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SOME PROBLEMS OF THERMOELASTIC EQUILIBRIUM OF
A RECTANGULAR PARALLELEPIPED IN TERMS OF
ASYMMETRIC ELASTICITY

N. KHOMASURIDZE

Abstract. An effective solution of a number of boundary value and bound-
ary contact problems of thermoelastic equilibrium is constructed for a ho-
mogeneous isotropic rectangular parallelepiped in terms of asymmetric and
pseudo-asymmetric elasticity (Cosserat’s continuum and pseudo- continuum).
Two opposite faces of a parallelepiped are affected by arbitrary surface dis-
turbances and a stationary thermal field, while for the four remaining faces
symmetry or anti-symmetry conditions (for a multilayer rectangular paral-
lelepiped nonhomogeneous contact conditions are also defined) are given.
The solutions are constructed in trigonometric series using the method of
separation of variables.
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INTRODUCTION

There are a number of papers devoted to problems of elastic equilibrium in
terms of asymmetric elasticity. Asymmetric elasticity was first introduced by
the Cosserat brothers [1] and was later on developed by Truesdell and Toupin
[2]. Papers by Kuvshinsky, Aero, Palmov, Grioli, Mindlin, Tiersten and Koiter
are devoted to linear theory for Cosserat’s medium. These and some other
papers are mentioned in [3]. Works by Eringen [4], Nowacki [5], Kupradze,
Gegelia, Basheleishvili and Burchuladze [6], Carbonari and Russo [7] are also
worth mentioning. Linear theory of asymmetric thermoelasticity was developed
by Nowacki [5].

As far as we know, there have been no papers dealing with thermoelastic equi-
librium of a rectangular parallelepiped in terms of asymmetric elasticity. This
issue is the subject of the given work, in which using the general solution intro-
duced by the author as well as the method of separation of variables and double
series, the solutions of some boundary value and boundary contact problems
of asymmetric thermoelasticity are constructed for a rectangular parallelepiped
occupying the domain Q = {0 < 27 < 217, 0 < 23 < x91, 0 < 23 < x31}. For
the lateral faces 1 = 0, x1 = 211, T2 = 0, x93 = 9, symmetry and antisym-
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metry conditions are defined while on the faces 3 = 0 and x3 = x3; arbitrary
surface and thermal disturbances can be applied. In the case of the rectangular
parallelepiped which is multilayer along the coordinate z3 we have symmetry
and antisymmetry conditions again with z; = 0, 1 = x11, 9 = 0, x5 = 91, On
the contact surfaces x3 = const nonhomogeneous contact conditions are defined
while on the two remaining faces arbitrary surface and thermal disturbances
can be applied.

1. If no mass forces are applied, the equilibrium equations for a homogeneous
isotropic body in the case of Cosserat’s continuum have the following form [6]:

ON..
a) — =0,
zj: (913j
M.
b) Z&“f‘zgijk]vjk =0, 1)
70T
c) AT =0,

where 1 = 1,2,3; j = 1,2,3; k = 1,2, 3; g% is Levy-Civita symbol; z1, z2, 3
are Cartesian coordinates, Nii, Noo, N33 are normal stresses, Noj, N31, Nig, ...,
Nyg are tangential stresses, My, Msyy, M3z are torsion micromoments; Moy, M3y,
Mis, ..., Mz are bending micromoments; 71" is the change in the temperature
of the bodys; Aza%r{)—i-a%gjLai%.

The equalities connecting stresses and micromoments with the components
of displacement and rotation vectors have the following form [6]

Nij = 65\ div U — 3A + 2u)7T] + (p + o) azj-
8ui
+(M—01)57 =201 ) £ijit @
Z; k
o Ow; &ui
Mz’j _ (5ij02 div @ + (0'3 —+ 0'4) 8SIIZ + (0'3 - 04)amj7

where U = ullz + qug + ugl_;; (ﬁ, l; l; are basis vectors in the Cartesian coor-
dinate system), o = wll: + wJQ + W3l_;, are displacement and rotation vectors,
respectively, ¢;; is Kronecker’s symbol, A, u are classical elasticity characte-
ristics and oy, 09, 03, 04 are asymmetric elasticity characteristics with p > 0,
3A+21>0,0,>0,03>0, 305+ 205 >0, 04 > 0; A:%,u:@,
where FE is elasticity modulus, v is the Poisson coefficient, ~ is the coefficient of
linear thermal expansion.

Substituting (2) into (1)a, (1)b we have

grad[(A 4 2) div U — (3\ + 2u) v T] — rot[(s + o) rot U — 201&] = 0,
grad[(oy + 203) div &) — rot[(o3 + 04) rot & — 20,U] — 40,3 = 0.



