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Abstract. This paper deals with holomorphic functions from Bergman
spaces BP in the disk and provides the existence of deformations (varia-
tions) which do not increase the norm of functions and preserve some other
prescribed properties. Admissible variations are constructed (for even inte-
ger p > 2) using special quasiconformal maps of the complex plane (in line
with a new approach to variational problems for holomorphic functions in
Banach spaces).
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1. INTRODUCTION

Quasiconformal maps have now become one of the basic tools in many fields
of mathematics and its applications. This paper promotes the development of a
new approach to solving variational problems in Banach spaces of holomorphic
functions, which recently has been outlined in [5], [6].

The methods adopted in those problems rely mainly on the integral represen-
tations of holomorphic functions by means of certain measures, which reduces
the problems to the investigation of these measures. This method often en-
counters great difficulties. Our approach is completely different. It is based
on the special kind of quasiconformal deformations of the extended complex
plane C = C U {0}, which ensure a controlled change of the norm of a given
function under variation and also preserve some other prescribed properties of
the function.

This approach was established in [5], [6] mainly for the Hardy spaces H?
in the disk with an even integer p and applied to some well-known conjectures
concerning nonvanishing functions. The specific features of these spaces are used
there in an essential way. The present paper deals with more general Bergman
spaces BP of holomorphic functions. Its purpose is to show the existence of
deformations (variations) which do not increase the norm of a function and
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preserve some other prescribed properties, for example, vary independent of a
suitable number of the Taylor coefficients of this function. Such requirements
are, of course, rather rigid.

Such problems naturally arise, for example, while studying nonvanishing holo-
morphic functions. These are closely connected with nonbranched holomorphic
coverings.

To preserve nonvanishing, we construct quasiconformal deformations of the
complex plane which fix the origin. This produces additional rigidity of varia-
tions, and we show how it can be resolved in the case of Bergman functions.

Recall that the Bergman space BP, 1 < p < oo, in the unit disk A = {z =
xz+iy € C: |z| < 1} consists of holomorphic functions f with the finite norm

I fllp, = (ff |f(z)|pdxdy)l/p. Let |x| denote the Euclidean norm in R".
A

2. MAIN EXISTENCE THEOREM

The next theorem gives a complete answer to the question on the existence of
admissible deformations with controlled distortion of the norm and coefficients
of the Bergman functions for even integers p.

Theorem 1. Let m andn be two fized positive integers (m,n > 1). For every
function fo(z) = )+ 3 2" € B*™NH>® with c§ # 0 and ¢ #0 (1 < j <n),
=
which is not a polynomial of degree ny < n, there exists a number 9 > 0 such
that for each ¢ € (0,e0) and any points d = (d1,dj41,...,d,) € C*I* and
a € R satisfying the inequalities |d| < e, |a| < €, there is a quasiconformal
automorphism h of C, which is conformal at least in the disk

Nyi={w: | <sup|fo()] +1}

and satisfies
(a) h(0) =0;
(b) W(0)=1+d;;
rom(c) h**D0) =kl dy, k=j+1,...,n;
(d) 1o Fo) (2)llzm — 1Esllam = 1M (Fo) follom — [ follzm = a,
where Fy(z) = [ fo(t)dt.
The map h c(c)m be chosen to have the Beltrami coefficient py, = Ogh/0,h with

|t lloo < Moe. The quantities ey, My as well as the bound of the remainder in
(c) depend only on fy, m and n.

Proof. We associate with the functions f(2) = 3 cx2* € BP the complex Banach
0

space BP of their primitive functions

P = [ 10 =3 o (1)

E+1
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letting
1Elp = 1] 3o = [ £l 5o-
Note that sup, |F(2)| < supy |f(2)], so if f € B> N H>®, then F € BP0 H*®.

