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SOLVABILITY AND THE UNIQUE SOLVABILITY OF A

PERIODIC TYPE BOUNDARY VALUE PROBLEM FOR

FIRST ORDER SCALAR FUNCTIONAL DIFFERENTIAL
EQUATIONS

R. HAKL, A. LOMTATIDZE, AND J. SREMR

Abstract. Nonimprovable in a certain sense, sufficient conditions for the
solvability and unique solvability of the problem

u'(t) = F(u)(t), u(a) — Au(b) = h(u)

are established, where F': C([a,b]; R) — L([a,b]; R) is a continuous operator
satisfying the Carathéodory condition, h : C([a,b]; R) — R is a continuous
functional, and A € R.
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INTRODUCTION

The following notation is used throughout.

R is the set of all real numbers, R, = [0, +00.

C(la,bl; R) is the Banach space of continuous functions v : [a,b] — R with
the norm |lu||c = max{|u(t)| : a <t < b}.

C(la,b); Ry) = {u € C([a,b]; R) : u(t) > 0 for t € [a,b]}.

Bi.([a,b]; R) is the set of functions u € C([a, b]; R) satisfying the condition
(=) (u(a) — Mu(b)) sgn((2 — i)u(a) + (i — 1)u(b)) < ¢, where c € R, i = 1,2.

C ([a,b]; D), where D C R, is the set of absolutely continuous functions u :
[a,b] — D.

L([a,b]; R) is the Banach space of Lebesgue integrable functions p : [a,b] — R

b
with the norm ||p||L = [ |p(s)|ds.

L([a,b]; Ry) = {p € L([a,b]; R) : p(t) > 0 for almost all t € [a, b]}.
My is the set of measurable functions 7 : [a, b] — [a, b].
L is the set of linear operators ¢ : C([a, b]; R) — L([a, b]; R) for which there
is a function n € L([a, b]; Ry ) such that
[()(&)| < nt)|lvlle for te€[a,b], veC(a,b];R).
Pupy is the set of linear operators ¢ € L,, mapping the set C([a,b]; Ry) into
the set L([a,b]; Ry).
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K is the set of continuous operators F' : C([a, b]; R) — L([a, b]; R) satisfying
the Carathéodory condition, i.e., for each r > 0 there exists ¢, € L([a,b]; Ry)
such that

[F)®)] < ¢ (t) for telabd], |vle<r

K([a,b] x A; B), where A C R?, B C R, is the set of functions f : [a,b] x
A — B satisfying the Carathéodory conditions, i.e., f(-,x) : [a,b] — B is a
measurable function for all x € A, f(¢,-) : A — B is a continuous function for
almost all ¢ € [a, b], and for each r > 0 there exists ¢, € L([a, b]; R;) such that

1f(t,2)] < q.(t) for telab], z€A, ||z <r

2]+ = 3(Jz] + 2), [2]- = 3(|2] - 2).
By a solution of the equation

u'(t) = F(u)(t), (0.1)

where F' € K, we understand a function u € C([a, b]; R) satisfying the equa-
tion (0.1) almost everywhere in [a, b].

Consider the problem on the existence and uniqueness of a solution of (0.1)
satisfying the boundary condition

u(a) — Au(b) = h(u), (0.2)

where h : C([a,b]; R) — R is a continuous functional such that for each r > 0
there exists M, € R, such that

[h(v)] < M, for |jv]lc <,

and A € Ry.

In the case where F' is the so—called Nemitsky operator, the problem (0.1),
(0.2) and analogous problems for systems of linear and nonlinear ordinary dif-
ferential equations have been studied in detail (see [7, 15-18] and the references
therein). The foundation of the theory of general boundary value problems for
functional differential equations were laid in the monographs [1] and [30] (see
also [2, 3, 8, 14, 19-27, 29]). In spite of a large number of papers devoted to
boundary value problems for functional differential equations, at present only
a few efficient sufficient solvability conditions are known even for the linear
problem

u'(t) = L(u)(t) + qo(t), (0.3)
u(a) — Au(b) = co, (0.4)

where ¢ € La, qo € L([a,b; R), A € Ry, and ¢y € R (see [5, 6, 8-13, 19-26,
29]). Here we attempt to fill this gap in a certain way. More precisely, in
Sections 1 and 2, nonimprovable efficient sufficient conditions are established
for the solvability and unique solvability of the problems (0.3), (0.4) and (0.1),
(0.2), respectively. Section 3 is devoted to the examples showing the optimality
of our main results.
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Finally, all results are concretized for the differential equations with deviating
arguments of the forms

u'(t) = p(t)u(r (1)) — g(®)u(p(t)) + f(t ult), u(v(t))) (0.5)

and

W'(t) = pt)u(r(t)) — g(Ou(u(t)) + qo(t), (0.6)
where p,g € L([a,b]; Ry), qo € L([a,b]; R), T, u,v € Mgy, and f € K([a,b] x
R% R).
1. LINEAR PROBLEM

We need the following well-known result from the general theory of linear
boudary value problems for functional differential equations (see, e.g., [4, 21,
30]).

Theorem 1.1. The problem (0.3), (0.4) is uniquely solvable iff the corre-
sponding homogeneous problem

u'(t) = L(u)(t), (0.3

u(a) — Au(b) =0 (0.4p)

~—

has only a trivial solution.

Remark 1.1. It follows from the Riesz—Schauder theory that if ¢ € L, and the
problem (0, 3¢), (0, 4¢) has a nontrivial solution, then there exist gy € L([a, b]; R)
and ¢y € R such that the problem (0.3), (0.4) has no solution.