SOME PROBLEMS OF THERMOELASTIC EQUILIBRIUM 769

The second equation of system (3) can be written as
grad|(oy + 203) div &) — rot|(05 + 04) rot &+ 2uU] + 2[(1 + 01 ) rot U — 20,3] = 0.
Taking into consideration the last equality we can write

a) grad[(A +2u) divU — (3X + 2u)7 T
—rot[(su + o) rot U — 201&] = 0,

20’1

b) div](y+ o) rot U — 2098] = — (02 + 203) div ],

o9 + 203
¢) grad|(oy + 203) div @] — rot|(o5 + 04) rot & + 2uU] (4)
+2[(pn + 01) rot U — 20,3] = 0,
2
A+ 20
203X + 2p)
A2

d) div[(os + 04) rot & + 2uU] = (A =+ 2u) div U

— (BA+2u)yT) + T =0.

It can be easily seen that (4b) and (4d) are identities.
Without loss of generality we can represent the function 7" as

2\ +2u) OT

T —
(BX +2u)y Oxg’

(5)

where AT = 0. No loss of generality will occur if T" is expressed by a derivative
of the harmonic function 7" since it is preserved by an appropriate representation
of the harmonic function 7" using the method of separation of variables as in
[3].

Introduce the notation

a) (A +2u)div0 — 3\ +2u)yT = D,
b) (o9 4 203)divd = D*,
) (
) (

C M+01)r0t(j—20'1(32X:K1a+K2l;+K3E>,,

d) (o3 +04)rot @ +2u0 = K* :Kfﬁ+K§l2+K§E,.

Taking (5) into account, we can write system (4) in the following way

- - 2

grad D —rot K =0, divk = —— =24 *,

Ug+20’3 N (7)
2 T
Eptay?

dD* —rot K* +2K =0, divK* = —
gra ro + , v Nt 2 Maxg
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Finally we obtain the following system

3 0D 0Ky 0Ky
dry Ory  Oxs
oD 0K, 0K
b) 81'2 - 8333 + 8:151 N O,
o 0D 0K 0Ky
ang 81'1 81'2 7
d) 8K1 + 8K2 8K3 _ 20’1 %
8x1 8902 81’3 n o9 + 20’3 (8)
oD*  OK; OK;
- 2K, =
e) 81)31 81’2 81‘3 * ! 07
oD*  O0K{ O0K;3
f . 1 3 2K, =
) 8902 61'3 61’1 + 2 07
oD*  9K; OK:
- 2K; =
g> 8933 81'1 81‘2 + 3 07
0Ky 0K; O0K; = 2u oT
b) 0x1 0T 0rs  A+2u * 4M8x3’
8U1 8u2 8U3 D af
= 2
&) 0x; + Ory  Oxs  AN+2u * Oxs3’
ou Ju
b) (14 o1) (83:2 - aé) — 201w = K,
ou;  Ou
c) (u+o1) (83:; - 8;) — 201wy = Ky,
ou ou
d) (pto) | 52— 5| — 20w = K,
81‘1 8$2 (9)
e) &ul i (90.)2 &ug B D*
6:):1 a[EQ 8333 o9 + 2037
8(.03 ng
f Fs T2 — K;
) (O’3+O’4) (al’g al‘3> +2/JJU1 K17
awl 8w3

o) o+ o)

h) (o5 + 04) (

8w2

T 99N L oy = K
ax1>+:uu2 29

0w1
2 =K}

in 14 unknowns, in particular, the unknowns D, K, Ky, K3, D*, K}, K3, K3,
w1, Wy, ws, Ui, Uz, uz (the temperature T' is defined by (1c) under appropri-
ate boundary conditions). Note that identities (8d) and (8h) complement six
equilibrium equations (8a,b,c,e,f,g) to obtain two similar systems (8a,b,c,d) and
(9e,f,g,h) which consist of four differential equations with the first order partial
derivatives in four unknowns D, K, K», K3 and D*, K{, K3, K], respectively (in
this case the functions D* and D, which also appear in the right-hand side of
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(8d) of system (8a,b,c,d) and in the right-hand side of (8h) of system (8c,f,g,h),
are assumed to be known).