In the sequel, we use p = 2m.
Now define for the annulus

E={w: R<|w|<R+1},
with a fixed R > supy |f0(z)| + 1, the integral operators

N

assuming p € L,(E), ¢ > 2, and regarding the second integral as a principal
Cauchy value. R

Let us seek the required quasiconformal automorphism h = h* of C in the
form

p(¢)d€dn dfdn
/ w+ Tp(w), )
with the Beltrami coefficient ;1 = py, supported in E, i.e., with ||ulle < <1
and pu(w) = 0on C\ E. Substituting (2) into the Beltrami equation Ogh = pudy,h
(with 0y = (1/2) (0 — i0,), Op = (1/2) (0y +10,), w = u + iv), one obtains

P:M+MHM+MH(MHM)+'“ -
As is well-known, this series is convergent in L,(E) for some ¢ > 2; thus the
distributional derivatives dyh = p and d,h = 14 IIp belong to Li*°(C). This
implies the estimates

1PllLgan < Ml s llpllie), pllLyan < Milk, 7 @)l Lee);
1Plle@n < Mk, @)l

in the disks A, = {w € C: |w| < r} (r < oo0) and the smoothness of
quasiconformal maps as the functions of parameters: if p(z;t) is a C''-smooth
Loo(C)-function of a real (respectively complex) parameter ¢, then 9,,h*(*) and
Ozh*Y) are smoothly R-differentiable (respectively, C-differentiable) L, func-
tions of ¢; hence, the map ¢ +— h*(¥)(2) is C' smooth as an element of C(A,).
For the proof of these results, which will be exploited below, see, e.g., [8], Ch.2;
[1]; [4], Ch. 2.
Setting

// Qdédn, (v € Loo(E), ¢ € La(E)),
one can rewrite (2) for |w| < R in the form

h(w) = w + Tp(w) + wlw) = w+ kim, o)t + w(w) (3)



540 SAMUEL L. KRUSHKAL
with
Spk(C) - 1/<k+17 k= 07 1a Sy HWHC(AT) < MQ(Hvr)“:uHZo (T < OO)

Comparing (3) for w = Fy(z) with the above-given conditions (a), (b) and
(c), one finds that the following relations are satisfied by the desired Beltrami
coefficient u:

(1, 00) + O(|pll%) =
(1 01) + O(||pul%) = dl, (4)
(s ore1) +O(lpul%) = die, k=3j,...,n.

On the other hand, the condition (d), together with (3), gives the equality
1(h o Fo)'(2)llom = H Fo+Tpo Iy)(

= [[1o(2) + (Tuo Ry ()P dady + (%)

A

- // | fo(2) — (Hp o Fy)'(2) fo(2)[*"dady 4+ O(||ul|2.)

@)l

= [J1RE)E - 2Relfo(z)Tx 0 Fo(2) ()]

+ Mo Fo(2) 21 fo(2) 2] "dady + O(lllZ) = Il foll2m
2m+1
+Re[//u dgd/ L s dady] + Ol

Define
—2m // |2m+1 ————ydrdy (5)
(€ — Fo(z ’
then the previous equality takes the form
I(h o Fo)'llzm — 1follzm = Redu, @) + Om(llnll3)- (6)

The function ¢ is holomorphic in a domain D C C containing the disk Ay, and
@|E belongs to the span A of the system {¢;}5° in Ly(E). We also have

¢(¢) # 0

in D because for large |(| integral (5) expands to ¢(¢) = § br.¢™* with
k=2

by = 2mm|ch|*™ ! > 0.

We need a stronger fact. O
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Lemma 1. Under the assumptions of Theorem 1, the function ¢ does not
reduce to a linear combination of the fractions o1, ...,¢;, | < n, i.e., it cannot

be of the form

¢@%=Zﬁ&*,l§m (7)

Proof. We modify the arguments exploited in [5]. They rely on the real analyt-
icity of the L,-norm.

Assuming the contrary that equality (7) holds, one obtains by (6) that any
p € Loo(E) with ||u]] < e, € — 0 and such that (u,¢x) =0, k=0,1,...,1
satisfies the relation

1R o Fo)'ll5m — I follzm = O(€?). (8)

Fix an integer s > n such that ¢? # 0, and consider in L;(F) the span A, ; of
the functions ¢ |E, with 0 < k <[ and k& > s. Then

inf{flos = Xlleim + x € Ay =d > 0.
By the Hahn—Banach theorem, there exists jg € Loo(E) such that
</LD7X> = 07 X € Al,s; <,U0a 505> = 17 H,UOHOO =d.