1.1. Main Results.

Theorem 1.2. Assume that A € [0, 1], the operator ¢ admits the representa-
tion £ = o — {1, where

lo, b1 € Puy, (1.1)

and let there exist a function ~ € C([a,b];]0, +00[) satisfying the inequalities

V() = bo(V)(t) + (1)) for ¢ € [a,b], (1.2)
v(a) > Ay(b), (1.3)
v(b) —v(a) < 3+ A (1.4)

Then the problem (0.3), (0.4) has a unique solution.

Remark 1.2. Theorem 1.2 is nonimprovable in a certain sense. More pre-
cisely, the strict inequality (1.4) cannot be replaced by nonstrict one (see On
Remark 1.2 and Example 3.1).
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Remark 1.3. Let A € [1,4o00[ and ¢ = ¢y — {1, where g, {1 € Pgyp. Introduce
the operator ¢ : L([a,b]; R) — L([a,b]; R) by
b)) Z wa+b—1t) for te€lab].
Let ¢ be a restriction of ¢ to the space C([a, b]; R). Put ¢ = }, and

bo(w)(®) Z wllolp))(t),  Gw)t) Z w(hlpw)(t) for telad]
It is clear that if u is a solution of the problem (0, 3¢), (0,40), then the function

v ©(u) is a solution of the problem
V() = 0 (0)(t) = lo(v)(t),  v(a) —du(b) =0, (1.5)

and, conversely, if v is a solution of the problem (1.5), then the function « =
©(v) is a solution of the problem (0,3y), (0,4o).
It is also obvious that if a function v € C([a, b]; |0, +00[) satisfies the inequal-

ity (1.2), then g = ©(7y) satisfies the inequality
F(t) < ~B(B)0) — BN Tor 1€ a,b], (16)

and, conversely, if a function § € C( [a, b];]0, +o0) satisfies the inequality (1.6),

then ~ = () satisfies the inequality (1.2).
In view of Remark 1.3 the following statement is an immediate consequence
of Theorem 1.2.

Theorem 1.3. Let A\ € |1,+o0[, the operator { admit the representation
0 = ly—Ly, where by, Uy € Py, and let there exist a functiony € C([a,b];]0,400])
satisfying the inequalities

V() < =l(y)(t) = b(1)(t)  for t€[a,b], (1.7)
v(a) < Ay(b), (1.8)
~v(a) —y(b) <3+ i\ . (1.9)

Then the problem (0.3), (0.4) has a unique solution.

Remark 1.4. According to Remarks 1.2 and 1.3, Theorem 1.3 is nonimprov-
able in that sense that the strict inequality (1.9) cannot be replaced by nonstrict
one.

Theorem 1.2 implies the following assertions for the problem (0.6), (0.4).

Corollary 1.1. Let A € [0,1[, p,g € L([a,b]; Ry), and T € My, be such that

Awp(jMQ%><l, (1.10)

(t—7()p(t) >0 for te€]la,bl, (1.11)
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and
11—\ b b
1~ exp (fbp(s)ds) a/g(S) exp (S/p(§)d§>ds <3+ A\ (1.12)

a

Then the problem (0.6), (0.4) has a unique solution.

Corollary 1.2. Let A € [0,1[, p,g € L([a,b]; Ry), and T € My, be such that

(L—M(ig@ﬂs+a04%3+AW1<3+A, (1.13)

where

7(s)

oy = /p < / df) exp (/p d§> (1.14)
B = Aexp ( / p(s)ds) - / p)r(s)( / p(f)d€> exp / POE ) ds, (1.15)

o(t) == (1+sgn(r(t) —t)) for tE€a,bl. (1.16)

1
2
Then the problem (0.6), (0.

4) has a unique solution.

Remark 1.5. Corollaries 1.1 and 1.2 are nonimprovable in a certain sense.
More precisely, the strict inequalities (1.12) in Corollary 1.1 and (1.13) in
Corollary 1.2 cannot be replaced by nonstrict ones (see On Remark 1.2 and
Example 3.1).

Theorem 1.3 implies the following statements.

Corollary 1.3. Let A € ]1,400], p,g € L([a,b]; Ry), and pn € Mgy be such

that
exp </g(s)ds> <A, (1.17)

(u(t) = t)g(t) =0 for t€la,b], (1.18)

and

- exp)\<_f£1g(§)d§) / s esp / o(€)de ) ds <3+ L)

Then the problem (0.6), (0.4) has a unique solution.
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Corollary 1.4. Let A € |1,400[, p,g € L([a,b]; Ry), and u € My, be such
that

b

)\;1<a/p(s)ds+oz2> + <3+i)52<3+i, (1.20)
where
0 = /b 9() /b o6y ) exp ([ o(e)de) . (1.21)
J o )
= o / o(5)is) + St | aterte) s ([ aterie)as, 122
a a w(s) a
o(t) ;<1+sgn (L= p()) for te o] (1.23)

Then the problem (0.6), (0.4) has a unique solution.

Remark 1.6. Corollaries 1.3 and 1.4 are nonimprovable in a certain sense.
More precisely, the strict inequalities (1.19) in Corollary 1.3 and (1.20) in Corol-
lary 1.4 cannot be replaced by nonstrict ones.

1.2. Proofs of Main Results. To prove Theorem 1.2, we need a result from
[14]. Let us first introduce the following definition.

