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ON THE EXISTENCE OF SINGULAR SOLUTIONS

M. BARTUSEK AND J. OSICKA

Abstract. Sufficient conditions are given, under which the equation 3™ =
ft,y,y, ..., y)gly™ D) has a singular solution y [T,7) — R, 7 < oo
satisfying tlim y(t) =c; € R, i =0,1,...,0 and flim ly9) ()| = oo for

j=1+1,...,n—1wherel €{0,1,...,n—2}.
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1. INTRODUCTION

Consider the n-th order differential equation

y™ = f(t,y, v,y g(y™Y), (1)

wheren >2,1€{0,1,...,n—2}, f € C°(R. xR!*!), g € C°(R), R, = [0, 0),
R = (—00,00) and there exists « € {—1,1} such that

af(t,zy,...,xy)xy >0 for x; #0. (2)

A solution y defined on the interval [T',7) C R is called singular if 7 < oo and
y cannot be defined for t = 7.

The problem of the existence of singular solutions satisfying the Cauchy
initial-value problem and their asymptotic behaviour is thoroughly studied in
[4] for the second order Emden—Fowler equation

y'=r®lyl sgny,  r(t) >0. (3)

In the common case for (1), the profound investigations are carried out in [5].
All these results concern the case o« = 1. For a« = —1, sufficient conditions are
given in [2], under which singular solutions of

y" =r(t)|y[ sgny, n>2, <0,

exist.
Another problem concerning singular solutions is solved in [3] (n = 2,
ft,zy,...,m) = r(t)|r|”sgnzy, g(x) = |2[*) and in [1] in the case | = n — 2.
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Let 7 € (0,00). Sufficient and/or necessary conditions are given there, un-
der which a singular solution y exists with given asymptotic behaviour at the
left-hand side point 7 of the definition interval ¢; € R,

tlim yOt)=¢ for i=01,...,n—2, tlim Iy V()| = co. (4)

In the present paper this result is generalized to the case in which we seek a
singular solution y satisfying the condition

7€ (0,00), ¢ €R; tlimy(i)(t):ci, i=0,1,...,1,

()

tlim () =00 for j=1+1,...,n—1.

Note that in [3] such solutions are called blackhole solutions (for n = 2 and
[=0).
Denote by [[a]] the entire part of the number a.

2. MAIN RESULTS

Let y be a solution of (1) satisfying (5).  Since, according to (2)
f(t,co,c1,...,¢) # 0 if and only if ¢y # 0, we ought to divide our investigation
into two cases ¢y # 0 and ¢q = 0 for which the results are different.

Let ¢y # 0. The following theorem gives a necessary condition for the exis-
tence of a solution of (1), (5).

Theorem 1. Let cg #0, M € (0,00), K € (0,1], A\ <2 forl=n — 2,

_ 1 1
AE(L 1 -2
E( +n—l—1’ +n—l—2 for <mn-—2, ©)

Klz|* < g(x) < |z[* for |a| > M.
Then equation (1) has no singular solution y satisfying (5).

The next theorem shows that in the opposite case in (6) problem (1), (5) is
solvable.

Theorem 2. Let 7 € (0,00), ¢g # 0, M € (0,00), f = asgnecy, A > 2 for
l=n-—2,
7<)\<1+; for 1< 2 (7)
n—1[0—1 - n—1[01—2 or "

and
g(x) > |z for Bz > M. (8)

Then there exists a singular solution y of (1) satisfying (5) which is defined in
a left neighborhood of T.
If, moreover, ¢ >0, g(x) > 0 for fx € (0,¢],

[+ Ta is odd, (—1)'cico >0 for i=1,2,...,1, (9)
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and

/ B oo, (10)

then y is defined on the interval [0, 7).
Corollary 1. Let ¢g # 0, M € (0,00) and
g(x) = |z|* for |z| > M.
Then (1) has a singular solution y satisfying (5) if and only if (7) is valid.
Corollary 2. Let A > 1+ ﬁ and M € Ry be such that
g(x) > 2> for x> M.
Then (1) has a singular solution.

