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Abstract

In this paper, an existence theorem for the pedddiundary value problem of first order
ordinary functional integro-differential equatioisproved via a fixed point theorem in
Banach algebras and under some mixed generalizexthitz and Caratheodory
conditions.

Key words: Fixed point theorem,Banach algebra,Lipschitz anchteeodory conditions.

1 Statement of Problem

Let & be the real line and lét = [, 0] and! = [0,T] be two closed and
bounded intervals i&. Let¢ be the space of continous real valued functiori;on
Given a functionz £ C, we have studied the following periodic boundaajue problem
(In shortPBEV'P) of first order ordinary functional integro-difeemtial equations.

a Xir) [ i . \
———| =gl tx., i kis,x.)ds |,a.e. tEI
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(1.1)

wheref : [ x R — R — {0} is continuous and

k:lxC—R g:l=CxK—H x,:[; —C is continuous Function defined by

¥ l6) =x(r+48) forallg = I
Whenfit,x)=1 onl « R.

By a solution of the?51'F (1.1) we means a function

x £ AC (I, &) that satisfies

(i) The functionz — 1 Y lis absolutely continuous ¢rand

(i) x satisfies the equatloﬁs in (1.1)

where( (/,R) is the space of continuous functions whose fiestvdtive exists and is
absolutely continuous real-valued functionsion

The periodic boundary value problem (1.1) is qgiémeral in the sense that it
includes several known classes of periodic boundalye problem as special cases. For
example, iffif,x)=1 on] = &

then PEVP (1.1) reduce to theBT'E.

x'(t)=g | t,X., f k(s, x;)ds II. a.e. t
\ Jo !

m

T
i

x(0) = xl
(1.2)
Which further, wheng(t, x,,v) = glr,x.) onI x C x &, includes the following
PEVP studied in Nieto [ 1997 2002]

t) = g(¢,x(e)), a.e. tel.

x(0) =«
(1.3)
There is good deal of literature on th&l’P (1.3) for different aspects of the

solution. In this chapter, we discuss ##1°F (1.1) for existence theory only under
suitable conditions on the nonlinearitigandg involved in it.

2 Auxiliary Results

Throughout this article, lei be a Banach algebra with nojjzll. A mapping
A:X — X is called T -Lipschitz if there exists a continuous nondecregsi
functiony : R — R~ satisfying,

|Ax — Ayl = ¢ (lx = ¥Il)

(2.1)
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for all x, v € X with (0) =0. In the special case whea(r) = a r,(a > 0), 4is
called a Lipschitz with a Lipschitz constaat In particular, if @ < 1, Ais called a
contraction with contraction constamrt. Further, if @(r) = rfor all+ = 0, then4is
called nonlinear D-contraction on X. Some timesoa# the functionj: a D-funtion for
convenience.

An operatoiT : ¥ — X is called compact iT'{ =) is compact subset cf for any
< X.. SimilarlyT : ¥ — ¥ is called totally bounded if" maps a bounded subsetiof
into the relatively compact subset af. Finally T7: ¥ — X is called compactly
continuous operator if it is continuous and totddbunded operator cii. It is clear that
every compact operator is totally bounded, butcthreverse may not be true.

Theorem 2.1: (Dhage [2006]). LeB,(0) andE,(0) be respectively open and closed
balls in a Banach algebr# centered at origin O and of radius LetA, 5 : B, (0) — X
be two operators satisfying

(a) A is Lipschitz with the Lipschitz constast
(b) B is compact and continuous, and
(C) aM <1,
Where M = ||B(B,.(0))| := sup{lIBx|l : x € B, (0)}
Then either

® the equatiori[4 xBx] = x has a solution fol = 1, or
(i)  there exists onu = X such that||ull =r A[AuBul =u for some
0==<4=<1,

It is known that the theorem (2.1) is useful fooying the existence theorem for
the integral equations of mixed type in Banach laigs.

3 Existence Theory

Letg(I, =) denote the space of bounded real-valued functoris LetC(7, &)
denote the space of all continuos real-valued fanain/. Define a norrl)-|| in £{f, R)
by

.r

lxll = 01 (2)

and multiplication “.” inc(J, &) by

(x-v)it) =xlt) -vi(e) for tel.

m

Clearly C(I,®) becomes a Banach algebra with respects to aboven rend
multiplication. ByL*(/, &) we denote the set of Lebesque integrable funaimhand the
normll-ll;= in L*(7, &) is defined by
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|x||p2 = J x(z)| ds.
o
We employ a hybrid fixed point theorem of Dhagé(g] i.e. theorem (2.1) for
proving the existence result for tR&1F (1.1).
We give some preliminaries.

Lemma 3.1: Foranyr = L*(I,R7)and & = L*(],R),x is a solution to the functional
equation

x"+ h(t) x(t) = olt) a.e. t €1
v{0) = x(T)
(3.2)
if and only if it is a solution of the integral ezfion
x(t) = [, G,(t,5)o(s) ds .
(3.2)
where
[ eHls)—H . _
—T =s5=r=1
G,it,s) =" L-e e
[ o s
1—g 80 7= =77 :
(3.3)

where Hit) = [ hl
Definition 3.1: A mappings : [ x € «x & — & is said to be caratheodory if
0) t — [(t,x,v) is measurable for eachs Cand v € &,

(i) (x,v) — Bt x,v) is continuous almost everywhere fof 1.

