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Abstract

Given any sequence T = (Tp)n>1 Of positive real numbers and any set E
of complex sequences, we write E, for the set of all sequences v = (xp)n>1
such that ©/a = (xn/an)n>1 € E. We define the sets W, = (ws), and WY =
(wp),, where we is the set of all sequences such that sup, (n™' 3" | |xn]) <
oo, and wy is the set of all sequences such that lim, oo (N1 Y0 _ |zy]) =
0. Then we explicitly calculate the spectra o (A, W,) and o (A, W?2) of the
operator of the first difference on each of the sets W, and W°. We then
determine the sets (E, F) of all matrixz transformations mapping E to F, with

E =W, <(A - )\I)h), or W2 ((A — )\I)h> and F = s¢, or s¢ for complex
numbers X\ and h and obtain simplifications of these sets for some values of \.

Keywords: spectrum of an operator, operator of the first difference, matrix
transformations, sets of strongly Cy summable to zero and bounded sequences.

1 Introduction

In this paper we consider spaces that generalize the well known sets wy and we,
introduced and studied by Maddox [15]. Recall that wg and w,, are the sets of
strongly Cy summable to zero and bounded sequences. In [19] Malkowsky and
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Rakocevi¢ gave characterizations of matrix maps between wg, w, or ws and
wP, and between wy, w, or wy, and [;. In [11, 4] were defined the spaces w,, (\),
wl (A) and w? () of all sequences that are a— strongly bounded, summable and
summable to zero respectively. For instance recall that w, (A) is the set of all

sequences (), such that

1 n
A—Z 26| = 0,0 (1) (n — 00).
" k=1

It was shown that these spaces can be written in the form s¢, séc) and s¢ under

some conditions on « and \, where s¢, séc) and s¢ were defined for positive

sequences & by (1/€)™" % x and x = (s, ¢, co, respectively, (cf. [4]). More
recently in [18] it was shown that if X is a sequence exponentially bounded then
(Woo (A) ,Ws (A)) is a Banach algebra. This result led to consider bijective
operators mapping we, (A) into itself.

In [8] de Malafosse and Malkowsky gave among other things properties
of the spectrum of the matrix of weighted means Nq considered as operator

in the set s,. In [12] were given simplifications of the set s, <(A — A )h> +

s/(Bc) ((A —ul )l) where h, | are complex numbers, «, [ are given sequences,

using spectral properties of the operator of the first difference in the sets s° and
s(ﬁc), then characterizations of matrix transformations in this set were stated.
Here we deal with the spectrum of the operator of the first difference over

the spaces W, = D,w, and W = D,wy, and we characterize matrix trans-
formations in the sets W ((A — /\])h> and W? ((A — )\I)h>. We then obtain

simplifications for these sets under some conditions on A, A and on the sequence
T.

This paper is organized as follows. In Section 2 we recall some results on
matrix transformations and define the sets wy and we, of strongly Cy summable
to zero and bounded sequences. In Section 3 we give some properties of the
sets W, and WY. In Section 4 we deal with the spectra of the operator of
the first difference on W, and W?. In Section 5 we determine the sets (E, F)

of matrix transformations mapping F to F, with £ = W, <(A — )\I)h>, or

WY ((A — )\I)h> and F' = s, or s¢, for complex numbers A and h and obtain

simplifications for these sets for some values of .

2 Preliminaries and Well Known Results

For a given infinite matrix A = (@pm )nm>1 we define the operators A,, for any
integer n > 1, by A, (x) = > 7| Gumm, where x = (x,),>1 and the series
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are assumed to be convergent. So we are led to the study of the infinite linear
system A, (x) = b, with n = 1,2, ... where b = (b,),>1 is a one-column matrix
and z is the unknown, see for instance [4-8]. The equations A, (z) = b, for
n = 1,2,... can be written in the form Az = b, where Az = (A, (v)),>,. Let
E and F be two sets of sequences, then (E, F') denotes the set of all operators
mapping E to F', [15]. We write s for the set of all complex sequences, (o,
and c¢q for the sets of all bounded and null sequences. It is well known that
A € (l, ) if and only if

oo
sup Z |G| < 00; (1)
=1

and A € (cg, o) if and only if (1) holds and lim,, o @y, = 0 for all m > 1.