Definition 1.1. We will say that an operator ¢ € L, belongs to the set
V*H(A) (resp. V~(A)) if the homogeneous problem (0,3p), (0,4) has only a
trivial solution and, for arbitrary ¢y € L([a,b]; R;) and ¢y € R, the solution of
the problem (0.3), (0.4) is nonnegative (resp. nonpositive).

Remark 1.7. Tt follows immediately from Definition 1.1 that £ € V*(\) (resp.
£ € V=())) iff a certain theorem on differential inequalities holds for the equa-
tion (0.3), i.e., if u,v € C([a, b]; R) satisfy the inequalities

u'(t) < L(u)(t) + qo(t), V'(t) > () (t) + qo(t) for t € a,b],
u(a) — Au(b) < wv(a) — Av(b),

then u(t) < wv(t) (resp. u(t) > v(t)) for t € [a,b].

Lemma 1.1 ([14]). Let A € [0,1] and £ € Py. Then £ € VT(N) iff there
eist v € C([a, b];]0, +-00|) satisfying
V(t) Z L(y)(E)  for € [a,b],
+(a) > My (d).
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Proof of Theorem 1.2. According to Theorem 1.1, it is sufficient to show that
the homogeneous problem (0, 3y), (0,4¢) has only a trivial solution.

Assume that, on the contrary, the problem (0,3p), (0,40) has a nontrivial
solution w. By virtue of (1.1) and Lemma 1.1, it follows from (1.2) and (1.3)
that ¢y € V*(\). Consequently, according to Definition 1.1, v must change its
sign. Put

M = max{u(t) : t € [a,b]}, m = —min{u(t) : t € [a,b]}, (1.24)
and choose ty, t, € [a,b] so that
u(ty) = M, u(ty,) = —m. (1.25)
Obviously,
M >0, m > 0 (1.26)

and without loss of generality we can assume that ¢y, < t,,. In view of (1.26),
the relations (0, 3p), (0,4), (1.2) and (1.3) yield

(My(t) +u(t)) = bo(My +u)(t) + (o(M —u)(t) for t € [a,b], (1.27)
Mry(a) +u(a) = A(M~(b) + u(b)) = 0, '

and

(my(t) —u(t)) > Lo(my —u)(t) + bi(m +u)(t) for t€ la,b],
my(a) — u(a) = A(my(b) — u(b)) = 0.
1), (1.2

4), the condition ¢, € VT ()), and Remark 1.7, it

(1.28)
Hence, according to (1.
follows that

M~(t) + u(t) > 0, my(t) —u(t) >0 for t€ [a,b].

By virtue of the last two inequalities, (1.1), and (1.24), from (1.27) and (1.28)
we get

(M~(t) + u(t)) >0, (my(t) —u(t)) >0 for te€la,b]. (1.29)

In view of (1.25) and (1.26), the integration of the first inequality in (1.29)
from t,; to t,, results in

M~y(t,) —m — M~y(ty) — M >0,

Y(tm) — () > 1+ % (1.30)

On the other hand, on account of (1.25) and (1.26), the integration of the second
inequality in (1.29) from a to tj; and from ¢, to b yields

my(ta) — M —my(a) +u(a) >0,

my(b) — u(b) — my(t,,) —m > 0.
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Summing these two inequalities and taking into account that
u(b) —u(a) = u(b)(1 —A) > —m(1 = N),
we get
H(tar) = (tm) +7(8) = (@) 2 A+ (1.31)

Now from (1.30) and (1.31) we have

RIS

v() —v(a) > 14+ A+ — 4+ — >3+ A,

SE

which contradicts (1.4). O
Proof of Corollary 1.1. According to (1.12), there exists € > 0 such that

b

- Aexpz o) <exp (a/p(s)ds> - 1)

b
afp ds
1— A : b
+ ; g(s)exp ([ p(§)de )ds < 3+ .
1—/\exp({p(s)ds) a/ <s/ )
Put
V() = . 3 exp (/p(s)ds)
1— Nexp (L{p(s)ds) a
1 f L
+ g(s)exp ([ p(€)de )ds
1 — Xexp (fp(s)ds) a/ (5/ )
Aexp (jp(s)ds) ¢

+ /bg(s)exp (/p({)d{)ds for t e a,b.

S

Then ~ is a solution of the problem

V(1) =p(t) +9(),  v(a) = y(b) =& (1.32)

Since € > 0, in view of (1.10), we have (t) > 0 for ¢ € [a,b]. Consequently,
(1.32) implies 7/(t) > 0 for ¢ € [a,b], and (1.11) yields

p()y(t) = p(t)y(7(t)) for ¢ € [a,b]. (1.33)
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Therefore, by virtue of (1.32) and (1.33), the function v satisfies the inequalities
(1.2), (1.3), and (1.4) with

to(w)(t) < ptw(r (1), Gw)(t) < gltywub) (1.3
for t € [a,b]. O '

Proof of Corollary 1.2. Let the operators ¢y and ¢; be defined by (1.34). From
(1.13) it follows that 5, < 1. Consequently, by [14, Theorem 2.1 c)], we have
lo € VT(A). Choose 0 > 0 and £ > 0 such that

b

(1=XN1—=p6)" (Oq + /g(s)ds) <34+ A=, (1.35)
b
€ < 6(11__)\61)exp < — /p(s)ds). (1.36)
According to the condition 5 € V()A) and Theorem 1.1, the problem
V() = p(t)v( () + 9(t), (1.37)
V(@) = M(b) = ¢ (1.38)

has a unique solution «. It is clear that the conditions (1.2) and (1.3) are
fulfilled. Due to the conditions ¢y € V*(\), g € L([a,b]; R,), and € > 0, we get
~(t) > 0 for t € [a,b]. Hence, by (1.37), we find that (t) > 0 for ¢ € [a,b]. On
the other hand, ~ is a solution of the equation