Remark. For o« = 1 the conclusion of Corollary 2 is known, see, e.g., [6,

Theorem 11.3]. For a = —1 it generalizes Corollary 1 in [1].
The following two theorems solve the same problem in the case
pBe{-1,1}, =0, (=1)'B¢; >0 for i=1,2,...,1 (11)

Theorem 3. Let 7 € (0,00), 0 >0, ¢ > 0,M € (0,00), M € (0,00),

l—«

I be odd, (12)
24 (n—2)0 <X for l=n-2
lo+1 ((+1o+1
1+ — < A<1+—F— [ -2 1
+n—l—1< <1+ o forl<n—2, (13)
(8) and (11) hold. Further, let
|f(tal‘17 s 7$l+1)| > M|x1|a (14)

fort € [0,7], Bay € [0,¢], (—1)Bxj11 € [(—1) B¢, (1) B¢+ €], 5 =1,...,L.
Then there exists a singular solution y of (1) satisfying (5), which is defined
in a left neighborhood of T.
If, moreover, g(x) > 0 for Bz € (0,¢] and (10) holds, then y is defined on the
interval [0, 7).

Theorem 4. Let 0 > 0, ¢; = 0 fori = 0,1,...,1, M € (0,00), € > 0,
a€{-1,1}, r € C°(Ry), ar(t) > 0 on Ry, (12) hold and

g(x) =|z[* for |z|> M.
Then the equation

y™ =rt)lyl7g (y" ) seny (15)
has a solution y satisfying (1), (5) if and only if (13) is valid.
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The following proposition shows that assumption (12) in Theorems 3 and 4
is important.

Proposition. Let ¢; =0, =0,1,...,1 and [ — aT_l be even. Let g(x) > 0
on R. Then equation (1) has no solution satisfying (1), (5).

In this paper the main assumptions are imposed on the function g depending
on y™=Y. But solutions of (1), (5) may exist for the equation

y™ = ft,y,...,y"), je{l+1,...,n—1}, (16)
too. From this we formulate an open problem.
Open problem. To study the existence of a solution satisfying (1), (5) of
equation (16).
3. LEMMAS AND PROOFS

We need the next two lemmas.

Lemma 1. Let [a,0] C Ry, ¢ € C°a,b] and f € C°([a,b] x R") be such that
f(t,:vl,...,xn)| <o), telad], z;eR, i=1,...,n.
Then for arbitrary v; € R, 1 =0,1,...,n — 1, the equation
u™ = f(t,u,d, . umY)

has at least one solution satisfying the boundary value conditions

uD(b) =~ for i=0,1,...,014+1;

u(a) =y for j=1+1,...,n—2.
Proof. 1t follows, e.g., from [6, Lemma 10.1] since the homogeneous problem
u™ =0, uD0b)=uP(a)=0 for i=0,1,....,04+1; j=1+1,...,n—2,
has a trivial solution only. [

The following Kolmogorov—Horny type inequality is a very useful tool (see,
e.g., the proof of Lemma 5.2 in [6]).

Lemma 2. Let [a,b] C Ry, a < b, m > 2 be an integer, u € C™[a,b], and
let uY) have zero in the interval [a,b] for j =1,...,m — 1. Then

m—i

pw, i=1,2,...m—1,

where
pi = max {{u?(t)]a <t <b}, i=0,1,...,m.
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Proof of Theorem 1. Let for simplicity ¢ > 0 and o = 1. Put \; = ﬁ and
let y [11,7) — R be a solution of (1), (5). Then, according to (1) and (2)
lim,_, yU(t) =ocofor j=1+1,...,n. Let T € [r,7) be such that

50 on [T,7), yUN(T)>0, j=I1+1,1+2,...,n—2, -
y(n—l)(T ZM

y(t) >

~—

By this and the boundedness of 4 (¢), i = 0,1,...,l, we obtain from (1)

Yy < My [y 0] e ),

where M, is a suitable constant. Let A <1+ nifl. Hence the integration on
the interval [t, 7) yields

y"I@E) > (A= D)M(r — )], telT,T). (18)
Hence n — 1 — 1 < Ay, and the Taylor Series Theorem, (17) and (18) yield

n—I[—2 y(l+z) n -2
a=y"r) =3 +/ e ds
/ )i 22X g — o,
T
where R
PR CEA
(n—1—2)!

Hence a solution y satisfying (1), (5) does not exist in this case.
Letl<n—2and A > 1+ n—%—?' Hence n — 1 — 2 — Ay > 0. Then, similarly
o (18), we can prove that

y"UE) < (A= DMy(r =)™, te[T7), (19)

where M3 = min {K f (t,y(t), . ,y(l)(t)) T<t<Tt}>0.
From this the Taylor Series Theorem yields

n—I[—3 -3

(l—l—z—i—l) . n
y /— (=1)(g) 4

oo =y (1) = Z,
=0 :

T

< My + Ms /(7’ —5)"IT M s < o0
T

asn—1—3— )\ > —1; My and M; are positive constants. The contradiction
obtained proves that a singular solution does not exist. O