The given work deals with the thermoelastic equilibrium of a rectangular
parallelepiped (RP) occupying the domain Q = {0 < 21 < 211, 0 < x5 < @91,
0 < w3 < x31}. The boundary conditions appearing in the paper and defining
the class of the boundary value problems under consideration are given below.

a) up =0, Nig =0, Ni3=0, My; =0,

For z1 = x4, :

or
(,UQ:O,(.U3:O,BTCIZO<:>
— Qug _ Quz _ Owy _
ul_oa dx1 7 Ox _07 aaTml _07
CUQ:O,CU?):O,BTCIZO
or (10)

b) N11:O, UQZO, U3:O7 w1:OM12:O,
M13:O, T:O<:>
Qut =0, up =0, u3 =0, w; =0, &2 =0,

o0z 8 ) Oxq
w3 —
91 — ), T =0,

up = 0, Nog =0, Nyy =0, My =0,
oT

For xo = x9s: a)

W3:0,W1:O,%:Oﬁ>
- Quz _ Our Owy _
u2_07 dxy 0 dxzg 73%“12 _07
w3:0,w120,8—$2:0
or (11)

b) NQQZO, U3:0, u1:O, CUQ:OMQ,?,:O,
MQIZO, T=0<«—=

@:07 U3:0,

Oxo

For x3 = &3, :

Owq
0o

9s1 N33 + o1
9s2N31 + gso
983N32 +§53
9saM33 + gsa
9ssM31 + Gss
9s6M3z2 + gse

up =0, wp =0, §2 =0,
=0, T=0.

cuUg = fs1(I1,SU2),
cur = folxr,22),
( )

U2 = f53 x1,T2),

TW3 = fs4($17$2)7
W1 = fs5($1,$2),
cWo = fsﬁ(l”l,ZEQ),

(12)

957%’; + 9571 = for(x1, 22).

In (10), (11) and (12) we have s = 0,1 with z19 = 220 = x50 = 0; gs1, Js1,- - -
gs7 being the defined constants governed by the conditions gs-gs1 > 0, gs2-Gs2 >
0,..., gs7 - gsv = 0. The conditions imposed on the functions fs, fe,..., fer
will be described in below, we can just note that the functions are taken so that
on the edges of the RP the compatibility conditions are satisfied. With g, =
Js2 = Gs3 = 0, gsu = Js5 = gs¢ = 0 we have the boundary conditions for the first
problem of asymmetric thermoelasticity, with gs; = gso = gs3 = 0, gsu = gs5 =
gs6¢ = 0 we have the boundary conditions for the second problem of asymmetric
thermoelasticity, etc. Note that (12) implies that with 3 = 0 one type of
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conditions can be defined while with x3 = z3; there can be another conditions.
Conditions (10a) and (11a) are called the symmetry conditions, while conditions
(10b) and (11b) are called the antisymmetry conditions. We should also note
that conditions (10) and (11) are the conditions of the continuous extension
of the solution across the corresponding face of the RP. The validity of this
statements is a direct consequence of the constructed solutions of the boundary
value problems. It is interesting to observe that the technical interpretation of

boundary conditions (10) and (11) is the same as of the corresponding conditions
in [3].

Theorem 1. The general solution of system (7), (6) or, what is the same,
system (8), (9) according to asymmetric theory has the following form

o2 W 200 L Fps | O

! aflfl 2 (9:162 2 8x18m3 6.173’

M3 xdpy 1 Py Oty
_O¥s  xdpr 1 13
w2 8x2 2 81'1 + 2 813283173 + 8I37 ( )

o 6¢3 1 82902 81/11 0%

3T Ors 2 922 Oz Oms

up = 86951 (03— x3001) + giz
o3+ 04 [y %y oT
2 (835% — v - 83:18x2> x?’a?l’

Uy = i (03 — 23001) — %

0xa oxq B (14)
+03+U4 <82¢1 — gy — 9%, ) xgal
211 o3 0x107 Oxy’
0
uz = 91s (g3 — w301) + 2001

03 + 04 627,02 82’17Z)1 8T ~
— — —+T.
24 <8x18$3 012013 + o 0xs +

In (13) and (14) @1, @2, @3 and T are harmonic functions, 1, s, V5 are meta-

4
harmonic functions with Ay — gy = 0, Ay — qipg = 0, Avpg — ng =0
A o9 + 203
Ho1

dqg= .
e (1 +01)(o3 + 04)

Proof. (8a, b, ¢) implies
AD = 0.
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Without loss of generality assume

(9901

D p—
3x3

(15)

20+21) _ y

s (1—v), so taking

where Ap; = 0 (see the comments to (5)) and s =
(15) into account we can write (8a, b, ¢, d) as

0 0K,
<K2 s <P1> ong
T3 8301

b) 5K3_@<K1_W3801>:Q

d) 2= D*.

