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A STRONG SOLUTION OF AN EVOLUTION PROBLEM
WITH INTEGRAL CONDITIONS

S. MESLOUB, A. BOUZIANI, AND N. KECHKAR

Abstract. The paper is devoted to proving the existence and uniqueness of
a strong solution of a mixed problem with integral boundary conditions for
a certain singular parabolic equation. A functional analysis method is used.
The proof is based on an energy inequality and on the density of the range
of the operator generated by the studied problem.
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1. PosSING OF THE PROBLEM

In the domain @ = Q x (0,7"), with Q = (0,a) x (0,b), where a < oo, b < 00
and T' < co. We shall determine a solution u, in @) , of the differential equation

1 1
ﬁu:ut_;(xuw)x_ﬁuyy:f(mvy7t)v (l’,y,t) € Q7 (1)

satisfying the initial condition
lu =u(z,y,0) =p(zr,y), 0<zx<a, 0<y<b, (2)
the classical conditions
u(a,y,t) =0, 0<t<T, 0<y<b, (3)
uy(z,b,t) =0, 0<t<T, 0<z<a, (4)
and the integral conditions

a

b
[wute,y.tyde =0, [ulw,y.)dy =0, (5)
0 0

For consistency, we have

o(a,y) =0, @, (x,b) =0,
a b

/w(w, y)dx = 0, /sO(:v,y)dy =0.
0 0
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Many methods were used to investigate the existence and uniqueness of the
solution of mixed problems which combine classical and integral conditions.
J. R. Cannon [5] used the potential method, combining a Dirichlet and an
integral condition for an equation of the parabolic type. L. A. Mouravey and
V. Philinovoski [12] used the maximum principal, combining a Neumann and
an integral condition for the heat equation. Ionkin [10] used the Fourier method
for the same purpose.

Mixed problems for one-dimensional second order parabolic equations, for
which a local and an integral condition are combined, can be found in the
papers by Cannon, Estiva, and van der Hoeck [6], Cannon and Van der hoeck
[7]-[8], Kamynin [11], Yurchuk [16], Bouziani [2], Peter Shi [15], Mesloub and
Bouziani [13]. Problems with purely integral conditions are studied by Bouziani
[3], and Benouar and Bouziani [4], Mesloub and Bouziani [14]. In this paper, we
prove the existence and uniqueness of a strong solution for the problem (1)—(5).
The result and the method used here are a further elaboration of those from
the paper by Benouar and Yurchuk [1].

We introduce appropriate function spaces. Let L?(Q) be the Hilbert space
of square integrable functions having the norm and scalar product denoted
respectively by ||-[| 2oy and (-, -)z2(q)- Let V1°(Q) be a subspace of L*(Q) with
the finite norm

2 2 2
[ullvroig) = llulla gy + luzllza g -
having the scalar product defined by
(U, ’l))vl,O(Q) = (U, ’U)L2(Q) + (ux, UJC)LZ(Q).

In general, a function in the space V*™(Q), with k, m nonnegative integers,
possesses x-derivatives up to kth order in L?(Q), and ¢-derivatives up to mth
order in L*(Q). To problem (1)-(5) we associate the operator L = (£, ) with
the domain of definition

D(L) = {u € L*(Q)] ts, Uz, Uy, tze, Uy, vz € L2(Q)}

satisfying (3)—(5). The operator L is considered from E to F, where E is
the Banach space consisting of functions u € L?*(Q) satisfying the boundary
conditions (3)—(5) and having the finite norm

HUHZE = / (953(%3,%)2 + 2(Say (Eur))? + 2u2 + xuf/) dxdydt
Q

+ OEEETQ ((m + x3> () + 2 (Syua( -,7'))2) dxdy,

T Yy
where Syu = [u(&, y,t)dE, Syu = [u(x,n, t)dn, Syyu = Fu(Syu) (below we
0 0

will use also the notation Sy,u = I2u = I (Syu)), Seyyu = I (Syyu)) and F
is the Hilbert space of vector-valued functions F = (f, ¢) having the norm

2 2 2
1F e = [1fl1Z2q) + lellviog) -
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Remark 1.1. The weights appearing in this paper arise because of singular
coefficients and for the annihilation of inconvenient terms during integration by
parts.