Proof of Theorem 2. For | = n — 2 we proved the statement in [1]. Thus let
[ < n — 2 and, first, we prove the result for (7)
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We prove the statement for « = 1 and ¢q > 0; thus 8 = 1. For the other
cases the proof is similar.
Let

N > 2max (co, |c1], .-, |al), ko> [[2M]], (20)

D={[z1,...,241] 2 <21 <cp, |7;| <N for j=2,...,1+1},
Ml = min{f(tamlv cee axl-l—l) te [077—]7 [xla cee 7xl+1] S D} > 07
My = max{f(t,z1,...,m41)t € [0,7], [21,...,7111] € D},
MSZQ[()\—l)Ml]_)\l, )\1:%,)\:”—[—1—)\1 > 0,
1 -1
Nl — 2n—l—2M3n—l—1 [1 - n_)\l1_1:| )
Further, let T € [0, 7) be such that

M3 A—1 o k[)
- o —T)" o 21
reT<(2) L reTr (21)
1 = S
T« / 5 22
(1 —T)* < (2N;)"HHIN, (23)
li \c|(T_T)T*i+N(T_T)H<E i=0,1,...,0—1, (24)
e T ( —l)' (l—l)' =9 3 5 Ly ) )

=1 (r=1T)" (r—T) ¢

> e _ + N TS5 (25)

Denote J = [T, 7) and note that due to A > 0, T exists.
Consider the auxilliary two-point boundary-value problem k € {ko, ko +

...}

™ = (6, @0(y), ®1(y), .., ©1(y")) g (Pat, ™ Y))
yO(r)=c, i=0,1,....0; y"(r)=k (26)

where

s for%ogsgN,
Po(s) =< N for s> N, (27)

) c
3 for s < 9,

By(s) s for [s| < N, (28)
S) =
' Nsgns for|s| > N



ON THE EXISTENCE OF SINGULAR SOLUTIONS 675

and
s for M < s < Ms(1 —t)~M,
Dy(t,s) = Ms(T — t)_ﬁ for s > Ms(7 —t)™™1, (29)
M for s < M.

Note that due to (21) @5 is well defined.
To prove the existence of a solution of (26), let us consider the sequence of
boundary value problems

T E{_ a1 } _ 1
mo T_t; m Mo, Mo s fy Ty =T m7
Z(n) = F(tﬂz7zl7 tee 7Z(l)7z(n_1))7 (30)
Z(Z)(Tm) = Ci? Z = 07 17 R l7 Z(l+1)(7—m) — k?
ATy =0, j=1+1,...,n—2,
where

F(t, L1y ,xl+2) = f (t, (I)O(xl), @1({172), NN CI)l(le)) g (q)g(t, $l+2)) .
Since

F(t,zy,. .., < M. t,s), tel[T,
|F(t, 21, ..., T140)| < M,y max Mgsgﬁii{—ﬂ—hg( s) [T, 7

(30) has a solution z,, according to Lemma 1.
Further, we estimate z"~Y. Let .J,, = [T, 7,,,]. First we prove that
200 < Ma(r— )™, te [T, 7m), (31)
for large m, say m > myg. If (31) is not valid, then either

(i) there exists t; € [T, 7,,) such that
z(”_l)(tl) = M;(T — tl)_>‘1 and z("_l)(rm) < Ms(T — Tm)_)‘l (32)

or
(i)
2D > My(r —t)™ (33)
in a left neighborhood of t = 7,,.

Let (i) be valid. As (26)—(30) yield 2™ (¢) > 0 and 2{"~V is increasing on .J,,,
it follows from (32) and (21) that

M < 2MD(), t €[ty Tl (34)
Hence \
A0 = My (2570(1), tE I,
and the integration and (32) yield
Tm — tl 1 1

M e D & AT D =)
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which contradicts the definition of Mj.
Let (33) be valid and let t;, T' < t; < 7,, be such that 2"~V () > Ms(r—t)~™
on the interval [t;, 7,,). Then the Taylor Series Theorem yields

n -3
() > / _ 2 (n=1)
k= (n = l Y (s)ds

t1

= (n —_?4—3 2)! 7(T —s) c;i <(1 N m(Tl— 5)>nl2> ds

t1

- ]\43 ( 1 >n—l—2—>\1 1 n—1-2
> [ — l1—-— — 00 for m — oo.
(n—101-2)! \m m(T —t)

Hence (31) holds.
Further, we prove indirectly the following estimation from bellow

M < 207D, t e J,. (35)

Note that z{"~V is increasing, and first we prove that (35) is valid for ¢t = 7,,.
Let, conversely, 2"V (7,,) < M. Then

(7 — o) (n—1) M 1-2
ko < k = / " () ds <~ (g, —T)2
0= J n—l—3 i ) S_(n—l—Q)!(T )
which contradicts (21). Thus (35) holds. Let T} € [T,7,,) exist such that

2(n=0(Ty) = M. Then M < z"=Y(t) on J,, and
20(t) < Mag (2570(1)), € Jm.