From (16a, b, ¢) we have

0% .0 05 ) )
K= 222 45020 g, =922 90 K, = 92 (17)
axl (‘9 Ty T T

Substituting (18) into (16d) we obtain

- 201
APy = ——+— D"
¥2 09 + 203
(8e, £, g) implies
AD — 27 pe
o9 + 20‘3

If we write the solution of this equation as
D* = 40‘1’(#3,
where Atz —

13 = 0, then the solution of (18) can be represented as

N 0
Do = ai — 207 - Y3, (19)
T3
where Ay = 0 (see the comments to (5)). Taking (19) into account we can
write (17) as

02+20

_ 62()02 _ 9% awg 4o ﬂ
! 83(;1(91:3 18%1 Ma 2,
s Oy dp1
= — — e 2
2 Iuaxgailg ! 8x2 8.111 ’ ( O)
2
Kg = 0 2 - 20’1%
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With (20) in mind (8e, f, g, h) can be written as

0 02 0
K+ 2u ) - (K -2 =0
0 o (K3t 252 ) = 2 (05— 2oapn) =0
0 0 Jipa
b) — (K3 —2 —— | K —2u—=—=]=0
) gy U = 2nen) o, < | “ax2> : o
a 6g02 (3 8(;02
K —2u 22 - L (K 2SR ) =0
¢) 01, ( ! ”8932) 0xy ( 2+ M@xl ’
OK: OK3 OK; 231 0 oT
dy Sty O AR SRy
0rq 0rs 0xs A+ 2u Oxs 03
From (21a, b, ¢) we have
o3 D2 03 D2 0P3
Ki=—"—+4+2u—— K;=—-""-2u——, Ki=—""+2 . 22
! 81‘1 + M@xg’ 2 81'2 Ma.%l’ 3 8w3 + et ( )
Substituting (22) into (21d) we have
Ags =4 i(f — 1)
903 - MaxS 901 .
The solution of this equations is
Bs = 2uph — 2uas(pr — 1), (23)
where Ay} = 0.. If we substitute (23) into (22) then
e O Oy oT
Ky =2 -2 —— 4+ 2u—+42 —
1 H&cl HT3 Dy + N@xg + /M?)axl,
03 do1 Oy oT
K} =2 Y P Yyt R, Y)Y 24
2 Mal'z MmSal’g M@xl + Mx3a$27 ( )
8@3 1 8T ~
K;=2 -2 — +2 — +2u(dse —1 2uT'.
3 M@xg K3 3+ /M?3ax3+ (45 — 1)epr + 24

Applying rot to (6d) and substituting it into (6¢) with rot rot & = grad div&d—
Ad, in mind we obtain

1 — q —
AG — qbd = —— grad D* — rot K* 4+ —K.
7 09 +20’3 & O3+ 04 20'1

If we project this equation onto the coordinate axes and take into account
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equality D* = 40113 and formulas (20) and (24) we shall have

40’1

a) Aw; — qwi = (

g9 + 203

40’1
b) Aws — = ( )
) Bz = qwn 09 + 203 1
40’1
Aws — = ( — )
¢) Aws = qws 09 + 203

The solution of (25a) (25b) will be

_q>

Ots _ Q %3901 n s

Oy Oxy  Or10x3)’

0 8 0?
(g )
al’g 8[)31 axgal'g
@@_gyw

Ors 2 0x%

0 8 0? 0
wy = 1/13 + ¥1 X P2 i 1#1’
8171 81’2 81’181’3 8%3 (26)
w % . } 8801 82902 n 0y
27 Oy 8961  Owy01s oxs’

respectively, where Ay — gy = 0, Ay

— q2 = 0. We define ws from equality

(9e)

s n 10202 O Ot

(91‘3 5 (%% a{L‘l 81'2

where f is a function resulting from integration of (9¢) and satisfying the fol-
lowing equation and the following conditions:

0*f  O*f

W3 = +f(l’1,l‘2), (27)

—= —qf =0;
827 " Ba3
0
f:O or f=0 with z, =0, (28)
oz,
0
f =0 or f=0 with z, = x4,

0x,

where s = 1,2. The solution of (28) is f = 0.
Substituting (26), (27) and (24) into (9f,g,h) we have

uy = 0 [905 (o3 + 04) 6(,01] B 8@1 s
01, 44 0z; E)xl O
o3+ 04 (0P 0%y oT
2 < o a2 = 8x18x2> +x387361,
W:a[%_ﬂ%+@a%y_ﬁ%_m%
0T 4p 0x3 Oxy  Oxy
L O3t o (321/11 g — 01y ) x387T
24 03 011075 0xs’
n(os+ o0
= g o - BRI GO 20 e 1y
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_ 03 + 0y < 821/12 82¢1 ) 8f T

21 0x10x3 B 019013 + x‘”’% +

If we introduce the notation [gpg — {(‘727:”4) g—‘g} = (3, where, naturally, Aps =