2. A PRIORI ESTIMATE AND ITS CONSEQUENCES

Theorem 2.1. For any function u € D(L), we have the following a priori
estimate:

HUHE < CHLUHF7 (6)

where ¢ is a positive constant independent of the solution w.

Proof. In we take the inner product in L?(Q7) of equation (1) and the operator
Mu = —x3S3ut + 23:2%73% + :Uggxyy(i’ut) + x?’Syuy,

where Q7 = Q2 x (0, 7), then, in light of the initial condition (2), the boundary
conditions (3)—(5), and a standard integration by parts, we get

1
/x?’(%yut)zdxdydt + §/x3(3yum(~, - 7)) dxdy

QT
/ .-, 7)dxdy + a® // +(a,y,t))*dtdy

T

u?(0,y,t dtdy+/ 2(Spy (Euy) ) dadydt
QT

[

0

/x3u2 T da:dy—l—/ 2dxdydt+/a:u§d:vdydt
Q o

+

1 1
= §/x3(%ygox)2dxdy + i/xS@dedqu §/mg02dxdy
Q Q
+ / x4$yux Syupdadydt + 2 / T Syuy - Sy (Euy)drdydt

— /xuy\sw(ﬁut}dmdydt—l—2/x Uy Syuydrdydt

QT
—/ 23 LuSy utdxdydt—l-Z/xQEu\s uzdrdydt
Q‘r
+ / 2 LuS uydudydt + / 5 LUS gy (Eur)dadydt. (7)

QT QT
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By virtue of the elementary inequality

we can estimate the terms on the right-hand side of (7) as follows:

£1a?
/x4%yux - Syudrdydt < IT / 23 (3 u, ) drdydt
QT QT

2/552%;/% - gy (Euy)dadydt < ey / a:?’(%yux)dedydt
QT QT

1
+ —/x(%xy(fut)2da:dydt,

—/azuy%ry(fut)dxdydt < %/wuyzdxdydt
QT QT
1

o5 [ @Sy () Pdudydt,
253

2/x2uy%yuxdxdydt < 54/xuy2dxdydt
QT Q7

1
+ —/x3(%yuz)2dxdydt,

3
. / P LuS updrdydt < % / Pdrdydt
5
QT QT

8562

4
QT

(3w, drdydt,

2/x2£u%§uxda:dydt < g/de:fz:dydt
€6
Q7 Q7

66b2

2
Q‘r

(S u, ) *dadydt,

(10)

(11)

(12)

(13)

(14)

(15)
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5
/x3£u%yuydxdydt < %/ﬁdmdydt
7
Q" Q"

[ i dadyd
—|—T/xuy xdydt, (16)
QT

5
/a:gﬁu%zyy(fut)dxdydt < %/ﬁdmdydt
8
QT

QT
€8b2 2
e 2 (Say(§ur)) dadydt, (17)
QT
1 3p2
§/x3(%ygom)2dxdy < GT/goidxdy, (18)
Q Q

then taking e; = 2, e, =8, g3 =1, 64:%,65:1)%,6621%2,87:#,68:#.
Substituting (10)—(18) into (7), and taking into account that the fourth and
fifth terms in (7) are positive, we get

/ (x3(§yut)2 + 2(Say (Eug))? + 2?02 + qu) dxdydt

+/@%mmwﬁw+@+ﬁm%”ﬂme

T

<k {/ x?’(%yum)zdxdydt + / fAdxdydt + /(@2 + wi)dl‘dy} ) (19)
o )

where
k = max(2a® + 2a, 8a°b* + 4ab® + 2a°b*, 4a® + 66).