T(t)

Y (t) = t) + p(t p(s s))ds + p(t) | g(s)ds+ g(t)

w\
w\%\

Hence, the Cauchy formula implies

b

v(b) < Biv(b) + ar + /bg(S)dS +eexp </p(8)d8>-

a
The last inequality results in

b

20 < (1 (o + [ o(e)as) +ot1 = ) esp ([t

a

and thus, in view of (1.35), (1.36), and (1.38), we have

7(0) = (a) < (1 = A)y(b) <3+ A
Therefore the assumptions of Theorem 1.2 are fulfilled. O

Corollaries 1.3 and 1.4 can be proved analogously.
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2. NONLINEAR PROBLEM

In what follows we will assume that ¢ € K([a,b] x R; R, ) is nondecreasing in
the second argument and satisfies

lim —/q s,x)d (2.1)

z—+oo
2.1. Main Results.
Theorem 2.1. Let A € [0,1], ¢ € Ry,
h(v)sgnv(a) <c for ve C(la,b;R), (2.2)
and let there exist Ly, {1 € Py such that the inequality
[F'(0)(t) = Lo(v)(t) + L(v) ()] sgno(t) < q(t, [vlle)  for telab] (2.3)

holds on the set Bl.([a,b); R). If. moreover, there exists v € C([a,b];]0, +00])
satisfying inequalities (1.2), (1.3), and

() —7(a) <2, (2.4)
then the problem (0.1), (0.2) has at least one solution.

Remark 2.1. Theorem 2.1 is nonimprovable in a certain sense. More precisely,
the inequality (2.4) cannot be replaced by the inequality

Y(b) —v(a) <2+¢ (2.5)
no matter how small € > 0 is (see On Remark 2.1 and Example 3.2).
Theorem 2.2. Let A € [0, 1],
[h(v) — h(w)]sgn(v(a) — w(a)) <0 for v,we C([a,b];R),  (2.6)
and let there exist o, {1 € P,y such that the inequality
[F)(t) - < () = Lov — w)(1)
+0(v — (t)} sgn(v w(t)) <0 for tela,b (2.7)

is fulfilled on the set By ([a,b]; R), where ¢ = |h(0)|. If, moreover, there exists a
function v € C([a,b];]0, +00[) satisfying the inequalities (1.2), (1.3), and (2.4),
then the problem (0.1), (0.2) is uniquely solvable.

Remark 2.2. Theorem 2.2 is nonimprovable in the sense that the inequality
(2.4) cannot be replaced by the inequality (2.5) no matter how small € > 0 is
(see On Remark 2.2).
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Remark 2.3. Let A € [1,400[, and ¢,9 be the operators defined in Re-

mark 1.3. Put 9 = %, and

> de
G(F(p))(®) for t€labl,  hlw) Y —dh(p(w).
It is clear that if u is a solution of the problem (0.1), (0.2), then the function

v ¢(u) is a solution of the problem

Fuw)(t) < -

V'(t) = F(v)(t), v(a) — Jo(b) = h(v), (2.8)

and vice versa, if v is a solution of the problem (2.8), then the function u xS o(v)
is a solution of the problem (0.1), (0.2).

Therefore, according to Remarks 1.3 and 2.3, Theorems 2.1 and 2.2 imply
Theorem 2.3. Let A € ]1,+0], ¢ € Ry,
h(v)sgnv(b) > —c for v e C(la,b]; R), (2.9)
and let there exist Ly, {1 € Py such that the inequality
[F(v)(t) = Lo(v)(t) + G(v)(1)] sgnv(t) = —q(t, [|[vllc)  for t € [a,b]
is fulfilled on the set B3.([a,b]; R). If, moreover, there exists v € C([a, b];]0, +00|)
satisfying inequalities (1.7), (1.8), and
(@) — () <2, (2.10)
then the problem (0.1), (0.2) has at least one solution.
Theorem 2.4. Let A € |1, +o0],
[1(v) = h(w)] sgn(v(b) —w(b)) =0 for v,w e C([a,b];R), (2.11)
and let there exist Ly, {1 € Py such that the inequality
[F(0)(t) = F(w)(t) = Lo(v —w)(t)
+0 (v —w)(t)]sgn(v(t) —w(t)) >0 for tea,b]
is fulfilled on the set B3 ([a,b]; R), where ¢ = |h(0)|. If, moreover, there exists

a function v € C([a,b];]0,4+00]) satisfying inequalities (1.7), (1.8), and (2.10),
then the problem (0.1), (0.2) is uniquely solvable.

Remark 2.4. According to Remarks 1.3 and 2.1-2.3, Theorems 2.3 and 2.4 are
nonimprovable in the sense that the strict inequality (2.10) cannot be replaced
by the inequality

v(a) =) <2+¢
no matter how small € > 0 is.
Theorems 2.1 and 2.2 imply the following results for the problem (0.5), (0.2).
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Corollary 2.1. Let A € [0,1], ¢ € Ry, p,g € L([a,b]; Ry), T, v € M,
and let (2.2) and the condition

f(t,z,5)senz < q(t,Jal) for t€ab], z,yeR (2.12)
be fulfilled. If, moreover, the inequalities (1.10), (1.11), and

b b

1—A

; /g(s) exp (/p(f)df)ds <2 (2.13)
1—Xexp (fp(s)ds) a 5

hold, then the problem (0.5), (0.2) has at least one solution.