0, we can say that Theorem 1 is proved. [

2. In the case of Cosserat’s pseudo-continuum equations (1) still hold, but
instead of (2) we have [3]

A an 6uz
—m Y cipAroty ), (29)
k
. 0 .
M;; = 2m oz, (rot; U) + 27728—%(1@’5@- U),

where 7;, 1o are asymmetric elasticity characteristics with n; > 0, 7, > 0.
Substituting (29) into (1) we have

a) grad[(A +2u) divU — (3X\ + 2u)y T
—rot(p rot U — mArot U) = 0, (30)
b) div(p rot U — mArot U) = 0,

where (30b) is a known identity. Write (30) as

ﬁ 31
div K* =0, (31

{gradD—rotI?*:O,
where D = (A +2u)divU — 3X\ + 2u)y T, K* = Kily + K3ly + Kil3, K* =
K — %AI? and K = protU = Kily 4+ Kyly + Ksls = proty U - Iy + proty U -

Iy + prots U - Iy, If we write (31) in a scalar form, we have

oD 0K; 0K;
0r B 0o 03
oD 0K} O0Kj;
Ory  Oxs + 0rq
oD  O0K;  OK{
03 B 0xq Ory
OK; | 0K; | OKj _
0, 0xs 0x3

0,

0.

As in the case of Cosserat’s continuum for a RP, we can state boundary
conditions defining the class of solvable boundary value problems considered
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according to pseudo-asymmetric thermoelasticity.

For x1 = x15: a) w3 =0, N2 =0, Ni3=0,
Ky=0, K3=0, %L =0«

7 Ox

_ OJua __ OJus __ 2uy Bus
Uy = 07 3733? - Oa 87:;13 - 07 890%1 - Oa 3:5?2 - 07
PBuz 0. 2 —
8:1:? — Y 9z
or (33)

b) NH:O, UQZO, U3:0,
M12:O, M13:0, T=0<+=

Our _ _ _ 2us __ 0%uz _
8:131 - 07 U2 = 07 us = 07 83:%2 - 07 335%3 - 07
Buy _ —
Ju =0, T=0.

It should be noted that in (32a) the fourth, the fifth and the sixth conditions,
appearing to the right of the equivalence sign, have been obtained assuming
that with x; = 215, besides the defined boundary conditions, equation (32a) also
holds. In its turn, in (33b) the sixth condition to the right of the equivalence
sign has been obtained assuming that with z; = x5 equations (32a), (32b) and
(32c) differentiated, correspondingly, with respect to z1, zo and x3 are true.

FOI‘.Z’Q:.%‘QSZ a) U2:07 N23:O7 N21:0,
Ky=0, K1 =0, 2L =0«

7 Oz 2 3
— Quz _ Quy _ Oup %uz
Uz = 0’ Ory O’ Oxo O’ 8:1}% - O’ 8:(:% - 0’
Pup g 9T _
oz — T Oxa
or (34)

b) N22:07 'LL3:O, u1:07
M21:O, M23:0, T=0<+=
Bur — 0, uy =0, uy =0, 2% =0, L% =0,

Bus _
J =0, T =0,

Remarks similar to those conditions (33) take place.

For x5 = 235 :  gs1 N33 + gaus = for(21,72),
Gs2N31 + gsour = fea(w1,2),
Gs3N32 + ssua = fe3(w1,2),
GsaMs1 + Goa K1 = foa(1, 22),
G5 Mo + G5 Ko = fos(21,22),
936% + G561 = fos(21,72).

(35)

Comments to conditions (12) also hold for conditions (35) and to make it clear
we shall point out to following.

In (33), (34) and (35) we have s = 0,1; (33a) and (34a) are symmetry con-
ditions and (33b) and (34b) are antisymmetry conditions. Conditions (33) and
(34) are the conditions of the continuous extension of the solution across the
corresponding face of the RP onto a domain which is a mirror reflection with
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respect to this face. The validity of the statement is a direct implication of the
constructed solution of the boundary value problems.

Theorem 2. The general solution of system (31) according to pseudo-asym-
metric theory has the following form:

0 8902
(97:1@03 — T301) + D24
D%ty o

— 7 (771 Ox? —n 01105

uy =

oT
+ M%) +$30
T

u _i( . )_%
2—8962903 31 o1y

( 9%, %Yy
-n

oT

U D100y T 0232 + /Wh) + $38 2
0

Oxs

9%y 1y oT
B 771 <8x18x3 B 8x26m3 + T3 00s + T

uz = (3 — @3801) + 22001

In (36) @1, w2, 3 and T are harmonic functions and ¥y and 1y are metahar-
monic functions with A — %1/)5 =0, where s =1, 2.