We now conclude from (19) and Gronwall’s lemma that

/ (xg(%yut)Q + 2(Syy (Ewr))? + 202 + wuj) dxdydt

o
+/ (x?’(%yux(-, ST+ (@ + 2P (- 7')) dxdy

< ketT / Frdrdydt + / (92 + o2)dady b . (20)
QT Q

Since the right-hand side of (20) does not depend on 7, we take the least upper
bound in its left-hand side with respect to 7 from 0 to 7', thus obtaining (6),

where ¢ = VketT. [
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It can be proved in a standard way that the operator L : E — F'is closable.
Let L be the closure of this operator, with the domain of definition D(L).

Definition 2.1. A solution of the operator equation
Lu=F
is called a strong solution of problem (1)—(5).

The a priori estimate (6) can be extended to strong solutions, i.e., we have
the estimate

lullp <c|Zu| . Vue D). (21)
Inequality (21) implies the following corollaries.

Corollary 2.1. A strong solution of (1)—(5) is unique and depends continu-
ously on F = (f, ).

Corollary 2.2. The range R(L) of L is closed in F' and R(L) = R(L).

The latter corollary shows that to prove that problem (1)—(5) has a strong
solution for arbitrary F = (f, ), it suffices to prove that the set R(L) is dense
in F.

3. SOLVABILITY OF THE PROBLEM

Theorem 3.1. If, for some function w € L*(Q) and for all elements u €

Do(L) = {ulu € D(L) : bu =0}, we have

/Eu - wdzdydt = 0, (22)
Q

then w vanishes almost everywhere in Q).

Proof. Using the fact that relation (22) holds for any function u € Dy(L), we
can express it in a special form. First define the function A by the relation

T
hay, )+ [ (2°Su(Eur) = 1027320, + 2002820, ) dr
t

= /deT. (23)

Let u; be a solution of the equation

—2°S%u, = h, (24)
and let the function u to be given by

0, 0<t<s,

u = t
Jurdr, s<t<T.
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From the above relations we have
w(z,y,t) = xSS?iutt + xGSIyy(fut) — 10x3$§ut + 203:2%5%. O (26)
Lemma 3.2. The function w represented by (26) belongs to L*(Q).

Proof. Using a Poincaré type inequality of form (8), we easily prove that the
last three terms of (26) are in L*(Q)). To show that the term 2°S7uy is in L*(Q),
we use t-averaging operators p. of the form

9

e =1 [0 (=) gte

+o0o
where w € C§°(0,7), w >0, [ w(t)dt = 1.

Applying the operators p. and 9/0t to equation (24), and then estimating,
we obtain

/( aatpgcﬁut) dxdydt < 2/( Pe ) dxdydt
Q

2
+2/ [ ut — 2 pe\sy t)] dxdydt.

Using the properties of p. introduced in [9], it follows that

/< §p€<\2ut> dxdydt < 2/( Pe ) dxdydt.
Q

Since p.g — g in L*(Q), and f (x PSS ut> dxdydt is bounded, we conclude

e—0

that w € L?(Q). O

We now return to the proof of Theorem 3.1. Replacing w in relation (22)
by its representation (26), invoking the special form of w given by (24) and
(25) and the boundary conditions (3)—(5), and then carrying out appropriate
integrations by parts, we obtain

2/ (Syue(-, -, 8))*dedy + = / (Se(u(-, -, T)))*dzdy
+5/:c (Syus(-,-, 1)) da:dy—l—S/xu (v, -, T)dzxdy
0 Q

+/5%WMMMWHQ/ﬁ®WMM@ﬁ
Qs

ey (Ewy)) 2 dadydt + | 2°uldzdydt
2 t
Qs
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b T b
+ 10a® // (a,y,t))*dydt + 10//u2 (0,y,t)dydt
s 0 s 0
= /x7%yudyutxdxdydt — 25/:c Sy uS 4y (§u)dadydt
Qs Qs
— /:p w S (u)drdydt — 12/20 Sy uSudrdydt, (27)

where Q5 = Q x [s,T].
We now estimate each term on the right-hand side of (27) by using inequalities