From this, by the integration, we have

s ds ; ds
/—S/—<M2(Tm—T)<M2(T—T).

Lo =g =

The contradiction with (22) proves that (35) is valid and according to (30)
08>0 on Jn, j=l+1,1+2,...,n (36)

Denote p = maxyc s, |29 (¢)]. Then, by virtue of (31), (36) and Lemma 2 with

[a,b] = [7,t], u =z andm—n—l—l we have

0 < A0 () < 2712 (a1 (1) T < oA R (- ),

and hence, as € (0,1), the integration on J,, yields

A1 n—I1—2

0<¢—z20(T) < Ny(r —T) w1 pni1, (37)
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Since z) is increasing on J,,,, either z0(T) > —|¢;| and p = |¢;| or 2(T) < —|¢
and (23) and (37) yield

A1 n—I1—2
-

a4 p < Ni(r—T) " mitpn

n—1—2

Thus p < 2| or § < ¢ +p < %Nnjfl p»—1—1 and according to (20) in all cases
we have

2D < N, te T (38)

From this, (31), (36) and Lemma 2 with [a,b] = [T, ], u = 2¥ and m =n—1—1
we have

Jj—1

2Q(®)] < 20NN M (r — )7, (39)
tedn, J7=1+1,...,n—2.
Further, (20), (24), (25), (38) and the Taylor Series Theorem yield
-1 r—i ¢ 1—i—1
() — Cr(t — Tm) / (t—s) 0 (s)d
C; Zm( ) T,:;’_l (T—Z)' +Tm (l—l—l)‘zm (5) S,
-1
() CT| r—i N l—i
22t < )+ —(7—=T)"+]ci| <N,
OIS T G Tm0 =D =D el SN
1=0,1,....0—1, teJ,,
-1
T=T) N &
|2m (1) ZCO—Z‘CT|(T‘)—“(T—T)I > 50, te Jn. (41)
r=1 ' :
Estimations (38), (39) and (40) show that {zW}, j = 0,1,....,n — 1, m =
mg, mg + 1,..., are uniformly bounded with respect to 7 and m and hence

according to the Arzeld—Ascoli Theorem (see [6], Lemma 10.2) there exists a
subsequence that converges uniformly to the solution y; of (26). At the same
time, it is clear that (see (41), too)

%gﬁmﬂgNJﬁmﬂgN,i:Lzqu (42)

n—j—1 il j—1

[y ()] < 207 ITDN S M (7 — 1)
ted, j=1+1,...,n—1.

Moreover, (31), (35), (42) yield
o (ys(t) = y(t), @1 (u) (1)) =w) (1) for i=1,2,...,1,
@ (L) =0V, tel
and hence y(t) is a solution of (1) satisfying

p (T =c, i=01,.. L y(r) =k

(43)
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As estimations (42) a (43) do not depend on k, ¢ and j, the Arzeld—Ascoli
Theorem implies the existence of a subsequence of {y(7)}7 that converges
uniformly to the solution of (1) satisfying

yINT)=0, j=1+1,....n—2, (44)
Jim y () =¢;, i=01,...,1, Jim y(t) = 0. (45)

Let A\ =1+ ﬁ Then there exists a sequence of {\;}3° such that A satisfies

(7) and lim A, =1+ —1—. Denote by y, a solution of (1), (5) with A = X,. Tt
follows from (21)—(25) that there exists T € [0, 7) such that ys, s € {1,2,...} is
defined on the interval [T, 7). At the same time, since (38)—(41) do not depend

on A\, there exists ® such that

’y§2)(t)§q)(t)7 tE[T7T)7 izoala"-an_lv 8:1727""

Hence, according to the Arzeld—Ascoli Theorem, there exists a subsequence of
{ys}3° that converges uniformly to a solution of (1), satisfying (5).

Let (9) and (10) be valid. Let y be defined on the interval (7,7) C [0, 7) and
not be extendable to t = 7. Then

lim sup |y =V (t)| = oco. (46)
t—7t
First we prove that
y" V() >0 on (7,7). (47)

Suppose that there exists 7, € (7,7) such that y™= V(7)) = 0 and y™ V() > 0
on the interval (ry,7). As 7, < T, it follows from this and (45) that y(),
j=0,1,...,1, are bounded on the interval (1, 7). Let 75 € (71, 7) be such that
y"~V (1) = e. Then by the integration of (1) and (10)

oo:/gczi):/f(t,y(t),...,y(l)(t)> dt < 0.