Again a caratheodory functigii(r, x, v) is calledL® — caratheodory if

L*(I,R) such that

(iii) for each real number = 0, there exists a functiorg,

Blt,x,v)| =q.(t) ae tel

for all v£Cand y£€R with |x| =r and|v| =r. Finally a caratheodory function
5(r,x,v) is calledL® . - caratheodory if

(iv)  there exists a functioiz £ L1(7, R)such that

forallx £ Cand v = K.
For convenience, the functienis referred to as a bound function ®f
We will use the following hypotheses in the sequel.

(4,) The functiont — fiz, x)is periodic of period for all x € &



189 Existence theorem for first order ordinary

L - is injective inR.
(45 The function f:1 « A — X is continuous and there exists a function
feB(I,R)suchthat#(r) =0 a.e t=] and

(4-) The functionx —

fle, x) = flt, ¥ = £0)|x =¥, ae tel

forall x veR
(4.) The functionk :I = — & is continuous and there exists a function
x £ L], R7) such that

k(s, y)| e () [ly]

C.

im
im

- | .
.. = L,y

&
(4:) The functiong is caratheodory on = ¢ = &,
(42  There exists a functioi € L1(7, R~ ) and a D-functiori £ ¥ such that

grlt,x,v)| = ylwl(llxll. +1v]) ae te£l

(3.4)
for eachx £ C andy € &E.
Now consider theBV P

)= gr (!‘,J;,. [ kis, x.) a's}. a.eté&l

x(£) ) A x(2)
{,—\ | + h(e) t‘.—
Sl xle) )/ Flt,x(t))

x(0) = x(T)
(3.5)
where
he L*1,R7)is bounded and the functigin : [ < C «x R — &

is defined by

(3.6)
Lemma 3.2 : Assume that hypotheses4,) — (4-) hold. Then for any bounded

~ 1y m—=

he [YMI,R7), x is a solution of the functional equation (5.8)aiid only if it is a
solution of the integral equation

x(t) = [f(e.x(0)] [4,; Gy, (t,5) g5 J k(T %) a’rx_la's._}
(3.7)

for all + = I where the Green'’s functich, (¢, s} is defined by (3.3)

Theorem 3.1: Assume that hypothesesd, |, (4;) = (4.) hold. Suppose that there
exists a real numberr = 0 such that
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where LM, |lyll=(1 + llell=)¢i(r) < L,F = __ %I f(t,0) and L = ™3%¢(z)

Then theP51'F (1.1) has a solution an

Proof : Let ¥ = C(7, R). Define on open balis,. (0) centered at origin O and of
radiusr, whose the real number are satisfies the inequ@iB). Define two mapping
and B on E,(0) by

M
—

Ax(t) = fle,x(t) ), ¢
(3.9) and
Bx(t) = I CZ t,5) g» {-..x ,x T, X, w'\IM Eel!
(3.10)

obviously 4 and B define the operators, 5: B,.(0) — X. Then the integral equation
(3.7) is equivalent to the operator equation

)

m

Ax(t) Bx(t) = x(1), -
(3.11)

we shall show that the operatossand 5 satisfy all the hypotheses of Theorem (2.1) .
Step | : We first show tha4 is a Lipschitz on. Let x, v £ ¥ then by (4;)

Ax(8) — Av(e)| = |£(t,x() — 5.y ®)]

= £(t)lx =yl

= Ll|lx = vl

for all + = |. Taking the supremum ov#we obtain

lAx = Ayl = Lllx =l

for all x, v £ X. S04 is a Lipschitz on¥ with Lipschitz constantL.

Step Il :Next we show thag is a completely continuous ¢ Using the standard
arguments as in Granns et. Al. [1991] , it is shelat 5 is continuous operator ¢h We
shall show that 5(%,.(0)) is uniformly bounded and equicontinuous set¥inLet

x £ B_10) be arbitrary. Sincg is Caratheodory, we have

Bx(t)

= I Gy (1,5) gy | 5, x., l k!:r..r_.}ﬂ'r]cis
Jo Y |

-

=

G, (t,5) gh[ 5..1'__..J k(r,x,)dr |
\ g }
-5

3 , ‘
= l G, (t,s) ¥ l'r:';i‘[ |21l + ‘ alt) x|l dr | ds
0 \ Jo !

= [ G, (t,s) ¥ :"f_"‘i'[ |x, ] alt) ||x, ar]df
I \ Jo !

-

|

= M, ’ y 25);-;( |x.l + ] alt) ||x, |l dt |ds

Jo \ 4L
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T
=M, l y ()L + llallpz) w(r) ds

= My llyll = (1 + [lall 2 ) ().

Taking the supremum over we obtain||Bx||= M for all x €E,(0, where
M = Myllyll=(1 + lell 2 ) & (r). This shows thaf(Z,.(0)) is a uniformly bounded set
in . Next we show thaB (B, (0))is and equicontinuous set. To finish it is enough
show that" = (Bx}" is bounded oD, T].