By (2) and (3), the quasiconformal homeomorphism h*° with |a| = € now
assumes the form

hoHo(w) = w + aw® 4+ O(e?). 9)

After replacing the element ps(w) by ¢sg(w) = 1/(w — 3)* with small |3,
we obtain the system

QDk(U)), k:07172?"' ) k#sv @S,ﬂ(g)zl/(w_ﬁ)sv
which also constitutes a basis in AJ, and pass to the corresponding map
g (w) = w + a(w — §)° + O(e?) (10)

with the same remainder as in (9). Then

00 s—2 C0 CO

B o Fol2) i= S CEP2k = 30 etk g [ B2 a4 ]
1 1 §—
o 0 2
FE @) 4|2 O,
where
er=/lal>+ |5~

Accordingly,

, s—2
(hg 0 Fy) (2) = o127 [y — s(s — Dap(e))* ™ + -+ ]2
1

4+ [? + 504(08)S -] 4 O(>ED).

(11)
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In the disk A, let

o0
=Y .2 (R o Fy)( anﬁ 2~

1

Applying Parseval’s equality in Ly(A), one obtains
15" 0 Fo)'ll5m — lfollzm = IN(RG" o Fo)T™ I3 = ILfe" 12
= Z Tk<|ck i |2 |Cg,m|2>
k=0
with r2 = 7/(k +1). The right-hand side of (12) is a nonconstant real analytic

function of a and . We have

Al =)+ agim(B) = AL+ Or(a) + Or(|af)),

where Oy(g)/e < d with the bounds depending only on || fo||oo. It follows from
(11) that the linear term Caf in (12) cannot vanish identically for all small
|aB|. Therefore

[(he 0 Eo)l5m = [l follam = O(e1),  Oler)/er < d,

which contradicts (8) for suitable choices of ¢ = |[a] — 0 and f — 0. O

(12)

Denote the scalar product in A9 by

(X, ¥ E—//X z)dxdy.

By Lemma 1, the power series of ¢ in the disk A}, must contain the powers
(%=1 with k& > n. Thus the remainder

»(¢ Zb(’“ b= (Z+Z)bk§ los>n+l, (13)
does not vanish identically in A}. It also satisfies

<1E790k>E:O, k:]+1,,n

Further, for any homeomorphism h = h* satisfying h(0) = 0, with p € Lo (C)
vanishing on C\ E, we have by (3) the expansion

ho Fo(z) = (1+ (o)) Fal2) + 3 (s o) Fol2)* + O(al.):

k=2

hence,

(ho Fo)'(2) = (1+ (1, 01)) fo(2 +Zk‘ w0 Fo(2)" ! fo(2)

k=2

O(llll%) ZC* " lullee — 0.
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This yields, in particular, that ¢ = c§h/(0) and since
0
o ,
k?Fo( )k 1f0( ) (COZ—f—ﬁZJ—H+"')k_1(08+022]+"'),
J

one concludes that
¢; = (L+ (1, 1))el + Ol %)
for j =1, and
= (1+ (p1))e) + (G + D, 9500 () + O3
when j > 1, provided p is chosen so that (u, pr) =0, k=0,1,...,J, and

(1, @511) / [ u()c7-2agan # 0.

Then

517 = |c51* = 205 + 1) Re{d;1¢5(e0) ™} + O([lull%)-
Put here p = tv with ||u|lc = 1 and ¢ — 0 (¢ € C). Combining with (6) and
(7), this results in

el
t—0 t

= 2(j + 1) Re{cj(@) " (v, ¢j41) }

=2(j + 1) Re{c) (&) *1bj 1 (v, 1) # 0,
which shows that

bjt1 # 0. (14)
We now choose the desired Beltrami coefficient p of the form
p==5&@o+ &P+ D> &Prir + 1Y, p|C\E =0, (15)
k=j

with the unknown constants

&)7&175]’7""57177—

to be determined from equalities (4) and (6). Substituting expression (15) into
(4) and taking into account the mutual orthogonality of ¢, on E, one obtains
for determining &, and 7 the nonlinear equations

kldy = &op +O(Jpll%), k=0,1,7+1,...,n, (16)

with dy = 0 and og41 = [|pr41]lag - A comparison of (15) and (6) gives the
equation

I(ho B () — [1fol2n
_ Re <5osoo FEP S Gt + 7O, ¢>> o), ()
E

k=j
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hence the only remaining equation is a relation for Re§;, Im¢&;, Re7,Im 7. Thus
we add to (17) three real equations to distinguish a unique solution of the above
system. First of all we will seek ¢; satisfying

