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ON THE DIMENSION OF SOME SPACES OF GENERALIZED
TERNARY THETA-SERIES

K. SHAVGULIDZE

Abstract. The upper bound of dimension of vector spaces of generalized
theta-series corresponding to some ternary quadratic forms is established. In
a number of cases, the dimension of vector spaces of generalized theta-series
is established and bases of these spaces are constructed.
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1. INTRODUCTION

Let
Q(X) :Q(Il,...,l‘r> = Z bz‘jl'il’j
1<i<j<r

be an integral positive definite quadratic form in an even number r of variables.
That is, b;; € Z and Q(X) > 0if X # 0. To Q(X) we associate the even integral
symmetric 7 X r matrix A defined by a;; = 2b;; and a;; = a;; = b;;, where i < j.
If X =[zy,...,2,]) denotes a column vector where " denotes the transposition,
then we have Q(X) = %X’AX. Let A;; denote the algebraic adjunct of the
clement a;; in D = det A and a;; the corresponding element of A~

Below we shall use the notions, notation and some results from [2].

A homogeneous polynomial P(X) = P(xy,...,,) of degree v with complex
coefficients, satisfying the condition

0*P
Z ag}(@x-@x-) =0 (1)
1<i,j<r v
is called a spherical polynomial of order v with recpect to Q(X) (see [1]), and
I(r, P,Q) = Z P(n)z9M =" 1 cC, ImT > ¥, (2)
nezZv

is the corresponding generalized r-fold theta-series.

Let R(v, Q) denote the vector space over C of spherical polynomials P(X) of
even order v with respect to Q(X). Hecke [2] calculated the dimension of the
space R(v, Q) and showed that

(v+V—23)

dimR(v, Q) = = o)l

(V+ev—e). (3)
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Let T'(v,Q) denote the vector space over C of generalized multiple theta-
series, i.e.,

T, Q) ={d(r,P,Q) : PeR(v,Q)}

Gooding [1] calculated the dimension of the vector space T'(v, Q) for reduced
binary quadratic forms Q.

In this paper the upper bound is established for dimension of the vector space
T(v, Q) for some positive reduced ternary quadratic forms. In a number of cases
the dimension of vector spaces of theta-series is also calculated and the bases
of this spaces are constructed.

In the sequel we use the following definition and results:

An integral r x r matrix U is called an integral automorph of the quadratic
form @Q(X) in r variables if the condition

U'AU = A (4)
is satisfied.

Lemma 1 ([1], p. 37). Let Q(X) = Q(x1,...,x,.) be a positive definite
quadratic form in r variables and P(X) = P(xy,...,2,) € R(v, Q). Let G be
the set of all integral automorphs of Q). Suppose

t
ZP(UiX) =0 for some Uy,...,U; CG,

=1

then J(7, P,Q) = 0.

Lemma 2 ([2], p. 853). Among homogeneous quadratic polynomials in r
variables

Ay .
i = Til; — 20Q(X Jg=1,...,1), 5
oy = ity — L 2Q(X) (i) ) 9
exactly @ — 1 ones are linearly independent and form the basis of the space

of spherical polynomials of second order with respect to Q(X).

Lemma 3 ([3], p. 533). Among homogeneous polynomials of fourth degree
in r variables

1
Pijkl = TiTjTET] — ( (Ajjzpa + Aigzja + Agzjxy, + Ajpa,x

r+4)D

1
+ Ajll’ifbk + Aklfbil‘j) . QQ + (’l“ T 2) (7“ T 4)D2 . (AijAkl + AikAjl
+AilAjk) : (QQ)Q (i>j7 k7l = 1,...,7’), (6)

ezactly o r(r* — 1)(r + 6) ones are linearly independent and form the basis of
the space of spherical polynomials of fourth order with respect to Q(X).