Corollary 2.2. Let A € [0,1], ¢ € Ry, p,g € L([a,b]; Ry), T, v € Mg,
and let conditions (2.2) and (2.12) be fulfilled. If, moreover,

(1-— A)(/bg(s)ds + a1> +20, <2 (2.14)

holds, where oy and By are defined by (1.14) and (1.15) with o given by (1.16),
then the problem (0.5), (0.2) has at least one solution.

Remark 2.5. Corollaries 2.1 and 2.2 are nonimprovable in a certain sense.
More precisely, the strict inequalities (2.13) in Corollary 2.1 and (2.14) in Corol-
lary 2.2 cannot be replaced by the inequalities

L

a
and
b

(1—-X) (/g(s)ds + 041> +261 <2+, (2.16)

no matter how small € > 0 is (see On Remark 2.1 and Example 3.2).
Corollary 2.3. Let A € [0,1], p,g € L([a,b]; Ry), T,p,v € My, and let
(2.6) and the condition
(& z1,91) — f(E @2, y2)] sgn(z1 — 22) <0
fOT‘ le [a7b]7 x17$27y17y2€R

be fulfilled. If, moreover, inequalities (1.10), (1.11), and (2.13) hold, then the
problem (0.5), (0.2) is uniquely solvable.

Corollary 2.4. Let A € [0,1[, p,g € L([a,b]; Ry), T, u,v € Mgy, and let the
conditions (2.6) and (2.17) be fulfilled. If, moreover, the inequality (2.14) holds,
where ay and (1 are defined by (1.14) and (1.15) with o given by (1.16), then
the problem (0.5), (0.2) is uniquely solvable.

(2.17)
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Remark 2.6. Corollaries 2.3 and 2.4 are nonimprovable in that sense that the
strict inequalities (2.13) in Corollary 2.3 and (2.14) in Corollary 2.4 cannot be
replaced by inequalities (2.15) and (2.16), no matter how small € > 0 is (see On
Remark 2.2).

The following corollaries of Theorems 2.3 and 2.4 hold true.

Corollary 2.5. Let A € |1, +o0[, c € Ry, p,g € L([a,b]; Ry), T, 11, v € M,
and let (2.9) and the condition

[tz y)sgna > —q(t, |z]) for t€lab], z,yeR (2.18)
be fulfilled. If, moreover, inequalities (1.17), (1.18), and
" / o
p(s exp( g(& df)ds <2 (2.19)
A —exp (f 9(&)d¢

hold, then the problem (0.5), (0.2) has at least one solution.

Corollary 2.6. Let A € |1,+o00[, c € Ry, p,g € L([a,b]; Ry), T, 11, v € M,
and the conditions (2.9) and (2.18) be fulfilled. If, moreover,

b
)\;1 </p(s)ds + 0z2> + 206, < 2, (2.20)

where oo and Py are defined by (1.21) and (1.22) with o given by (1.23),then
the problem (0.5), (0.2) has at least one solution.

Corollary 2.7. Let A € |1,+o0[, p,g € L(la,b]; Ry), T,u € My, and let
(2.11) and the condition

{f(txluyl) - f(t,l'g,yg)] Sgn(‘rl - :UQ) Z 0
for t€a,b], x1,79,y1,92 € R,

be fulfilled. If, moreover, inequalities (1.17), (1.18), and (2.19) hold, then the
problem (0.5), (0.2) is uniquely solvable.

(2.21)

Corollary 2.8. Let A € |1,+00[, p,g € L([a,b]; Ry), T, 1, v € My, and let
the conditions (2.11) and (2.21) be fulfilled. If, moreover, the inequality (2.20)
holds, where as and [y are defined by (1.21) and (1.22) with o given by (1.23),
then the problem (0.5), (0.2) is uniquely solvable.

Remark 2.7. Corollaries 2.5-2.8 are nonimprovable in the sense that the strict
inequality (2.19) in Corollaries 2.5 and (2.7), and the strict inequality (2.20) in
Corollaries 2.6 and (2.8) cannot be replaced by the inequalities

N1 b s
- (s)ex (&)dé )ds <2+¢
A—exp(fg@)dg)a/p p<a/g ) =

a
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and

b
A—1

N (/p(s)ds +a2> + 205 <2+ ¢,
no matter how small € > 0 is.

2.2. Auxiliary Propositions. First we formulate the result from [24, Theo-
rem 1] in the form suitable for us.

Lemma 2.1. Let there exist a positive number p and an operator £ € Ly
such that the homogeneous problem (0,3¢), (0,4¢) has only a trivial solution,
and let for every 0 € 10,1], an arbitrary function u € é([a, bl; R) satisfying the
relations

u'(t) = €(u)(t) + S[F (u)(t) — Lu)(B)],  ula) = Au(b) = oh(u), (222)
admits the estimate
lulle < p. (2.23)
Then the problem (0.1), (0.2) has at least one solution.

Definition 2.1. We say that an operator ¢ € L, belongs to the set U(\) if
there exists a positive number r such that, for arbitrary ¢* € L([a,b]; R} ) and
¢ € R, every function u € C([a, b]; R) satisfying the inequalities

[u(a) — Mu(b)] sgnu(a) < c,

[/ (t) — £(u)(t)] senu(t) < ¢*(t) for t € [a,b, (2.25)
admits the estimate
[ulle <7 (c+llg*llL) - (2.26)
Lemma 2.2. Let c € R4,
h(v)sgnv(a) <c¢ for ve C(la,b;R), (2.27)
and let there exist ¢ € U(X) such that the inequality
[F(v)(t) = L) ()] sgno(t) < (X, [[v]lc)  for ¢ a,] (2.28)

is fulfilled on the set Bi.([a,b]; R). Then the problem (0.1), (0.2) has at least
one solution.