Eibj 1107, = —&oboog — Exbiot — Y &by (18)
k=j+1

(which annihilates the main part of the increment of the magnitude }° |cx|? after
0

deformation). Then (17) takes the form

170 Fo)' [l — 1 follzm = Re(re, ¢) + O ([l ),

and, letting 7 be real, we obtain
[(h o Fo)'llzm — Il follam = 75¢ + O(llll%)- (19)

Separating the real and imaginary parts in (16), (18) and adding (19), we
obtain 2(n — j) + 5 real equalities, which define a nonlinear C''-smooth (in fact,
real analytic) map

y = W(x) = W'(0)x + O(|x[?)
of the points
x = (Re&,Im¢&,Re&;, Im&;, Re &, Im¢; +1,...,Re§,, Imé,, 7)

in a small neighborhood Uy of the origin in R*™~)+5 taking the values

y =(Redy, Im do, Redy, Imdy, Redj41,Tmdjy, . .., Redy, Tm d,,,
I(h o Fo)'[I3m = Il foll3m)
also near the origin of R2»=/)+5  Its linearization
y = W'(0)x
defines a linear map R2»=9)+5 — R2(=1)+5 whose Jacobian differs from the
product 37} ﬁ r¢,1 by a nonzero constant factor.
j

Therefore, x +— W’(0)x is a linear isomorphism of R2"=1)+5 onto itself, and
one can apply to W the inverse mapping theorem. It implies the existence of
a Beltrami coefficient p of the form (15), for which we have the assertions of
Theorem 1.

The relations (14) and (18) show a special role played by the first nonzero
coefficient ¢} of fy, which cannot be replaced in general by some ¢} with j <
kE<n.
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3. HOLOMORPHIC DEPENDENCE ON COEFFICIENT PARAMETERS
disi, ... dy

3.1. As a consequence of the proof of Theorem 1 we obtain

Theorem 2. For a fixed small a € R, the Beltrami coefficient p determined
by (15) can be chosen to be a complex Lo-holomorphic function of the param-
eters dy,djq1,. .., dy.

Proof. This follows from the uniqueness of solutions of the system (16), (18),
(19). Let |d| < € and |a| < € satisfy the assumptions of Theorem 1 and define
the desired u by (15). Fix a such a and a 7 = 79 > 0 found in the proof of
Theorem 1 and solve for this

p="EPo0+ &P+ D EkPr + ToU
k=i

the complex system (16), (18) separately. We already know that it has a unique
solution o, &1, - - -, &n, and by the inverse mapping theorem these §, hence p,
depend on the given d holomorphically.

In particular, the value d; = hW(0)/4! also moves holomorphically, simul-
taneously with the independent parameters d;;1,...,d,, and one can use by
variations the openness of holomorphic maps. [J

3.2. If we need to construct a quasiconformal homeomorphism h satisfying
17 (Fo) follzm = Il foll3m

i.e., for a = 0, then Lemma 1 again allows us to seek a Beltrami coefficient ;1 of
the form (15) with unknown constants &y, &1, ..., &, 7 to be determined from
equations (4) and
(n,0) = 0.

In this case, the existence of a desired p of such form is again ensured, for
small e, by the inverse mapping theorem, and moreover, this theorem provides
also Lo holomorphy of 7 and p in all parameters d;, dj;1, ..., dy,, which move
independently.

3.3. A modification of Theorem 1. Omitting the assertion (a) of Theorem
1 (i.e., that A(0) = 0), one can drop the requirement for the original function
fo to be bounded in A.

Indeed, for f € BP with p > 2, the Holder inequality yields

11l < 7272 £l

and hence the image domain F'(A), where f is the primitive function (1) for
f, has a finite area (counting with multiplicity). Therefore this domain must
have the exterior points.

Now, conjugating the desired quasiconformal homeomorphism % with a linear
fractional transformation v of C, one reduces the proof to the case, where the

primitive function Fy(z) = [ fo(t)dt is bounded in the unit disk, and this is,
0
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in fact, exactly what was used in the proof of Theorem 1. As a result, the
homeomorphism A obtained is conformal in some domain containing Fy(A).

4. INFINITESIMAL DEFORMATIONS

The following infinitesimal version of Theorem 1 admits a simpler proof.