Lemma 4 ([4], p. 28-30). For a matriz of integers

U = ||uijl|rxr
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to be an integral automorph of the quadratic form

E bijxixj

1<i<j<r
it 1s sufficient
a) to find a representation of integers biy,baa, ..., by by the quadratic form
Q(X), assuming that
Q(urs, Uiy s Up) = by (1 <0 <), (7)
and

b) to verify that the 7‘27—7' conditions

YO anugug =by (i <j; i,j=1,....r) (8)

t=1 k=1

are satisfied.

2. THE BASIS OF THE SPACE R(v, Q)
Let

P(z) = P(x1,x2,73) ZZakzxﬁ:ﬂ; iy =k 9)

k=0 =0
be a spherical function of order v with respect to the positive ternary quadratic
form Q(z1,x2,x3). Hence, according to definition (1), the condition
Ay O*P N A 0P n Az O?P n Agy O*P
|A| 02 |A| Ox1022 |A| 0x10x3  |A| 023
Ayy  O*P Asz O?°P

2 = 1
T2 TA] uadzs T [A] 022 0 (10)

is satisfied. Since

k
PP
(s i—2 k—i, v—k
o7 i(i — Vagat *ab "2}

(]

A

= o
T
_ O

(i 4+ 1)(i + 2)apy 10t ab ey
0

o

=11

and one can easily obtain similar formulas for other second partial derivatives,
condition (10) takes the form

v—1 k-1

Z Z A11 Z + 1)(Z + 2)6Lk+1 i+2 + 21412(]{? — Z) (Z + 1)ak+1,i+1

| | =1 =0
-ﬂAdv—@@+1mmﬂ+Amw—nm—i+n%ﬂi
2l = B0 = s + Asalv = R)w = b g )l a1 <o

1
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Thus, for 0 <i < k < v — 1, we obtain
A (i 4+ 1)(0+ 2)ags1i02 + 2A12(k — 9) (i + 1) apt1,i11
+2A13(V — k’) (Z + 1)ak7i+1 + Agg(k — Z)(k —1+ 1)ak+17,-
+2A23<V — l{?)(l{? — Z)sz -+ A33(V — k))(V — k) -+ 1)ak_1’i = 0 (11)
Let
L= [&00, 10, @11, G20, A21, A22, - - . 7%1/]/

be the column vector, where ay; (0 < i < kv) are the coefficients of polynomial

(9).

Conditions (11) in matrix notation have the form
S-L=0, (12)

where the matrix S (the elements of this matrix are defined from conditions
(11)) has the form

Asz(v—1)v  2A23(v—1) 2A13(v—1) 2A20 0 0
0 Ass(v—2)(v—1) 0 4A33(v—2) ... 0 0
0 0 Aszz(v—2)(r—-1) 0 0 0
0 0 0 0 o 2415(v—1) Ay (v—1)v

The number of rows of the matrix S is equal to the number of conditions (11),
i.e., to the number of pairs (i,k) with 0 < i < k < v — 1. Hence the number
of rows is equal to (3) = v(v —1)/2. As for the number of columns of the
matrix S it is equal to the number of coefficients ax; of polynomial (9), i.e., to
the number of pairs (i, k) with 0 <14 < k < v. Hence it is equal to (”;ﬂ).

We partition the matrix S into two matrices S; and S,. 57 is the left square
nondegenerate (g) X (g) matrix, it consists of the first (g) columns of the matrix
S; S is the right (3) x (2v + 1) matrix, it consists of the last 2v 4+ 1 columns
of the matrix S.

Similarly, we partition the matrix L into two matrices L; and Lo. L, is the
(;) x 1 matrix, it consists of the upper (’2’) elements of the matrix L; Ly is the
(2v + 1) x 1 matrix, it consists of the lower 2v + 1 elements of the matrix L.

According to the new notation, the matrix equality (12) has the form:
S1Ly + SoLy = 0,
ie.,
Ly = —S;S,L,. (13)

It follows from this equality that the matrix L, is expressed through the matrix
Lo, i.e., the first (12’) elements of the matrix L are expressed through its other
2v 4+ 1 elements. Since the matrix L consists of the coefficients of the spherical
polynomial P(X), its first (;) coefficients can be expressed through the last
2v + 1 coefficients.