Now for any t = [0,T], one has

J’TE G, (t,5) g; (5 X, J
P S T

|y (¢)| = |B'x(t)| = F-::_r..x‘?_f'dr}ds
]

LK

L 1(=r @) 6,(t.9) gx(s. x5 fy k(z,x,) dr)ds|

= HM, Iyl = (1 + Nallze) @ ().
=c.
Where H = ™Z%h(r). Hence for any, r € [0, T] one has
Bx(t)—Bx(r)| =¢lt—1|—0 as t—1.
This shows tha® (B,(0)]is a equicontinuous set i Now B (3, (0)) is uniformly

bounded and equicontinuous setxirso it is compact by Arzela- Ascoli theorem. As a
results is compact and continuous operatorZri0). Finally, by hypothesis,

aM = LM lyll=(1 + llall;=) wir) <1,

and thus all the conditions of Theorem (2.1) atesad and a direct application of it
yields that either the conclusion (i) or conclusfinholds.

Step 111:We show the conclusion (ii) is not possible. Lie X be a solution toPE1'2
(1.1) such thal|u|| = r. Then we have, for any £ (0,1)

o i . i =T . f - ) ) \ \
u(t) =2 [,F;t. ult) _I] [ l G, (t,5) gn [ s.u___.J k(r,u,)dr i d:—')
\ Jo \ 0
for r = [. There fore

lu(t)] = 4 If{f.ll::T}H X ( l

\ o

-

=T

)

=

G, (t,5) g, ( 5, u__..J k(r,u,)dr )a’s

0

flt,u(t)) — f(t.0)

.
=4l

{:'5)

T ( 5,1, l .;-.'::T.u?:lﬂ':']

\, =

c:'s)

{ -5
gh(s. u,, ] k(r, uT}a’r]

¢ T
+ |f(t,0)1) x [ l Gy (£,5)
\ Jo

= [¢(t)|lult)] + F] x [ ‘ M,
\Jo

= LM, |lull ( J ¥ ()1 + llellp=) @ lul) .::'5) - F_‘.!h[ ‘ ¥ (S + |lell =) @) d:—')
Lo \ Jo
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= LMy llyll= (1 + Nleell =) g Cllu D el
+EM Iyl = (1 + lleellg=) g Cllell)
(3.12)
Taking the supremum in the above inequality yields
FMullyllee (L + Nlellgz) wCllull)
1 — LMyl (L + llellz2) @ ()

lull =

Substituting ||«|| = r in above inequality yields

My Iylle2(L + llellgz ) @lr)

T = LM vl + Nlell e ) ()

This is a contradiction to (3.8). Hence the conolugii) of Theorem (2.1) does not hold.

Therefore the operator equatio2x5x = » and consequently thes1’? (1.1) has a
solution on!. This completes the proof.

4 An Example

Given the closed and bounded intern#ls= [-7,0] and [ =[0,7] in &.
Consider the first order periodic boundary valuebem (FE1E),

d x(E) ( x(t) )
Ar sint ., ... sint - ..
at l+l—.1:_ xXiti) L1+ 1 Llx(E) :'_.
f I8 3 r "
+3|tx, ;). ‘ k(s x__.}.::'::] a.e.t 1
\ wLd Jn /

x(0) = x(n)
(4.1)

Where the functionsf : 1 «x A — R™ —{0},g : [ x C x A — B,

k:I=C— Randk,g, f are given by

o . x
kit x. )=
4mil + |‘4.- |f1
plt)x
_ n AL,
glit,x,¥y)=——m+ |y
1+ ||x.].
and
s sint |
_f-_l‘._l') = l + 12 LY X _?

Where p £ LY, R

Clearly the functiork is continuous and it is easy to verify tlias continuous and
satisfies the hypothesié4, ) — {4;)on [ x R with £(f) =i forallt £ [. To see this,
let x, v € &, then we have
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o . snit 1y S]]ll‘l ]
(8.0 = fl&. )] = 1+ =5 (xD) =1 ——==(yD)
1
=-— sint — lyl)
&
1
<= (x| =
g\
Again the functiorg(t, x, vJ is measurable |~1for all x, v £ &, and continuous i@ and
v almost everywhere forre7, and so I defines a Caratheodory mapping
g I xC x R— X. Further morgy; = g is also Caratheodory dr< € = &, and
Yol ] N (50
. pit)xit) x*/3)
g1t e, vl = |-——
L4 lxle Joo 4 (1+ [x( _.1|||
p(t)x(e f i x(%/3) ,
—_ — s
1+ I« 40 '.IL +||1-_ ‘r|||
1
= |plt) +-—
d

Hence the functiong, is L. — Caratheodory and satisfies all the hypotheses

[Azdand (A-)onT = = = with
y(£) = Ip(t)l + = onfandw(r) = 1for all r £ &*. Therefore iflpll: < Sand » = 2,
then 2B1°F (4.1) has a solution i#-(0) defined on/.
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