Proof. First of all we note that, due to the condition ¢ € U()), the homogeneous
problem (0, 3¢), (0,40) has only a trivial solution.

Let r be the number appearing in Definition 2.1. According to (2.1), there
exists p > 2rc such that

b
1 1
— ds < — f > p.
xa/q(s,x)s 5y for a>p
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Now assume that u € C([a,b]; R) satisfies (2.22) for some & € ]0,1[. Then,
according to (2.27), u satisfies the inequality (2.24), i.e., u € Bi.([a,b]; R). By
(2.28) we obtain that the inequality (2.25) is fulfilled with ¢*(t) = q(¢, ||ul|c)
for t € [a,b]. Hence, according to the condition ¢ € U(\) and the definition of
the number p, we arrive at the estimate (2.23).

Since p depends neither on u nor on 4, it follows from Lemma 2.1 that the
problem (0.1), (0.2) has at least one solution. [

Lemma 2.3. Let
[h(v) — h(w)]sgn(v(a) —w(a)) <0 for v,we C([a,b]; R)  (2.29)
and let there exist ¢ € U(X) such that the inequality
[F(v)(t)—F(w)(t)—L(v—w)(t)] sgn(v(t)—w(t)) <0 for t € [a,b] (2.30)

holds on the set Bi.([a,b]; R), where ¢ = |h(0)|. Then the problem (0.1), (0.2)
18 uniquely solvable.

Proof. Tt follows from (2.29) that the condition (2.27) is fulfilled with ¢ = |h(0)].
By (2.30) we see that on the set B} ([a,b]; R) the inequality (2.28) holds with
q = |F(0)|]. Consequently, all the assumptions of Lemma 2.2 are satisfied and
therefore the problem (0.1), (0.2) has at least one solution. It remains to show
that the problem (0.1), (0.2) has at most one solution.

Let uy, ug be arbitrary solutions of the problem (0.1), (0.2). Put u(t) =
uy(t) — ua(t) for t € [a,b]. Then (2.29) and (2.30) yield

[u(a) — Au(b)] sgnu(a) <0,
[/ (t) — 0(u)(t)]sgnu(t) <0 for t€ [a,b]

These two inequalities, together with the assumption ¢ € U(\), result in u = 0.
Consequently, uy = us. [

Lemma 2.4. Let ly € Ly, and the homogeneous problem
V'(t) = Lo (v) (1), v(a) — Av(b) =0

have only the trivial solution. Then there exists a positive number ro such that
for any q* € L([a,b]; R) and ¢ € R, the solution v of the problem

V'(t) = Lo(v)(t) + ¢* (1), v(a) — Mv(b) = ¢ (2.31)
admits the estimate
[olle < 7o (lel +llg"llz) - (2.32)
Proof. Let
R x L([a,b]; R) = {(c,q") : c € R,q" € L(|a,b]; R)}
denote the Banach space with the norm

(e, ) [rxr = lel + llg7l 2,
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and Q be the operator which to every (¢,¢*) € R x L([a,b]; R) assigns the
solution v of the problem (2.31). According to Theorem 1.4 from [21], © :
R x L([a,b]; R) — C(|a,bl; R) is a linear bounded operator. Let ry be the norm
of 2. Then, clearly, the inequality

12(c, ¢ e < ro(lel + ll°]1.)

holds for arbitrary (c,q*) € R x L([a,b]; R). Consequently, the solution v =
Q(e, q*) of the problem (2.31) admits the estimate (2.32). O

Lemma 2.5. Let A € [0,1] and the operator { admit the representation ¢ =
Uy — y, where ly and ¢y satisfy the condition (1.1). Let, moreover, there exist a
function v € C~’([a7b];]0,+oo[) satisfying the inequalities (1.2), (1.3) and (2.4).
Then € € U(N).

Proof. Let ¢* € L([a,b]; Ry),c € Ry and u € é([a, b; R) satisfy the inequalities
(2.24) and (2.25). It is clear that
u'(t) = Lo(u)(t) — Li(u)(t) + q(t), (2.33)
where
qt) =4'(t) — l(u)(t) for t € [a,b].
Obviously,
q(t)sgnu(t) < q¢*(t) for t € |a,bl. (2.34)

According to (1.1), (1.2), (1.3), and Lemma 1.1, we see that {, € VT (\).
Therefore, the assumptions of Lemma 2.4 are fulfilled. Let ry be the number
appearing in Lemma 2.4 and put

-1
r=ro(1+4(1+ () —v(a)) (4= (v(b) = 7(a))*) ). (2.35)
We will show that (2.26) holds with r defined by (2.35).
Let us first suppose that u does not change its sign. Then, in view of (1.1)
and (2.34), the equality (2.33) yields
u(®)]" < bo(lul)(t) +¢7(t) for t € [a,b],
and from (2.24) we get
u(a)] = Alu(d)] < c.
Therefore, by Remark 1.7, the condition ¢y, € V() implies
lu(t)] < wv(t) for t € [a,b],

where v is a solution of the problem (2.31). Due to Lemma 2.4, the function v
admits the estimate (2.32), and so the estimate (2.26) holds.