Proof. (32a,b,c) implies
AD =0.

If we assume

8901
D = 8x3 (37)

where Ay, = 0, then taking (37) into account, we can write (32) as

9 9p1\ 0K
K*

3963 ( T (9.1'1) 81’2 0’

0K 0 (1o 0

8x1 8:703 ! 8$2 ’ (38)
0 01 0 0p1
K7 — — = (K 21} =0

8x2 ( 1 a$2> axl ( 2 + %,uax1> )

OKi | 0K3 | 0Kj

c%l 61’2 8x3
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It follows from system (38) that a function uam exists such that

0?py 0oy %o iy
K = K; = —
b T 0r10as Ty 2 TH Oradrs 0wy (39)
K= s
3 H axg 9

with Ags = 0.. The projection of the equality AK — n%l? = _77% K* onto the
coordinate axes with (39) in mind will give

2 2 2
a) AK, — LK, =t Opa  p” Oy

m m 81’18563 m (93(:2’
2 92 2
It e 0oy xp” Opr
b) AKy — —Ky;=—"— + , 40
) 2 T 2 m 81'281’3 m 8x1 ( )
2 92
p pe 0%p2
AKy — —K3 = —— .
% m o m 03
From (40a) and (40b) we have
0 0? 0
Ky = i, Y1 e TN 1
8 8ZE18ZL‘3 8902 (41)
K, — 1,2 Iy X s _ a<ﬂ1
2 #n 8x3 'uﬁmg(“)xg 61’1

where A, — "11&5 =0 (s = 1,2) and using the identity div(urot U) = % +

%[;22 + 6K3 = 0 we can define

8¢1 a% 82902
_ 2
Ky = —p*m <8x1 + a@) + 1 012 + f(z,y), (42)

where f is a function resulting from integration of the equality div(urot U )=0
with respect to x3, which is the solution of boundary value problem (28) if we
replace the constant ¢ by the constant n—“l It can be easily seen that (28) implies

f=0.
Taking into account (35), (41) and (42) we can obtain the following system
Ouy n Juy n Qus  sp Opr 3N+ 2pu
0xr1  Oxy Oxs A+ 2u Oxs )\—1-2,ufy ’

0 0 0o B
876_2(“3 — ) — o (Uz + pmr + 8941) =0,

N (P Opa\ ﬂ( ~ sepy) = 0 43)
O3 Uy — UMz — (390 o7y ug — xp1) =Y,

0 02 9, P2\
s (Uz + pmipy + 81:1) " o <U1 — pm s — 8@) =0.



780 N. KHOMASURIDZE

from the equalities (A\+24) div U — (3A+2u)yT = D = %u%% and prot U = K.
From (43) we have

uy = gi’vwm@b +giz,

Ug = giz — pmr — gif, (44)

uz = gij + 2p1;
R

If the change in the temterature 7" is expressed by means of the function T
according to formula (5) (note that AT = 0), then (45) will result in

- 0 0 -
Y3 = P3 — T3P — 77% <819/c}f - (;ﬁ;) + x3T. (46)

Substitution of (46) into (44) shows the validity of Theorem 2. [

3. Below we shall give the construction pattern for regular solutions of bound-
ary value problems in asymmetric thermoelasticity. But before we continue our
discussion we must define the concept of regular solutions.

In the case of Cosserat’s continuum the solution of system (4) defined by
seven functions T, u;, w; (i = 1,2,3) will be called regular if 7" is twice and
u;, w; is three times continuously differentiable in the domain Q) where Q is
the domain ) together with the boundaries x; = x5 and x5 = 95 (s = 0,1)
and on the surface x3 = x3s they together with their first derivatives can be
represented by uniformly converging trigonometric series. It is also assumed
that the equilibrium equations are true for x; = r1, and x9 = ;.

The differential properties imposed on the functions fs, fs,..., fs from
(12) are defined by the regularity requirements imposed on the solution.

In the case of Cosserat’s pseudo-continuum the solution of (30), which is
defined by four functions T', u; is called regular if 1" is twice and wu; is five times
continuously differentiable in the domain  and on the surface x3 = x3,, T
together with its first derivative and u; together with its derivatives up to the
fourth order can be represented by uniformly converging trigonometric series.
We also assume that the equilibrium equations and their first derivatives hold
for 1 = z15 and z9 = 2.