Theorem 3. Given a function fy(z) = Z A2k e B*™ N H>, distinct from

a polynomial of degree ny < n, then for suﬁiczently small g > 0 and € € (0,¢9)
we have that for every point d = (da,ds,...,d,) € C"' and a € R so that
|d| < e, |a| < e, there is a quasiconformal homeomorphism h of C, which is
conformal in the disk Dj, and satisfies:

(a) h(0)=0, B'(0)=1;

(b) R®(0) =kl dp +O(e?), k=2,3,...,n

() W (Fo)follsm — lfollsm = @+ O(e), where again Fo(z) = [ fo(t)dt
The Beltrami coefficient of h s estimated similar to Theorem 1.

Proof. By assumption, fy(z) contains at least one nonzero term c?

Split the space A9 into the span

2% with s > n.

A = (8007901,---7901>

and its orthogonal complement

Ar={9€4: (9.9)p=0, pc A}
for 0 < | < n and observe that A" contains all convergent series g(¢) =
> gx¢ %1 in the disk A%, with g, # 0. Any such g determines the map

=S

healgl(w) = 0 — (7)) = w - TV // oD (o

if e € C is chosen close to 0. Similarly to (3), the restriction of T'g onto the disk
Ap = {|w| < R} assumes the form

g(Q)ded BE-
// A _ 13" guoiut 1)
T k=s
and thus in (20)

(T0)*Dw) = = - 3 guof il = 1)+ (k=2 w1

It follows from (20) that
1(he.s[g] © Fo)'(2)llzm — I follzm = Re(, ¢s)p + O(e?), e —0,  (22)
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with
2m+1

62(C) = 2ms' // ’fo Sdedy. (23)

We first verify that as in Lemma 1, ¢4 cannot be a linear combination only of
o, - - -, for some [ < n, i.e., the equality

b
$s(C) =Z<TL, [<n, (24)
0

cannot take place. Assume that (24) holds, then the relation (22) must reduce
to

(e sg) (Fo) follam = 1 follam = O(¢), & — 0. (25)
Define

1(foi9) // P [(T9) Y 0 Ry (2)dady
- // (@I 0 Fy=)dedy.
A

Using (21), this integral is evaluated as follows:

1(foig) = [ [ 1slre™)P [(Tg)*~) o Ry (re)rdrds

1 0o m 2k
= —i, rdr / <Z cgzk> (Z G > X
0 k=0

%
k=0 <

k—s ©0

ngkazk- k—s+1) (Z = k) chz ?
_/[ 24,02 (Z|002 2k> + Z i Br(r }rdr

k=s+1

This shows that by suitable choice of the numbers g, gsi1,..., the corre-
sponding function g € A satisfies I(fo;g) > 0, and then

Iealg] o Foll3 — I FolB _ 2Re{eI(Fig)} |
€ €

O(e) =0(1), e—0.
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This shows that equalities (24) and (25) cannot occur for sufficiently small |¢]
and thus the function

’QZ} ( - Qbs ZSDk Z bk‘C_k_la n' >n+ ]-7
k=n'

does not vanish identically in A%.
We now construct a linear functional L on the space Ay whose kernel is the

space An s, the orthogonal complement of

An,s - <§007 P11y Qpnuqu)s>‘

Fix a complex number d; with 0 < |d;| < €, and first define a linear functional
Ly on A, satisfying

Li(po) =0,L1(px) =dg, k=1,2,....n
with given ds, ..., d, and
Li(p) =0, @& A= {pg,00,...,00)"
Noting that all ¢ € A, are of the form ¢ = %O:nkr,;lgok and by Parseval’s

equality [|¢]|%, = > |[7x[?, the norm of Ly can be estimated (using also Schwarz’s
0

inequality) by

[L1]] = sup |L1(ep)]

llellay=1

= sup ’andk/rk < sup Z \di|? /77 Z Ini| < May(n)e.
Slmef=t F= Slmfr=1 ! ’
0 0

There exists a function ¢; € Ay representing Ly so that Li(¢) = (g1, p)r and
llg1ll2 = || L1|| = O(g), which defines a polynomial map hy : Dr — C by

d d 1
hi(w) = w — / 91(Q)dedn 577 7T2<91a90k>Ew —dew
0
Let
hy o Fy(z ZCkkll 2F
1
and put
[ 11| —|C \2
a; = 2|c}]* Re d; —i—kz; 12 bl (26)