(8) and (9) and, taking into account that the last two terms on the left-hand
side are positive, we get

/ 2 (Sl -, 5))*dedy + / (3. (€ul-,+ T)))*drdy
+/ Ug(+, -, T)) dxdy+/xu - Tdxdy

+ /x (Sy ) *dadydt + /x (Syue)*drdydt

Qs Qs
n / (S (Euty))2ddydt + / w2dwdydt
Qs

<c /x?’(%yum)2dxdydt+ /x5(%yut)2dccdydt

Qs Qs
—l—/xz(i‘sx(f’u))gdxdydt—k /xu2dxdydt : (28)
Qs Qs

where

54 32
c:max{12+12a —1—@ 12a* —|—a a® 3 }

To use the essential inequality (28), we note that the constant c is independent
of s. However, the function u in (28) does depend on s. To avoid this difficulty,
we introduce a new function by the formula

T
n(x,y,t) = /uT($,y,7')d7'.
i

Then
UJ(I? Y, t) - 77<I7 Y, S) - 7](% Y, t)
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and we have

/ (x5(%yum)2 + 22 (Syue)? + 2 (S (Cur))? + x3uf) dxdydt

Qs
+/$5(%yut(-, -, 8))2dwdy + (1 — 2¢(T — s)) {/an(-, -, s)dxdy

+/"L‘Q(%J»‘(gn(ﬁ'73)))2dxdy+/x3(gynx<'7'73))2dxdy}

< 2c {/ (2°(Sym)® + 2 (Syne)? + 2*(Sa(Em)* + 2n’) dxdydt} . (29
Qs

If we choose sy > 0 such that 1 — 2¢(T" — s¢) = 1/2, then (29) implies

/ (x‘f’(%yum)z + 22 (Syue)? + 2 (S (Cur))? + x3u?) dxdydt
QS

- ( [ @yl s)P + [

Q Q

+ [ @) + [ Syl .,3»2) dudy

Q Q

< 46{ / (965(%11%(33» Y, t))2 + xS(%ynx(xa Y, t)>2
Qs

2@l ) + 1) dodt (30)
for all s € [T — s, T7.
If we denote the sum of the four integral terms on the right-hand side of (30)
by a(s), we obtain

/ <m5(%yum)2 + x?’(%yut)Q) dxdydt

QS
* / (2*(S0y (Gu))” + 2} ) dwdydt - da(s)
ds
Q@
< Aca(s).
Consequently,
d 4cs
— (a()e") <. (31)
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Taking into account that a(7) = 0, (31) gives
als)e* < 0. (32)

It follows from (32) that w = 0 almost everywhere in Qr_s, = Q x [T — so, 7.
Proceeding in this way step by step along the cylinders of heigth sy, we prove
that w = 0 almost everywhere in (). This completes the proof of Theorem 3.1.
L]

Now to conclude, we have to prove

Theorem 3.3. The range of the operator L coincides with F'.

Proof. Since F' is a Hilbert space, R(L) = F' is equivalent to the orthogonality
of the vector W = (w,wy) € F to the set R(L), i.e., if and only if the relation

al
/Eu.wdxdydt + / (Eu -wo + du>dxdy =0, (33)
T
Q Q

where u runs over F and W = (w,wp) € F, implies that W = 0.
Putting v € D(Lg) in (33), we get

/ﬁu -wdzxdydt = 0.
Q

Hence Theorem 3.1 implies that w = 0. Thus (33) becomes

/ (Eu - wo + Ci;f)da:dy =0, Yue D(L). (34)
0

Since the range R({) of the trace operator £ is everywhere dense in V10(Q),
then it follows from (34) that wy = 0. Hence W = 0. This completes the proof
of Theorem 3.3. [
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