A Banach space E of complex sequences with the norm |||, is a BK space
if each projection P, : x — P,x = x, is continuous. We will write e =
(1,...,1,...), and define by ™ the sequence with 1 in the m — th position and
0 otherwise. A BK space E C s is said to have AK if every sequence x =
(Zm)m>1 € E has a unique representation x =Y o x,,e™. The set B (E) of
all operators L : B — E with the norm ||L|| 55 = sup,o (I (2)l| 5 / lz]l )
is a Banach algebra and it is well known that if £ is a BK space with AK, then
B(E) = (E,E). In all what follows we will use the set U™ of all sequences
(un), >, With u, > 0 for all n. For any given sequence 7 = (7,),-, € U™, we
write D, for the infinite diagonal matrix defined by [D,] = = 7,,. For any subset
E of s, D;E is the set of all sequences x = (z,,), such that (x,/7,),-; € E.
Note that have D, E = E,. Then we put D,co = s°, D, lo, = s, and D,c = 49,
It is well known that each of the spaces s, s, and s(fc) is a BK space normed
by ||z, = sup, (|zn| /), (cf. [6]). Recall the next elementary and useful
result.

Lemma 1 Let 7, £ € UT, and E, F Cw. Then A € (D, E,D¢F) if and only
ifDl/bADg € (E, F)

For A = (\,),»; € U" define the triangle C'(\) by [C (N)],,, = 1/A, for
m < n. It can be easily shown that the matrix A ()\) defined by

An if m=n,
AN, =3 A1 ifm=n—-1andn > 2,
0 otherwise,

is the inverse of C' (\). Using the notation |z| = (|z,]),,, we have [C' (X) |z|],, =
A3 |em|. In this way we consider the spaces of strongly bounded and
summable sequences we, (\) and wy (A) defined by

Woo (A) = {$=($n)n21€3 30(/\)|x|€€00}7
wo(A) = {zes:C(N\)|z|€c}.
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These spaces were studied by Malkowsky, with the concept of exponentially
bounded sequences, see for instance [19]. Recall that Maddox [16] defined and
studied the previous sets where A, = n for all n and it is written we, (A) = woo
and wg () = wy.

3 The Sets W, and W

In this section we state some results on the sets W, = D, w,, and WTO = D,wyg
and deal with triangles A, and Ag mapping from W, to itself.

3.1 Some Properties of the Sets W, and W

Here we consider the sets W, = D,ws and W2 = D wy, (see [17, 9]), which
can be written as

1 = ||
H/T = E : — _ E <
{x ’ ||x||WT Sl,,le (n m=1 Tm ) OO}

. m (L3 Lol
0 __ X m o
T_{xes'nll_{go<ﬁm:1 Tm>_0}

For 7 € U" it was shown in [9] that the sets W, and W? are BK spaces
normed by |||, and W? has AK, [9, Proposition 3.1, p. 54]. So W, = ws
and W9 = wy. It was shown in [18, 7] that the class (Wu, W) is a Banach
algebra normed by ||A||>(kwo<>7woo) = sup, (|42, /llz|l,_) - In the following
we will write D, = D(;ny for any given r > 0, and define the sets

‘/1/7’ — DT — : ]]p — - < o0

m=1

and

and
n

W = Dywy =< x: lim — E “ =0y,
r Wo {I‘ nlm n m }

m=1

Note that we have Wi = w,, and W = wy.