Now define another linear functional L, on A,, setting

Lg(l/Js) = a— a
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and Ly(¢) = 0 for ¢ L1 and extending by the Hahn—-Banach theorem from the
space (b)) @(1s)*, where (1) denotes the span {ti), : t € C} of 1, onto As.
Its norm is estimated by

| Lo|| < Ms(1/0)e, & = dist(vs, (1bs)") > 0.
The corresponding function g9 € Ay for which

Ly(v) = (92, 0)E,  |lg2ll2 = [[ L2l = O(e),

determines a holomorphic map Dr — C by

(s = 1)!/ g2(Q)d&dn
u (€ —w)

1 x>
— —; Z<92a90k>E k(k — 1) A (k — 54+ 2) wk’—s-i-l.
k=s

hg(w) = —

E

Define finally the map h = hy + hs : C—C corresponding to L = Ly + Ls.
This map is holomorphic in the disk Ag, and it follows from above that

h(0) =0, K (0)=1+0(), hP0)=kld, +0(), k=2,3,...,n,
with given dj, and
I(h o Fo)'[lom — Il follzm = a + O(e?).
Restricting h to a smaller disk Ay, = {|w| < R; < R}, we get

17 (w) = 1z, < My(Ri)e, RV ()5, < My(Ri)e, j= 273,---,n-( |
27

If ¢ is sufficiently small, h|Ag, is univalent in this disk and admits quasicon-
formal extensions across the circle {|w| = Ry} onto the whole complex plane.
One can use, for example, its Ahlfors—Weill extension [2] with the harmonic
Beltrami coefficient

IR (ul - R’
i) = =5 (1) B

|w| > Ry,
w

where
Sh — (h/l/h/)/ _ (h///h/)2/2
denotes the Schwarzian derivative of h on Ag,. It follows from (27) that
|l ptnllo = O(e) as € — 0.
The quasiconformal homeomorphism h constructed above satisfies all the
assertions of the theorem except h'(0) = 1. To establish the latter property,

observe that the parameter d; has been chosen arbitrarily in the above proof,
and take now those values of d; for which equality (26) is reduced to

CL1:O.
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One obtains a linear equation for the e-linear term of Re d; by which this quan-
tity is determined uniquely. On the other hand, the value of Imd} does not
affect the linear part of the right-hand side of (26).

The corresponding homeomorphism A satisfies

(0) =1+ 0(),

and it remains to rescale h by passing to h(z)/h'(0). This completes the proof
of Theorem 2. [J

5. EXTREMAL HoLOMORPHIC COVERING MAPS

5.1. We present an application of the above theorems to a well-known coeffi-
cient problem for holomorphic functions.

Let F(z) = %O: C},2* be locally injective in the unit disk. Then its derivative
1

F'(z) = f(2) does not vanish in A; thus F' is a nonbranched holomorphic
covering map A — F(A) normalized by F(0) = 0. Assume that F' € B*™ and
consider the extremal problem to determine max |C,,| on the closed unit ball

Bo(B2™) = {F(z) = ickzk e B™ . |F| <1}.

It is equivalent to the Hummel-Scheinberg-Zalcman problem for nonvanishing
Bergman holomorphic functions f in the disk (see [3]).

The first coefficient can be estimated in a standard way using Schwarz’s
lemma for holomorphic maps A — By(B*™). It gives, together with Parseval’s
equality applied to f(z)™, that |C1] < 1/y/7. The equality takes place only for
the function

F(z) = le] = 1.

\/7_T7
However there is no such connection for higher coefficients.

Boundedness in the BP-norm yields, by the mean value inequality, the com-
pactness in the topology of locally uniform convergence on A, which, in turn,
implies the existence of extremal covering maps Fy maximizing |C,,| on By(B*™).
Note that ||Fpl|2m, = 1 since otherwise max |C),| would increase by passing from
Fy to (14 r)Fy with appropriate r > 0.

Theorem 4. Any extremal map Fy mazimizing |Cy| is of the form

Fy(z) = Cz+ > O,
k=n
i.e., it satisfies C9 = --- = CY_| = 0 unless Fy is a polynomial of degree n (with
nonvanishing derivative in A).