The differential properties imposed on the functions fs, fs,..., fs5 from
(35), similar to the case of Cosserat’s continuum, are defined by the regularity
requirement imposed on the solution.
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4. Let conditions (10b),(11b), (12) be satisfied on the surface of the RP, then

m=1n=1

o1 = i i Eypn(x3) sin(may ) sin(nzs),
m=1n=1

Po = i i Eomn(x3) cos(maxq) cos(ns),
m=0n=0

3 = f: i Espn(x3) sin(may ) sin(nz,), (47)
m=1mn=1

P = i i By (23) sin(may ) cos(nx,),
m=1mn=0

g = i i Espn(23) cos(may ) sin(nas),
m=0n=1

g = i i Espn(23) cos(may) cos(na,),
=0 n=0

Where Ezmn(xii) = Ajmn exXp _E‘xfi) + Bzmn eXp[p<$3 - $31>], 1= 07 172737 b=
vm?4n2, m = ™ n = I A, and By, are constant; Eg,,(r3) =

4smn eXp(—pofLB) + Bsmn exp[po(fg - ZE31)], s = ]-7 21 Po = v p2 +q, Asmn and
Bgmn are constant; Fsp,,(r3) = Agmn exp(—p123) + Bspn explpr(x3 — x31)] with

L= /p® + 0_2?2103, As,, and Bs,,, are constant.

Substitution of (47) into (13) and (14) gives

oo o0

1= Z Z Wimn(23) sin(maq) cos(nxsy),

€

[c o lENe o)

w3 = Z Z Wsmn(23) cos(maxy) cos(nxs),
m=0 n=0 (48)

[o.¢] o

ur = Y > Uimn(x3) cos(may) sin(na,),
m=0n=1
(o] o

Uy = Z Z Uomn (T3) sin(maxy) cos(nws),
m=1n=0
o0 o0

Uz = D Y Usmn(s) sin(ma) sin(nas),

m=1n=1

where w1, (73),wamn(3), Wamn(x3) are known expressions containing the con-
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stants Aimn, Bimns Aimns Bimn (1 =1,2,3) and depend on x3, m,n and depend-
ing on z3, m,n and the elastic characteristics of the RP (these expresseions are
not given due to their awkwardness).

The functions T', wy, ws, . . ., uz at least formally, satisfy equalibrium equations
and boundary conditions (10b) and (11b) (the word “formally” will be omitted
as soon as the constants Aomn, Bomns Aimns Bimns Aimns Bimn (1 =1,2,3) have
been defined, convergence of the series and uniqueness of the obtained solution
have been proved).

After the right-hand sides of formulas (12) have been substituted by the
corresponding trigonometric series and the obtained series have been compared
with the series represented by formulas (47a) and (48) we shall have two systems
of linear algebraic equations for fixed m and n. The first one with a second order
amtrix enables one to define the constants A,...., Bomn, While the second one
woth a twelfth-order matrix can be used to define the constants Aiun, Bimn,
Aimns Bimn (i = 1,2,3). Similar to [8], it is proved that the obtained solution
or, to be more precise, the series representing the solution, uniformly converge
in the domain Q = {0 < 2; < 213, 0 < 2y < 291, 0 < 23 < 231} and thet
the resulted regular solution is unique. In particular, the uniqueness of the
solution of boundary value problems of asymmetric elasticity, corresponding to
thermoelasticity problems considered in the given paper, as well as of a number
of other boundary value ptoblems of asymmetric thermoelasticity is proved in
[6]. The solution method can be easily extended to the case of the boundary
value and boundary value constant problems of asymmetric thermoelasticity
considered in the present work.

Thus a regular solution of boundary value problem (4), (10b), (11b), (12) has
been obtained for g1 =0, g2 =0,...,957 =0and gs1 =1, g2 = 1,...,9s7 = 1.

We should also say a few words about the above-mentioned second- and
twelfth-order matrices or, to be more exact, of the determinants Ay and Aqs of
these matrices. We shall start with Aj,. Scaling in the expressions for Ej,,, and
Eimn (i = 1,2,3) can be always performed so the the elements of the twelfth-
order matrix should be bounded values for any m and 7 (including the case
when m — oo, n = ng = const or n — 0o, m = mg = const, or when both
m — oo and i — o0). If this is the case, then analizing the system for m — oo,
n = ng, for n — oo, m = my and for m — oo, n — oo, one can easily see that
for all those cases Ay # 0, while when m = my and n = ng by virtue of the
uniqueness theorem we have A5 # 0. The same holds for Ay too, though the
expression for this detertminant can be immediately written out and analysed.

Quite similarly one can find and analyzed a solution of any other problem
from the class of boundary value problems (4), (10), (11), (12) with the only
difference that different boundary conditions for z; = z1, and x5 = @y, in the
expressions for T', @1, o, . .., 13 (see formulas (47)) will correspond to different
trigonometrical functions.