3.2 On the Operators A, and A:; Considered as Maps
in W, and W

On the operators A, and A;f considered as operators in W,.. In all what
follows we use the convention zo = 0. For given p = (py), >, we will consider
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the operator A, defined by [A,x] = ,, — py_17,—1 for alln > 1. Then putting
A; = (Ap)T we obtain [A;x}n = Xy, — Pnnyy for all n > 1. To state the next
Lemma we will put for 7 € U™ and any integer k

_ Tn—1

Tn+1
P (T) = pn i

and pf (1) = p, for all n.

n Tn
Now recall the next lemma which is a direct consequence of [9, Proposition
3.3, pp. 56-57]

Lemma 2 Let p,7 € U™.
i) Let x be any of the symbols W or W°.
a) If p~ (1) € s, then A, € (X7, X+) and

12wy < T+l (D], -

b) If lim,_, |p;, (T)| < 1, then the operator A, is a bijection from x. to
itself and

Xr (Ap) = X7
i) a) If p* (7) € loo, then AY € (W, W,) and

+||* +
[ H(WT,WT) <1+2p (T)HJOQ '

b) If lim, o |0} (T)] < 1, then the operator A} is a bijection from W,
to itself.

Remark 3 The proof of i) b) for x = W° comes from the fact that W? is a
BK space with AK which implies B (W?) = (W?, W?) is a Banach algebra.

4 On the Spectra of the Operator of the First
Difference on W' and W,

In this section we deal with the spectra of the operator of the first difference
A defined by Az, = A.x, = z, — x,_1 for all n, considered as an operator
from W? to itself and from W, to itself.

Let E be a BK space and A be an operator mapping F to itself, (note that
A is continuous since E is a BK space). We denote by o (A, E) the set of all
complex numbers A such that A — Al considered as an operator from E to
itself is not invertible. Then we write p (A, E) = [0 (A, E)] for the resolvent
set, which is the set of all complex numbers A such that Al — A considered
as an operator from E to itself is bijective. Recall that the resolvent set of a
linear operator on E is an open subset of the complex plane C. We use the
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notation D (Ag,7) = {\ € C: |A—Xo| <7} for \y € C and r > 0. Recently
the fine spectra of the operator of the first difference over the sequence spaces
¢, and bv,, were studied in [1], where bv, is the space of p-bounded variation
sequences, with 1 < p < co. In [2] there is a study on the fine spectrum of the
generalized difference operator B (r,s) on each of the sets ¢, and bv,. In [14]
there is a stud;z of the spectrum of the operator of the ﬁrst difference on the
sets Sa, Sos and £, (o) (1 <p < 00). In [13], among other things there is
a study of the Spectrum of the operator B (r,s) on the sets s, and s2. In the
following we deal with the spectra of A in the sets W, and W?. For this we
need the next lemmas.

Lemma 4 Let u be a sequence with u, # 0 for alln, and assume (uy,/tn—1), €

c. We have

Unp

Up—1

<1.

u € Uy tmplies lim
n—oo

Proof. Assume lim,, o |t,/u, 1| = L > 1. Then for 0 < ¢ < L — 1, there is
an integer N such that

Un >L—ec>1foralln> N.
Up—1
So we obtain
lun,| = Un || Snot) | UN luy_1] > (L — 5)"7N+1 |un_1| for all n > N.
Up—1 Up—2 UN-1

Since (L — )" "™ = 00 (n — 00) we conclude u ¢ (o, ®

Lemma 5 We have
(wo, wy) C (Co,S?n)n) and (Woo, Weo) C (foo,s(n)n) ) (2)

Proof. Trivially we have ¢y C wp, and since |z,|/n < n™' Y7 || we

deduce wy C s?n)n. Thus we have (wg, wg) C (co, s?n)n). By similar arguments

we obtain (W, Weo) C (Eoo,s(n)n). ]
In the next result we put 7° = (7,-1/7),,55 -

Theorem 6 Let x be any of the symbols W, or W°. Then
(1) If T € Ly, then we have

o (A x,) CD (1,HT;) . (3)

n—oo
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(i1) If T* € ¢, then we have

o(A,x,) =D (1, lim 7'5) :

n—oo

(11i) For any given r > 0, we have
o(A,x,)=D(1,1/r).