Let Q(X) = Q(z1,x2,23) be a ternary quadratic form. According to the

formula (3), dim R (v, Q) = €v + oc.
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Let us show that the polynomials’
Paly),all), ... o 1,0,0,...,0),

» v—2v-27 5
2 2 2
Py(aly,aly), ... ,al,, 5,0,1,0,0,...,0), 14
P2V+1(a(()%y+1)7 a%/ﬂ)? s 7a1€2lj;i)—27 07 07 Oa SR 1)7

where in view of (13) the first (‘2’) coefficients from agg to a,_2,_2 are calculated
through other 2v + 1 coefficients and form the basis of the space R(v, Q).

Indeed, these polynomials satisfy condition (13), i.e., condition (1), hence
polynomials (14) are spherical functions with respect to Q(X). They are linearly
independent and altogether are 2v 4 1, as it is stated above that the dimension
of the space R(v, Q) is equal to 2v + 1. Thus polynomials (14) form the basis
of the space R(v, Q).

3. THE UPPER BOUND OF DIMENSION OF T(v,Q) FOR SOME TERNARY
FoRrwms

Consider the quadratic form
Q1 = biat + bypaj + by,

where 0 < by; < baa < bas.
Construct the integral automorphs U of the quadratic form );. According
to the definition (4) and Lemma 4,

b1 = Q(£1,0,0),
b22 = Q(07:l:170)7
bss = Q(0,0,+1).

Hence it is easy to verify that the integral automorphs of the quadratic form
1 are only

€1 0 0
U=10 e 0| (es=+1, i=1,23). (15)
0 0 €3

From these 8 automorphs U we use only

-1 0 0 10
0 1 0| and U, =10 1
0 01 0 0

Ui = (16)

Consider all possible polynomials P, (U;X) (h =1,2,...,2v+1), where P, €
R(v, Q) are spherical polynomials of order v with recpect to Q1(X), and
U, € G are integral automorphs of the quadratic form Q;(X).

'In the brackets of (14) the coefficients of polynomial P; of form (9) are shown.
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From (9) and (16) it follows that

k
z k—i _v—k __ (h) i k—i v—k
E ,E :am —x1)'wy twyt = § E (1) Qp; L1Lg T3

k=0 i=0 k=0 i=0
v k

’Lk’L v—k __ k (h) i k—i v—k

E ,E :am zis (—x3) = (—1)%ay; w2 "zy .
k=0 =0 k=0 i=0

Further, we have

v k
Po(X) + P(ThX) = D ) (14 (1) )ay a7,
k=0 i=0
v k
Pu(X) + Py(U:X) =33 (1 + (—1)F)al 2t ab~iay .
k=0 i=0
We shall find out for which P, of two equalities
Py(X)+ P,(U1X) =0 (17)
or
Pr(X) 4+ P, (U X) =0, (18)
at least one takes place. Equality (17) takes place if and only if the coefficients
1+ (1) =0 (19)

for all k,i. Keeping in mind the construction of a basis of the space of spherical
functions, it is sufficient to show that (19) is true for the last 2v + 1 coefficients
from a,(fi)l’o to a,(,},i), ie, when £k = v —1,v; © = 0,1,...,k. All these last

coefficients a,ﬁlz) are zero, except one which is equal to one. Suppose a,(;z) =1

for a certain pair k,7 with v — 1 < k < v and 0 < ¢ < k; if ¢ is odd, then
(1+ (1) )a,(;z) = 0. Hence P, satisfies equality (17) if among the last 2v 4 1
coefficients, the index ¢ — of the coefficient equal to one is odd. Similarly, it
follows that Py, satisfies equality (18) if among the last 2v + 1 coefficients, the
index k — of the coefficient equal to one is odd.