Hence (47) holds. As 7y < T, it follows from (9), (44) and (45) that y(¢) > 0
on the interval (7,7) (¥, = 0,1,...,1 change their signs). Thus (1) yields
y™(t) > 0 on the interval (7,7), which, together with (47), contradicts (46).
Hence y is defined at t =7 and 7 =0. O

Proof of Theorem 3. Let a« = 1 and § = 1. The proof is similar to the that of
Theorem 2. Since (11) and (12) are valid, we can restrict our investigation to
the case

D= {[Il, Ce 7«Tl+1] 0 S X1 S g, (—1)j$j+1 S [(—1>jCj, (—1)jCj + 5]}

The only problem is that due to ¢y = 0, we have M; = 0 and M3 = oo, where
M, and Mj are given as in the proof of Theorem 2. Thus (31) gives us no
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information and it must be proved in a different way. Hence we prove that (31)
is valid with the new values of A\; and M3 given by

1
) _(n—=1)o+1 [ 2n—1)o+2 | T
YT oA 4o—1 Tl +o—1)M,
where M; = m Note that, similarly to the proof of Theorem 2,
2("=1) s positively increasing on the interval J,, = [T, 7], 7n = 7 — ~. Note

that (13) yields
n—0l—-2<X\<n-101-1.

If (31) is not valid, then either (32) or (33) holds.
Let (32) be valid. It follows similarly to (34) that

M < MD(), t€ [ty Tl (48)
Now we will estimate z,,. According to (48) and the Taylor Series Theorem we
have
n—{—3 (l—|—1+r _ n -3
i (s)= Y T2 “m (s —1t) +/ s=0) () do
= (n—1—3)!

_t)n -2
> Z(n=b) (57 <5< Ty 4
>z (t)(n—l—Q)!’ t<s<mp, (49)
Similarly, the Taylor Series Theorem, (11), (12) and (49) yield

t g I t S — n—2(_ 1\l
Zm(t) > /(tl!)zgﬂ)(s) ds > Z’r(r?:il)(t)/ (Z!(nt)_ I _( 2)1[) ds

t S [tl,Tm].

From this, (8), (14), (48) and (49)

A0(8) > Mz5,(0) (570(0) > My — 0" (470(0)

m m
The integration on the interval [t1, 7,,] yields

Q(Tm _ tl)(nfl)a+1 (7_ _ tl)(nfl)aJrl _ mf(n71)0'+1

Mo = M >
1 1 Mi(A+o0—1 1o
sl (n—1) Ato—1 (n—1) Ado—1 — (Tll(_ 1)0_ + 1) (Tm - tl)( Do+l
(2 (t)] 2™ (1)

for large m. The contradiction obtained with the definition of Mj, shows that
(32) does not hold. The fact that (33) is impossible can be proved similarly to
the same case in the proof of Theorem 2. [
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Proof of Theorem 4. (i) Let y [T,7) — R be a solution of (1), (5) with a = 1
and, for simplicity, "~V (t) > M on the interval [T, 7). Put \; = (T;rla)irl and
M as in the proof of Theorem 3.

Let A > 1+ (l+1l”+1 forl <m —2; hencen—1—2— X\ > 0. We can prove
similarly to (44) — (46) that

y™ () = Mi(r — )" te (1),

From this and by the integration we obtain an estimation from above of ™~
similar to (19) and the proof is similar to the second part of the proof of Theorem
1.

Let A < 1+ 22 hence n — 1 —1—X; < 0. Then

0=/

O (¢
y Y )ds§|y ()‘(T—t)l, te [T, 7).

From this

y™() < Moy (0) [y 0 (0)] " < Ma(r — 1) [y (1))

and the integration on the interval [t,7) yields

la+1

y"(E) > My(r —t) 1,

where

My = W—Uy*.

My = max r(t), o1

t€[0,7]

The proof is similar to the first part of the proof of Theorem 1, only in (18) we

take A\, = Ll

(ii) The existence problem is solved by Theorem 3. O
Proof of Proposition. Let y [T,7) — R be a solution of (1) and (5) with a = 1;
hence [ is even. Let lim ™1 (¢) = co. Then ) < 0 in a left neighborhood
t—T1~

I of 7. From this and from [ being even we can conclude that y < 0 and
y™ < 0 on I. The contradiction to lim y™ 1) = oo proves the statement.

t—T1
Other possible cases can be proved similarly. [
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