Proof. (i) We only consider the case y = W, the case y = W can be obtained
in a similar way. Let A € [D (1, limnﬁooﬂ;)}c, that is, A # 1 and

Jim 7 < A —1]. (4)

Putting p, = 1/ |\ — 1] for all n we have

1
(N,
on (7) (|A—1|T">n21€°°

and inequality (4) means that lim, . |p,, (7)| < 1. By Lemma 2 where

1

we deduce A — A is bijective from W, to itself. This shows that
D (1, Tim T,;)]C C p(A,W)
n—oo

and (3) in (i) is satisfied for x = W. This concludes the proof of (i).
(ii) Case y = W', First we show
D (1, lim 7';) Co(AW?)CD (1, lim T;) .
n—oo n—oo
The inclusion o (A, W?) C D (1,1im,, o 7) is a direct consequence of (i), since
we have 7* € c¢. Now we show
: . 0

D (l,nh_)n;o Tn) Co(AW)). (5)
Since the inclusion p (A, W?) C [D (1,lim,,_ 77)]° is equivalent to (5), we will
show if A\I — A considered as an operator from W2 to itself is invertible, then
A# 1 and

IA—1| > lim 7.
n—oo

We have (A — A)™" € (W2, W?) if and only if

D1y (M —A)7' D, € (wy, wy) -
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Then by Lemma 5 we have (wg, wg) C <co, s?n) ), and

D(l/nTn)n (AI - A)il DT € (COa CO) . (6)
Now it is well known that (A — A)™" is the triangle defined for A # 1, by

-1 = —<_1)”*m orm<n
(A=A = T f <n.

We have

71
— forn > 2,

tn = |[Dajary, M =87 D]y | =

and by Lemma 4 we obtain

) u .. n—1 1 .
lim = lim T <1,
n—00 Upy_1 n—oco N |/\—1|
and .
. .
Ao =1

We conclude
p (AW c{xeCiA=1]= lim 7% and A £1}
n—oo

and
D (1, lim 7',:> Co(AW)).

n—oo

We then have

D (1, lim 7'5) Co(AW?)CD (1, lim T;)
n—oo n—oo
and since o (A, W?) is a closed subset of C, and D (1, lim,, ,, 7%) is the smallest
closed set containing D (1,1im,, . 7°), we conclude o (A, W) = D (1,1im,, o 7°) .
Case x = W. The proof follows exactly the same lines that above. It
is enough to notice that by Lemma 5, the condition D/, (A — A)_l D, e
(Woo, Weo ) Implies

Dijr M = A)7' Dy € (looy 5m), ) +

n

and

D1 nry, (M = A) 7' Dy € (b, boo) = S

This completes the proof of (ii).
(iii) is an immediate consequence of (ii) with 7, =7". =
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5 Matrix Transformations in WTO ((A — M )h)

In this section we recall results on the sets (E, F) where E is either wy and
Weo and F = l, or cg. Then we apply the results of Section 4 to determine

the sets (E', F') where E' is either W? <(A - )J)h), or W, ((A - /\I)h) and
F' = s¢, or s¢.

5.1 Matrix Transformations in the Sets wy and w4,

Here we recall some results that are direct consequence of [3, Theorem 2.4],
where it is written

|| an n>1H 22” max  |an|. (7)

v <m<vtl—_1

sing the notation A, = (oznm)le we obtain the following.

Lemma 7 [3] (i) We have (wo, lo) = (Weos boo) and A € (Weo, Uoo) if and only
if

2v<m<2v+l—1

sup (|| An| o) = sup (Z 2¥  max |anm|> < 00, (8)
" " v=1

(i1) A € (Weo, ¢o) if and only if

= o (52 ) =0
(111) A € (wo, co) if and only if (8) holds and

lim ay,,, =0 for all m.
n—oo

5.2 Matrix Transformations in the Sets wy (T") and w., (1)

To state the next result we consider the matrix 3%, by [X*] =1 for m >n
and [X*1] = 0 otherwise, and from any matrix A = (anm),, ,,~; we define for

any integer 4, the triangle W® by

[W(i)}n [Z+D( ), T~ 1}nm for m <n.

