete the proof of the lemma.
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Let Vo € Hz(S\S;) € H2(S). Applying the self-adjointness of the operator
M together with Corollary 3.11 and relations (4.15) and (4.22) we proceed as
follows:

(Mo, 0)s = (M (M + @), o + g = (MM, 0O + o)
= (MW, W) s + (MW, D)5 = (MW, W) 5 + (), Mp®) 5

1 2
= (MM, oM)g > ¢ M H2 (S)” = ¢ {leP . + Il |

1
= |[|oll* = k2 llos H2(S)I?, ko = cym?,

with the constant ko > 0 independent of ¢.
The boundedness of the bilinear form (Mg, 1) is a trivial consequence of
Corollary 3.11. [

Now, let us recall the well-known theorem concerning an abstract variational
inequality in a Hilbert space (see, e.g., [13], Ch.1, Theorems 2.1 and 2.2).

Theorem 4.3. Let Vi be a closed convex subset of a Hilbert space V', F be a
linear bounded functional on'V', and B(-,+) be a coercive bilinear form on V xV .
Then the problem: Find u € Vi such that

B(u,v —u) > F(v —u), Vv € Vo,
possesses a unique solution.
From this theorem along with Lemma 4.2 we get the following assertion.

Theorem 4.4. The BVI (4.11) possesses a unique solution ¢ satisfying the
estimate

1 _
s H2(S)|| < 55 [|g; La(S) (4.23)
with the same ko as in Lemma 4.2.

Proof. The first part of the theorem immediately follows from Theorem 4.3,

— 1 —
since the cone K(.9) is a closed convex set of the Hilbert space H2 (S\S;) and the
linear functional defined by the right-hand side expression in (4.23) is bounded

on EE(S\E)
[g-wds| < lg La(Soll s HE(S)]
S1

< lg La(SOI| [ HA(S)]| ¥ € HZ(S\Sh).  (4.24)

To prove (4.23), we proceed as follows. We put ¢ = 2 and ¢ = 0 in (4.11)
to obtain the equality

(Mo, @)s = /g-sodS-
S1
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Further, applying the coercivity of the operator M (see Lemma 4.2) and relation
(4.24) we arrive at inequality (4.23). O

Remark 4.5. Note that we can extend the domain of the definition of the
linear functional in the right-hand side of (4.11) with respect to g. In fact,
instead of (4.11) we can consider the variational inequality

(Mo, — )5 > (9,0 — )5y, Y € K(S), (4.25)

where (-,-)g, is the duality pairing between either the spaces H2(S;) and
H2(S)) if 95, N9S; = @, or H™2(S;) and Hz(S;) if S, N S; # 2.

In this case a theorem similar to Theorem 4.4 holds with the corresponding
estimate (instead of (4.23))

o HYS)] < kallgg H2(S))|| for g€ H™3(Sy),
7 | msllgg H2(Sy)|| for g € H™2(Sh),

where k3 is a positive constant independent of ¢ and g.

5. GALERKIN APPROXIMATION OF THE BVI

In this section we treat the problem of numerical approximation of a solution
to the BVI (4.11) by Galerkin’s method.

o —
Suppose that Hj)(S\S2) is a finite dimensional subspace of H2(S\52) and
let

K(S) = {vn € H(S\S) : ¢ -n <0 on S} (5.1)

be a convex closed nonempty subset of Hz(S\S5). Clearly, K, (S)  K(S).

An element @), € K,(S) is said to be an approximate solution of the BVI
(4.11) if

(Mon, ¥ — on)s 2 /g (Yn — pn)dS Vi, € Kiu(S). (5.2)
S1

The existence and uniqueness theorems for the solution of the BVI (5.2) follow
immediately from Theorem 4.3. Furthermore, we have

Theorem 5.1. Let @), € K (S) be a solution of BVI (4.11) and o), € K,(S)
be an approximate solution of the BVI (5.2).
Then the following abstract error estimate holds:

1 . . 1
lo— e HXSP < inf {Hso s HAS) P
PR €K (S)

+| (Mo, by — @)s — /9 (Yn — ¢)d5|} (5.3)
S1

with some positive constant c¢* independent of g, f, and py,.



BOUNDARY VARIATIONAL INEQUALITY APPROACH 489

Proof. Due to the coerciveness and boundedness of the operator M (see Lemma
4.2) we derive

1 1
e — on; H2(S)|” < ;2<M(90 — ©On), Y — Pn)s

- ,32 {M(p = vn), o —Un)s + (M(p — @n), Yn — on)s}
1 1 1
= % le = ens H2(S) o = s H2 (S)[| + — {{Mp, ¥ — on)s
2 Ko

1 1
— (Mon, Y, — on)s}t < 3 lp — on; Hz2(S)|”
/i% 1 2 1
+ﬁ||90 — Y H2(S)||" + — {{(Mp, i — 9)s
R K9
— (Mo, on — ©)s — (Mon, Y — @n)s},

where 1}, € Kh(S), and k; and ks are as in Lemma 4.2.
By virtue of (4.11) and (5.2) we conclude that

2
1 K 1
|W—¢mH4&WSE%W—me4$W
2

+2{<M9077/}h90>5/9‘(<Ph90)d5/9‘ (whsoh)dS}

R2

K,% 1 2 2
= —5 [l —n; H2(S)]| +K{<M@7¢h@>s/g'(¢h9@)ds}
5 2 J

K

— 2 2
for all ¢y, € K (S), whence (5.3) follows with ¢* :max{, R;}
Ro KR35
Remark 5.2. Note that

(M, b — @)s| < krllg; H2(S)| 1o — o5 HZ(S)]],

L/g'(iﬁh@ds

where £ is independent of ¢ and v,. Therefore (5.3) implies the inequality

1 ok . 1
lo = ens H2 ()P < e inf {[lep = on; H2(9)|?
Yr€KR(S)

< g5 Lo (S| |on — 5 La(S1)]

+ s H2 ()| lon — 2 H2 (S)I] + Ilgi La(S)Il 1 — 3 La(S)II}

. 2 K2 2Ky
with ¢ = max —,—;,— )
Ko KRy Kg
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n

Remark 5.3. Observe that the expression under modulus in the second term
the right-hand side of (5.3) is, actually, supported on the sub-manifold S5

since My = g on Sy, and ¢, and ¢, vanish on S,.
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