Now assume that u changes its sign. Define numbers M and m by (1.24) and
choose ty, ty € [a,b] such that (1.25) holds. It is clear that (1.26) is fulfilled
and either

ta < tm (2.36)
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to < tar. (2.37)
According to (1.1), (1.2), (1.3), (1.24), (1.26), and (2.31), we have
(My(t) +o(t)) 2 bo(My +v)(t) + M (1)(t) + ¢"(t)
> EO(MV +0)(t) + li([u]£)(t) +¢*(t) for te€[a,b], (2.38)
Mry(a) +v(a) = AM~(b) +v(b)) = ¢,
and

+mbi (1)) + ¢ (1)
(t)+q*(t) for tela,b], (2.39)

)
v(b)) = c.
On the other hand, in view of (2.34) and (2.24), the equality (2.33) yields

)+
[w(®)]y < Lolful)( )+€1([ J)() + (t) for ¢ € a, ],
[u(a)]y = Afu(0)]+

(mAy(t) +o(t) > Lo(my +v)(t)
> Lo(my +v)(t) + £1([u] -
mry(a) +v(a) — A(mry(b

(2.40)

and
[u@®)]Z < Lo([u]-) (@) + G([ul+)(t) +¢7(t) for t€ [a,b],
[u(a)]l- = Alu(b)]- < c

In view of the condition ¢y € V7 ()A) and Remark 1.7, it follows from (2.38) and
(2.41), and from (2.39) and (2.40), that

(2.41)

M~(t)+v(t) >[u(t)]- and my(t)+v(t)>[u(t)]l+ for tela,bl. (2.42)
Inequalities (2.38)-(2.41), by virtue of (2.42) and the assumption ¢y € Py,
imply

[u®)]” < (M~ (t)+o(@), u@)]y <(my(t)+o(t))  for t€la,b]. (243)
Note also that in view of the condition 5 € V()), we have

v(t) >0 for tE€la,b]. (2.44)

Let us first suppose that (2.36) is fulfilled. On account of (1.25), (1.26), and

(2.44), the integration of the first inequality in (2.43) from ¢, to t,, results in

m < Moy(tm) +0(tn) = My (tar) =o(tar) <M (y(Em) =7 (tar)) +[[olle. (2.45)
On the other hand, in view of (1.25), (1.26), and (2.44), the integration of the
second inequality in (2.43) from a to ty; and from ¢, to b yields

M — [u(a)ly < mry(ta) + v(ta) —mry(a) — v(a)
<m(y(ta) —(a)) —v(a) + [v]le, (2.46)
[w(0)] <mry(b) +0(b) =my(tm) —v(tm) < (7(0) =7 (Em)) +0(b).  (247)
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Multiplying both sides of (2.47) by A and taking into account that m > 0, A < 1
and 7 is a nondecreasing function, we obtain

Alu(®)l+ < m(y(b) = ¥(tm)) + Av(b).

Summing the last inequality and (2.46) and taking into account (2.31) and
(2.40), we get

M < m(y(tw) = 7(tm) +7(0) = v(a)) + (o]l (2.48)
In view of (1.24), (2.36), and the condition 7/(t) > 0 for ¢t € [a,b], it follows
from (2.45) and (2.48) that
lulle < [lulle(y(tm) = () (Y(Ear) = v (tm) +7(b) = ¥(a))
+ (L +7(0) = (@)l
Consequently, by virtue of the inequality

AB < i(A + B)?, (2.49)

[ulle

lulle < 14

(v5) = (@) + (1 +0) = 1(@)) [o]e-

Hence, by(2.4),

-1
lulle < 4(1+5(0) = 4(a)) (4 = (v(0) = ¥(a))?) vlle.  (250)
Therefore, according to (2.32) and (2.35), the estimate (2.26) holds.
Now suppose that (2.37) is fulfilled. On account of (1.25), (1.26), and (2.44),
the integration of the second inequality in (2.43) from t,, to ) results in
M < mry(ty) + vltar) = my(tm) = v(tm)
< m(y(tw) = ¥(tm)) + vl (2.51)
On the other hand, in view of (1.25), (1.26), and (2.44), the integration of the
first inequality in (2.43) from a to t,, and from ¢,/ to b yields
m — [u(a)]- < My(tm) + v(tm) — M~y(a) — v(a)
< M(y(tm) = v(a)) = v(a) + [[v]le, (2.52)
[u(b)]- < M~y(b)+v(b) = M~y(tar) —v(tar) < M(y(b) =y (tar)) +v(b). (2.53)
Multiplying both sides of (2.53) by A and taking into account that M > 0,
A < 1 and 7 is a nondecreasing function, we get

Alu(b)]- < M(y(b) = y(tar)) + Av(b).

Summing the last inequality and (2.52) and taking into account (2.31) and
(2.41), we show that

m < M(y(tm) —v(tm) +7(0) —v(a) + [Jv]lc. (2.54)
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Accordingg to (1.24), (2.37), and the condition +/(t) > 0 for ¢ € [a, b], it follows
from (2.51) and (2.54) that

[ullelegllulle(y(Ear) = 7 (Em)) (V(Em) — 7 (Ear) +7(b) = 7(a))
+ (1 +7(0) =~(a)llvlle.

Consequently, by virtue of (2.4) and (2.49), the inequality (2.50) is fulfilled.
Therefore, according to (2.32) and (2.35), the estimate (2.26) holds. O

2.3. Proofs of Main Results. Theorem 2.1 follows from Lemmas 2.2 and 2.5,
whereas Theorem 2.2 is a consequence Lemmas 2.3 and 2.5.