Calculate how many polynomials P, satisfy at least one of two equalities
(17) or (18), i.e., calculate how many coefficients ay; with v —1 < k < v and
0 <@ < k have among the indices £ or 7, at least one odd. We have the following
cases:

a) If 21k, then k = v — 1. The total number of coefficients with k = v — 1
is equal to v.
b) If 2 | k, but 2 14, then £ = v, 0 < ¢ < v, 24 i. The total number of
coefficients with such indices is equal to v/2.
Thus, altogether we have v + v/2 polynomials P, which satisfy at least one
of equalities (17) or (18), but for such polynomials, according to Lemma 1,

9(7, Pr, Q1) = 0. (20)
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We have thus shown that among 2v+1 theta-series, corresponding to linearly
independent spherical polynomials, v 4+ /2 theta-series are zero. Hence the
maximal number of linearly independent theta-series, i.e.,

dimT(v, Q) < 2v+1— <y+g> :g+1. (21)

Now consider the quadratic form
Q2 = bn(x% -+ l’g) + b33$€§,

where 0 < b7 < bss.
We construct the integral automorphs U of the quadratic form Q5. Since

bll - QQ(:*:]wOvO) = Q2(07:|:170)7 b33 - Q2(0707i1)7

it is easy to verify that the integral automorphs of the quadratic form @), are
automorphs (15) and, moreover, the automorphs

0 €1 0
ez 0 0| (e;=+1, i=1,2,3). (22)
0 0 €3

From automorphs (22) we use only

Uy = (23)

O = O
OO =
=)

The automorphs of the quadratic form (), are also automorphs of the quadratic
form @), therefore

dim7T'(v,Q2) < g + 1.

We improve this estimation. From (9) and (23) it follows that

v k
_ i, k—1i 1/ k h) k— z lc (k—1) v—k
Y el = Y Yl L

k=0 i=0 k=0 i=0
From here it follows that if all last 2v + 1 coefficients of the basis polynomial
P, (X) are equal to zero, except one ag;) =1, then all last 2v + 1 coefficients of
polynomial P, (UsX) are equal to zero, except one ay—; = 1. Hence P, (UsX)
is a basis polynomial of the space R(v, Qc). Further, it is known ([1], p. 38)
that
7, Pr(X), Q2) = (7, Pu(Us X, Q2);

thus the theta-series ¥(7, P,(X), Q2) and ¥(7, P,(Us X ), Q2), corresponding to
different basis polynomials P, (X) and P, (U3 X), are linearly dependent.

Calculate how many such linearly dependent theta-series we have. Let k and
i be even (otherwise, it can be shown similarly to (20) that J(7, Py, Q2) = 0),
i.e., k= v, and i takes ¥ + 1 even values. Thus altogether we have [$(% + 1)]
linearly dependent theta-series.
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[1<Z+1>} _ )i 2 %f v=0 (mod 4),
2\2 2 9f v=2 (mod 4).

dimT(y,Q2)§g+1—Z:Z+1 if ¥=0 (mod 4),

2 2
dimT(l/,Qg)Sg+1—yjlr :VZ if ¥v=2 (mod 4).

Consider now the quadratic form
Q3 = b11($% + ng) + b33$§ + biox1 29,

where 0 < ’bm’ < b1y < bss.
It is easy to verify that the integral automorphs of the quadratic form ()3 are

But

Hence

(24)

€1 0 0 0 €1 0
0 e 0] and ez 0 O (e; ==+1, i=1,2). (25)
0 0 €9 0 0 €2
From automorphs (25) we use
1 0 O 010
Us=10 1 0of and U;=|1 0 0]. (26)
00 -1 0 01

From (9) and (26) it follows that

v k

i k— z v—k __ v—k (h) i k—i_ v—k

E E :am iy ' (—23) = E § (=1)""ay 2wy "y,
k=0 1

k=0 7=0 =0
v k v k . (27>
Pu(UsX) =y 0 Y ety = 30> aad ey Vag
k=0 1=0 k=0 =0
We have
v k
Pu(X) + Po(UaX) = 33 (1 + (—1)M)af 2l ak =iy, (28)
k=0 =0