If in (47) we omit the last equality (the expression for ¢3) and in the ex-

pression for py we replace g by n%’ then the functions T', @1, w9, @3, VY1, Vo
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will define, according to Cosserat’s pseudo-continuum, the solution of bound-
ary value problem (30), (33b), (34b), (35). The comments and generalizations
given to boundary value problem (4), (10b), (11b) and (12) for Cosserat’s con-
tinuum, exactly hold for the same problem in CosseratTs pseudo-continuum,
i.e. problem (30), (33), (35b), (35). The only difference is that unlike in the
case of Cosserat’s continuum, where one has to solve systems of linear equa-
tions with a matrices of the second and twelfth order, in the case of Cosserat’s
pseudo-continuum we have a second-order and tenth-order matrices.

5. According to asymmetric theory, consider a RP multilayer along z3 (or
MRP in the abbreviated form) occupying the domain 3. €3 is a union of the
domains 23; = {0 <x < T11, 0 < 290 <291, 0 < 23 < 5(731}, Q3p = {0 <
T < 211, 0 < 29 < Toy, 31 < T3 < 1'32},... , Qgﬁ = {0 <x < z11, 0 <
Ty < Ta1, T3s-1) < T3 < T3g}, contacting along the planes x3 = x3;, where
jg=12...,6—1,, and [ is the number of layers. Each layer has its elastic
and thermal characteristics. With z; = 0 and z; = z; conditions (10) are
simultaneously satisfied for all layers while with x5 = 0 and x5 = x9; conditions
(11) hold.

If the body occupies the domain 3, then conditions (10), (11), (12) are
satisfied on its faces with x3, replaced by w3 in (12). On the contact planes
r3 = x3; (x3 = x3; is the contact plane of the j-th layer contacting the j+1-th
layer) the following conditions

+ 0T d

Ty —Tj = (21, 32),  Niget — AN it = (21, ),

Uy — U1(j+1) = %1(1717%2)7 N31; N31 (j+1) — Qg1(331,$2)

Ugj — U(j+1) = Qj2($17$2), N32] N32(]+1) = ng(m,@)

Uz; — U3(j+1) = Qj3($17$2), N33] N33(]+1 Qg3(371,$2)7 (49)
Wij — Wi@+1) = Qj4($1,9€2), M35 — M31(J+1 Qg4($17$2),

Waj — Wa(j+1) = C_Ij5($17 962), M32] M32 (§+1) Qg5($17 2),

W3 — W3(j4+1) = %6(51717 3?2), Ms33; — M33 J+1) Q]ﬁ( 175132)

or
LOT, ., 0T,

Ty =T = le(l'l,l?)a )\j 93 )\]+ aJH = Tj2(3717552>7
Naij = Qi (21, 72), Nii(j+1) = le(-l"l,ﬂ?z),
N32j = Qj2($1, -752), N32(]+1 Qg2($17$2) (50)

Uzj — U3(j+1) = Qj3(x17 x2)7 N33] N35(]+1) - Q]3(171, xQ)’
wij — wiG+1) = Qa1 22), Msry — Main) = Qja(w1, 22),
waj = Waj1) = Gjs(21, 22), Magj — Maa(j) = Qs (1, 22),
Ms3; = Qj6($1,l‘2)7 Mss(j41) = Qﬂﬁ(xhx?)

are defined. The right-hand sides of equalities (49) and (50) are defined func-
tions and A} and A7, ; are thermal conductivity coeflicients.

When We state the problem of thermoelastic equilibrium of a MRP we give
expressions for the functions T, o P o0 D p9) for the j-th
layer bearing in mind conditions (10), (11), and following the technique of
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the previous section construct a system of 23 equations in 23 unknowns and
another system of 123 equations in 124 unknowns. Solvability of the system,
convergence of the corresponding series and uniqueness of the obtained regular
solutions of the respective boundary contact problems of thermoelasticity are
proved (the solution for the MRP is called regular if each of the solutions u;,
ugj, usj is regular).

Besides the given contact conditions, a number of other contact conditions
can be constructed under which the solution of boundary contact problems of
thermoelasticity can be likewise effective.

Solutions of boundary contact problems for Cosserat’s pseudo-continuum are
considered in a similar way.

In conclusion, we should note that the constructed effective solutions of
boundary vale and boundary contact problems, as a rule, become elementary.
Indeed, if the functions defined on the surface x = x35 (although we imply
boundary value problems the above-stated can be easily extended to bound-
ary contact problems as well) can be represented by finite trigonometric series,
then the solutions can be also represented by finite series the summands of
which are elementary functions. In particular, this statement can be used to
specify and define new elasticity characteristics of a material oy, 09, 03, 04 and
M, 12, naturally, using high-quality measuring instruments.
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