Proof. Let Fy be different from a polynomial of degree at most n. Then its
Taylor series in A contains nonzero powers C? with s > n. We assume the
contrary that C]Q # 0 for some 1 < j < n and reach, by applying Theorem 1, a
contradiction.
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Observe that for any holomorphic function h in a domain D containing all
the values F(z) for 2 € A, we have h(w) = 3 djw” in a neighborhood of the
1

origin w = 0, and

00 2 o n
ho Fy(z _dlzC P da( SO0 ) e da (L CRF)
1 0
=: ZCZZ'k.
1
Denoting F{(z) = fo(2) = %cgzk with ¢ = (k+ 1)C},,, we get
0

(ho Fy)'( _dIZkCO h- 1+2d2202zk2k Cpz" 4o

n—1 00

+ nd, (Z cgf) S kOO
1 1
o) oo .0 o)
=di > )+ 2d) —Ckk_lzk S 2!
1 1

1

R "N ke
+ndn(z_ z> ch_lz_ +
ok 1
o
=Y ¢

0

where
ey =dic), cf = dic] 4+ 2dy(c))?, ¢ = dich + 3dac)c) + 3d3(ch)?, ... . (28)

If h is, in addition, homeomorphic (thus conformal) on Fy(A), then the map
h o Fj is a local conformal homeomorphism of the disk A.

Now, let k = jo > 1 and s > n be the least indices of nonzero coefficients C}
for 1 < k < n and for k > n, respectively.

We apply Theorem 1 starting with j = jo and a = 0, which provides a
quasiconformal homeomorphism A of C satisfying the previous conformality
assumptions and obtain from (28) that the coefficient C? becomes a holomorphic
function of the independent parameters

d17 djo+17 s 7dn+1

defining h, because d;,, in itself, is a holomorphic function of these parameters.
The openness of holomorphic maps allows us to choose these parameters (at
least d; and d,) so that

|C*| = |d1C2 + - -+ + d, (C)™| > |CO] + O(e) > |CY). (29)
On the other hand, we have
[(h o Fo)'llam = |l follam + O(£?) = 1+ O(£?),
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hence the map h o Fy + O(e2) also belongs to By(B*™). But then (29) violates
the extremality of Iy for C), by a suitable choice of € > 0. This proves C’]QO = 0.

Applying Theorem 1 successively for jo = 2,3,...,n — 1, one obtains the
assertion of Theorem 4. [J

It seems likely that similar to what was established in [7] for the Hardy
functions f € HP(A), the extremal map Fy in By(B?*") cannot reduce to a
polynomial of degree n; < n either.

5.2. The results of this paper extend to arbitrary Hilbert spaces of holomor-
phic functions in the disk whose norm is real analytic.

REFERENCES

1. L. V. AHLFORS and L. BERS, Riemann’s mapping theorem for variable metrics. Ann.
Math. 72(1960), 385—401.

2. L. V. AHLFORS and G. WEILL, A uniqueness theorem for Beltrami equations. Proc.
Amer. Math. Soc. 13(1962), 975-978.

3. J. A. HUMMEL, S. SCHEINBERG, and L. ZALCMAN, A coefficient problem for bounded
nonvanishing functions. J. Anal. Math. 31(1977), 169-190.

4. S. L. KRUSHKAL, Quasiconformal mappings and Riemann surfaces. Wiley, New York,
1979.

5. S. L. KRUSHKAL, Quasiconformal maps decreasing the L, norm. Siberian Math. J.
41(2000), 884-888.

6. S. L. KRUSHKAL, Quasiconformal homeomorphisms and Hardy functions. Preprint
(2000).

7. T. J. SUFFRIDGE, Extremal problems for nonvanishing H? functions. Computational
Methods and Function Theory, Proceedings, Valparaiso 1989 (St. Ruscheweyh, E. B. Staff,
L.C. Salinas, R. S. Varga, eds.), Lecture Notes in Math. 1435, 177-190, Springer, Berlin,
1990.

8. I. N. VEKUA, Generalized analytic functions. (Russian) Fizmatgiz, Moscow, 1959; En-

glish translation: International Series in Pure and Applied Mathematics 25, Pergamon,
New York, 1962.

(Received 7.05.2001)

Author’s address:

Research Institute for Mathematical Sciences
Department of Mathematics and Computer Science
Bar-Ilan University, 52900 Ramat-Gan

Israel

E-mail: krushkal@macs.biu.ac.il