Calculate how many polynomials P, satisfy the equality
Py (X) 4+ P, (UsX) = 0. (29)

According to (28), we must calculate how many coefficients ay;, with v —1 <
k <vand 0 <i <k, have the index k odd, i.e., k = v — 1. Thus altogether we
have v polynomials P, which satisfy equality (29). But for such polynomials,
according to the Lemma 1,

¥(r, Pn,Q3) = 0. (30)
From (14) and (27) it follows that if all last 2v 4+ 1 coefficients of the basis
polynomial P, (X) are equal to zero, except one a,g = 1, then all last 2v + 1

coefficients of polynomial P, (UsX) are equal to zero, except one ajj—;, = 1.
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Hence P,(UsX) is a basis polynomial of the space R(v, Q). Further, it is
known ([1], p. 38) that

1(}(7-7 Ph(X)> Q3> = 19(7—7 US(X)v QS)S

thus the theta-series ¥(7, P,(X), Q3) and ¥(7, P,(UsX), @3), corresponding to
the different basis polynomials P,(X) and P,(UsX), are linearly dependent.

We count the number of linearly dependent theta-series. Let &k be even (other-
wise (30) holds true) i.e., k = v, i takes v+1 values. Thus we have [ (v+1)] = %
linearly dependent theta-series.

We have thus shown that among 2v+1 theta-series, corresponding to linearly
independent spherical polynomials, v theta-series are zero and v/2 are linearly
dependent theta-series. Hence the maximal number of linearly independent
theta-series

dimT(y,Q3)§2u+1—V—g:g+1. (31)

Consider the quadratic forms:

Q4 = b11 ‘T% + Ty -+ b33$§ —+ bggl’gﬂfg,

( >)

Q5 = bu([L’% + flf%) -+ b33$§ + 613I1$3,

Qs = bn(ﬁ + IES) + b33$§ + biz(z123 + 2223),
( )

Q7 =bn ﬁ + x% + b33$§ + bis(z123 + xow3) + b1ox 29,

where 0 < |b13| < b1y < bss, |bes| < bae. For each quadratic form Q; (i =
4,5,6,7) we construct the corresponding integral automorphs; consider all pos-
sible polynomials P,(U;X) (h = 1,2,...,2v + 1), where P, € R(v, Q) are
spherical basis polynomials of order v with respect to Q; (see (14)), U; € G
are integral automorphs of the quadratic form );. We investigate the sets
{9(r, P(U;), Qi }h,j- From these sets we remove the zero theta-series and leave
those through which other theta-series are expressed. Thus we obtain:

dim T (v,Q4),dim T (v,Qs5), dim T'(v, Q¢), dim T(v,Q7) < v + 1.
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In ([4], p. 31) we have shown that for the quadratic forms
Qs = by} + oo (5 + 23),
Qo = bllajf + b22x§ + 63337% + bijjxiz; with 1 <1< j <3,
Q10 = by} + boo(w5 + 23) + bijxiz; with j=2,3,
Q11 = by} + bao (23 + 23) + bro(2179 + 1173),
Q12 = b1127 + byo (25 + 73) + bio(7179 + 1173) + bozToxs,
Q13 = b1} + boo(23 + 23) + bosTows,
dim T(v, Qs) < Z +1 if v=0 (mod 4),

2
dim T'(v, Qs) < s

1 if v=2 (mod 4),
dimT(Va QQ)a mT(V>Q10)7dimT(V7Q11)7dimT(V7Q12) S v+ 17

i
dlm T(I/, ng) S —+ 1

NN

4. DIMENSION AND THE BASIS OF THE SPACE T'(v,()) FOR SOME
TERNARY FORMS

From (24), for v=2 and v =4, it follows that dim (2, Q2) <1 and dim (4, Q2) <
2, respectively. Let us show that dim (2,@Q3) = 1 and dim (4, Q2) = 2.
For the quadratic form