Proof of Corollary 2.1. Obviously, the condition (2.12) yields (2.3), where

F(0)1) = po(r(0) = g@p(u(®) + f(E o0 o). )
b)) = pu(r(®). L)) = gtu(u) for t€ab)

Moreover, similarly to the proof of Corollary 1.1 one can show that, accord-
ing to the conditions (1.10), (1.11), and (2.13), there exists a function v €

C([a,b];]0,400[) satisfying the inequalities (1.2), (1.3), and (2.4). Therefore,
the assumptions of Theorem 2.1 are satisfied. [

Proof of Corollary 2.4. Obviously, the condition (2.17) yields the condition
(2.7) with F, ¢y and ¢; defined by (2.55). Moreover, analogously to the proof
of Corollary 1.2, according to the condition (2.14), where oy and (3; are defined
by (1.14) and (1.15) with o given by (1.16), one can show that there exists a
function v € C([a, b];]0, +00[) satisfying the inequalities (1.2), (1.3), and (2.4).
Therefore, the assumptions of Theorem 2.2 are fulfilled. [

Corollaries 2.2, 2.3 and 2.5-2.8 can be proved in a similar manner.

3. ON REMARKS 1.2, 2.1 AND 2.2

On Remark 1.2. In Example 3.1, we have constructed an operator ¢ € Ly,
such that the homogeneous problem (0,3p), (0,40) has a nontrivial solution.
Then, according to Remark 1.1, there exist ¢y € L([a,b]; R) and ¢y € R such
that the problem (0.3), (0.4) has no solution.

Example 3.1. Let A € [0,1[,a =0,b=4, ¢ >0, and let

=0, G)® Y gt)o(ut) for telab, (3.1)
where
I+ for t€]0,1] 3  for te€]0,1]
g(t)y =141 fort e [1,3] , wpt)=41 for te[l,3 .

£ for t € [3,4] 2 for t € [3,4]
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Obviously, ||g||lL =3+ A+ €. Choose § > 0 such that § > % and define the
function v by

V() = 5+ / g(s)ds for t€ [a,b]. (3.2)

It is clear that v € C([a, b];]0, +00]) satisfies the conditions (1.2), (1.3), and
v(b) —y(a) =3+ A +e.
On the other hand, the problem (0, 3), (0,40) has a nontrivial solution
A— 1+ Nt for te][0,1]
u(t) =qt—2 for t € [1,3] .
1 for t € [3,4]
Example 3.1 shows that the strict inequality (1.4) in Theorem 1.2 cannot be
replaced by nonstrict one. This example also shows that the strict inequali-

ties (1.12) in Corollary 1.1 and (1.13) in Corollary 1.2 cannot be replaced by
nonstrict ones.

On Remark 2.1. In Example 3.2 functions g, z € L([a,b]; Ry) and g € My,
are constructed such that the problem
/() = —g(O)ulu(t) — =(Du(t),  ula) — Xu(b) = 0 (3.3)

has a nontrivial solution. Then, by Remark 1.1, there exist gy € L([a, b]; R) and
¢p € R such that the problem (0.1), (0.2), with

F)(t) < —g(tyo(u(t) — 2(o(t) + qo(t) for t€ab],  h(v) e

has no solution, while the conditions (2.2) and (2.3) are fulfilled, where ¢y, ¢,
are defined by (3.1), ¢ = |qol, and ¢ = |cg].

Example 3.2. Let A € [0,1], ¢ > 0, and choose n; € [0, \] such that 0 <
m < Aif A # 0, and 1, € |0,1[ such that ny +n, < e. Puta =0, b = 5,

tO:l-Eh_‘_l’
0 for ¢t €[0,1[U[2,3
1+ fOr ti{lé{ . e
gty =4 " S o onB) =2 for te[24]
14+ for t € [3,4] ty  for t € [4,5]
e—m—mn for t€[4,5] 0 |
20(1) for t € [0,1]
for ¢ € [1,2
2(t) = {" (1— 1) or el 2Bl
2 for t € [2,3]
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where
0 if A\=0
zo(t) = A—1p _ for te[0,1].
m if A\#£0
Obviously, |lg|lz = 2+ e. Choose § > 0 such that § > % and define the
function v by (3.2). It is clear that v € C([a, b]; |0, +00]) satisfies the conditions
(1.2), (1.3), and

v(b) —v(a) =2+e¢.

On the other hand, the problem (3.3) has a nontrivial solution
(A =m)t — A for t € [0,1]
(m+DE=1)—m for t€[1,2]

u(t) =S (1—m)(2—t)+1  for te€[2,3] .
(L4+nm)@B—1)+n for ¢ €[3,4]
-1 for t € [4,5]

Example 3.2 shows that the strict inequality (2.4) in Theorem 2.1 cannot be
replaced by the inequality (2.5), no matter how small ¢ > 0 is. Example 3.2
also shows that the strict inequalities (2.13) in Corollary 2.1 and (2.14) in
Corollary 2.2 cannot be replaced by the inequalities (2.15) and (2.16), no matter
how small € > 0 is.

On Remark 2.2. Example 3.2 shows that the strict inequality (2.4) in
Theorem 2.2, resp.(2.13) in Corollary 2.3, resp. (2.14) Corollary 2.4, cannot be
replaced by the inequaity (2.5), resp. (2.15), resp. (2.16), no matter how small
e > 01s.
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