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Abstract

In this work, a variational iteration method, whicha well-known method for
solving functional equations, has been employesblee differential equations of
the fifth order. Some special cases of differergmliations of the fifth order are
solved as examples to illustrate the capability agliability of the method. The
results reveal that the method is very effective.
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1 Introduction

With the rapid development of linear and nonlinsarence, many different
methods were proposed to solve differential equati¢l,2], such as the
homotopy perturbation method (HPM) [3—6] and theatenal iteration method
(VIM) [7-9]. In this paper, we aim to apply the iaional iteration method
proposed by Ji-Huan He [10-12] to differential éoures of the fifth order.
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Consider the following differential equations oétfifth order

Y+ (9 N=dy O ab
y(@)=a, ¥(9=a ¥(3d=2a Y = 3 Y( = a
(9)

Wherea, , a,, &, @, are given real constants while the functidnis<) andg ( x) are

continuous ofwa, b] .
To illustrate the method, consider the followingngel functional equation

Lu(t)+N(t)=g(t), (2)

WherelL is a linear operatof\ is a non-linear operator argj(t) is a known

analytical function. According to the variationaeration method, we can
construct the following correction functional

Unes (1) = U, (1) + L A(E) Lu, (€) + N, (€) - o(€)} o, (3

WhereAd is a general Lagrange multiplier which can be fified optimally via
variational theoryu, is an initial approximation with possible unknowrasd

u,is considered as restricted variation, idi, =0 [13].

2  numerical examples

In this sectionwe present examples of differential equationshef fifth order
and results will be compared with the exact sohsio

Examplel Consider the following differential equationstbé fifth order:
Y (x)+ x y( X =5( %1 sin x+E( x K- Q cosx, & X
y(0)=5.y(9=-5y(9=-5y( 9= 15§"( p= 5.

The analytical solution of the above problem isegivy,

(4)

y(X) =5(1- x) cosx.

(6)
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In the view of the variational iteration method, wenstruct a correction
functional in the following form:

Yo (¥) = Y (R + [ A(E)] % (£)+ E%,(€) -5(¢ 1) siné

(7)
-5(£-&°-5)cost} dé

To find the optimalA (s) calculation variation with respect tg , we have the
following stationary conditions:

(X— qz)(“) |

The Lagrange multiplier, therefore can identifisd & - 2

Substituting the identified multiplier into E(c?) we have the following iteration
formula:

0= (A= P o ) ey(e)-sle- sine

o 4l (9)
-5(¢-¢%-5) cosf} d&

Starting with the initial approximatios, :5—5x—g X +g x’+?54 X in Eq.(9)

successive approximatioyﬁ( x) 's will be achieved. The plot of exact solution

Eq.(4) , the 4th order of approximate solution obtainethgishe VIM and

absolute error between the exact and numericaltisoti of this example are
shown in Fig. 1.
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Fig. 1. The plots of approximate solution, exadtison andabsolute error for Example 1.

Example 2.Now we consider the following general fifth ordkiferential
eqguations:

P00+ (2 ¥ (h+ 28 (3= e 2 ) 5 Je(25 ()

-2x°y(X) = 4€ cosx- 2%+ 4R+ 6%- 4t 2, & X 1, (10)

¥(0)=0.y(9=2y(9=6y(9= 4y( p= 0.

The analytical solution of the above problem isegiby,
y(x) =2€ sin x+ X. (12)
For solving by VIM we obtain the recurrence relatio

X — )(4)

(9= 30 [ 0+ (6-2) ()2 47 0
-(£2+28-1)y' (&) +( 27+ %) y(8)- Z°y(¢)  (13)
—4ef cosf+ Z'- £°- G0+ §- pds
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Fig. 2. The plots of approximate solution, exadtison andabsolute error for Example 2.

Using the initial approximatio, = 2x+ 3x +§ X in Eq.(13), approximations

¥, (x)’s will be calculated, successively. The plot ohexsolution Eq10), the

4th order of approximate solution obtained using YHiM and absolute error
between the exact and numerical solutions of tkasrple are shown in  Fig. 2.

3 Conclusion

The variational iteration method is remarkably efifee for solving differential
equations of the fifth order. Four iterations areowgh to obtain very highly
accurate solution. The results show that the varat iteration method is a
powerful mathematical tool for finding the numetisalutions of differential
equations.
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