Qg = bll((L’% + ZE%) + bggl’g,

where 0 < bll < 633, we have D = det A = 8b%1b33, All = AQQ = 4b11b33,
Aszz = 4b%,. Hence, according to (5) and (6),

1
2 11 2
=a] — ——=2Qy=2] — — 32
P11 = Ty 3D Q2 = 17 3y, Q2, ( )
Q1111 = T} — o 23Q2 + 3 Q3, (33)
b1 35b%,
(3333 = T3 — 0 23Qs + 5 Q3. (34)
Consider the equation

1) When n = by, equation (35) has 4 solutions:

ZE1::|:]_, 1'2:?[73:0,
$2:j:1, 1‘121'3:0.

2) When n = bss,
a) if bgz # by1h? and bgz # by1(u? + v?), then (35) has 2 solutions:

Ty =29 =0, z3==£l.
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b) if b3z = by h? and bsz # by (u? + v?), then (35) has 6 solutions:
T =29 =0, x3==1;
= :l:h, To9 = T3 = O,
ZL’QZIEh, 1'121'3:0.
c) if bgz # b1 h? and bgz = by (u? + v?), then (35) has 10 solutions if u # v
and 6 solutions if u = v:
T =29 =0, x3==1;

T = *u, To = tv, x3=0;
T, £, To = tu, xz3=0;

= +u, To = Fv, x3=0;
T = T, To = Fu, xz3=0.

d) if b33 = b11h2 and b33 = b11<u2 + ’UZ), then (35) has 14 solutions:

1 =22 =0, x3==1;
J,’l::l:h, .TQZIL’3:0;
(L’Q::l:h, ZEIZZL’3:0;

= *u, T9 = T, x3 = 0;

r1 = £, Ty = Fu, rg = 0;
T = iu? T2 = F0, T3 = Oa
r1 = £, To = Fu, r3 = 0.

Using these solutions and performing easy calculations by (32) we obtain

o0

1 2
19(%90117@2):2(21’%—EQ2) :Zn+"'+§zbn+---.
n=1

Q2=n

Since Y(7, ¢11,Q2) € T(2,Q2) and, as is shown above, dimT'(2,Q2) < 1, we
have proved

Theorem 1. dim7(2,Q3) = 1 and the generalized ternary theta-series

W7, 11, Q2) is a basis of the space T(2,0Q)s).

Performing easy calculations and using the solutions of equation (35), for

b33 7£ b11h2 and b33 7é b11<u2 + U2> by (33) and (34) we obtain

= 6
N7, 1111, Q2) = ; <sznﬂ'3411 - by Q2 + 351)2 Q2>
_ 22 4, 6 35y
T TEt T Tyt
- 6
(7, p3333, Q2) = 21 (QZ Thas 23Q2 + 3502, Qz)
n= o=n
— .. +12b%12b11+ ..+Ezb33+...

35 b2, 35
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These generalized ternary theta-series are linearly independent since the de-
terminant of second order constructed from the coefficients of these theta-
series is not equal to zero. Similarly, in the remaining cases, the theta-series
(T, 1111, Q2) and (7, 3333, Q2) are linearly independent. Above it is shown
that dim 7'(4, Q2) < 2; hence dim T'(4, )3) = 2. Thus we have proved

Theorem 2. dim7(4,Q2) = 2 and the generalized ternary theta-series
(7, i1, Q2) and (7, 3333, Q2) form a basis of the space T'(4,Qz).

The proof of the following theorem is similar.
Theorem 3. Let
Q1 = b x] + boo + basas,
then T'(2,Q1) = 2 and the generalized ternary theta-series

N Lo \on 4 2 by
19(7_7()0117622):2(2323——621)2’ :gzb +"'___Zb22+""

Orzn 3b11

n=1

- 1 2b 4
2 n 11 b11 b22
79(779022aQ2)—§ ( E x Ql)z =——_—z +--'—|—§Z 4.

e
Orzn 3b22

form a basis of the space T(2,0Q1).

n=1
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