Ain

So an elementary calculations yield

o0

= Z @iiSkm for m < n, 9)
k=n

L
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where 7! is the triangle whose nonzero entries are defined by [T71] = = Spm.
From [3, Lemma 4.1 and Theorem 4.2], we obtain the following.

Lemma 8 Let x be any of the sets wo, or wy and Y be an arbitrary subset of
s. Then A€ (x(T),Y) if and only if

(i) AT~ € (x,Y),

(is) WO € (x,co) for alli > 1.

From (9) and (7) we easily see that for every n € N, there is v (n) uniquely
defined with 2™ < n < 2v0W+1 _ 1 and for any i > 1 we have

o0
E ik Skm E QikSkm | -
k=n

Now we state the next lemma which is a direct consequence of Lemma 7 and
Lemma 8, where we have [AT'] =3 a8k, for all n, m.

) < 0. (10)

lim ||W9|,, =0. (11)

n—oo M

(1) A € (Weo (T') , co) if and only if (11) holds for all i, and

4+ 2 max
2v(n) <m<n

HW HM Z 2v max
v <m<ov+l_1

Lemma 9 (i) A € (wo (T') ,l) if and only if

a)
o0 o0
14
sup E 2 max E AnkSkm
n v <m<ortl—_1
v=0 k=m

b) For every i > 1 we have

Hi (22 <y | 2 Okt ) - "

(111) A € (wo (T),ls) if and only if (10) holds, and for each i we have

2v ; 1
sup (; e BEX ;azkskm ) < 00, (13)
and -

nh_)rgo kz @ik Spm = 0 for all m (14)

(iv) A € (wy(T),co) if and only if (10) holds, (14) and (13) hold for all i,

and
oo

nh_)rxolo Z QnkSkm = 0 for all m.

=m
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5.3 The Operator (A — AI)", where h e C

For any given h € C, we put

(_h+k_1)__ —h(=h+1) . (~h+k—1) £ >0,
B = k!
1 if k=0,

(cf. [10]). To simplify we will write

—ho k] = ( —h+kk—1>'

It is known that (A — A)" with A # 1 is the triangle defined by

[—h,n —m]

= 0 /\)_h+n_m for m < n,

BA—Anﬂ
see [10, Theorem 8, pp. 295-296].
5.4 The Sets (E, F) where E is either W° ((A — )\I)h>, or

W ((A — )J)h> and F = s¢, or s.

In the following we consider for A # 1, matrix transformations mapping in the

sets
I~ 11| [h,n—m]
W, ((A=XD)") = : _2}_ ) -
T<( )> {xes S?)<nmfml(1—Ay“””mm ><:m}
and

[—h,n —m]
Tm
(1 o )\)—h—i-n—m

-}

o0
Qi . .
Xnm (1 Z [h,k—m W for n, m, ¢ > 1 integers.
k=n

I« 1
0 h BT
M/T<(A—)\I)>—{IL’ES.”11H1 <_”m —

To state the next result we put

Theorem 10 (i) Let A # 1. Then
a) A e <WT ((A - /\])h> 755) if and only if

v S Ank
Sup <fn 22 2“377?53&1—1 kz [h, k —m] )\)h+k me> <00 (15)

v=0
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and for everyn € N, there is v (n) uniquely defined with 2™ < n < M+ _1
and for any i > 1 we have

n—oo | &, w<m<av+l 1 () <m<n

v(n)—1
1
lim Z 2 max X ()| T + 27 max  |Xm (1) T = 0.
v=0

(16)
b) Ae (WT <(A — )\I)h) ,sg) if and only if (16) holds for every i > 1 and

(Lo
ln, (5—22 e )—0- )

c)Ae (WTO ((A — )\I)h) ,s§> if and only if (15) holds and for everyn € N,

there is v (n) uniquely defined with 2™ < n < 2vW+L 1 and for any i > 1
condition (17) holds and

- QAnk
Z [h’ k— m] (1 N /\)h+k—me

k=m

v(n)—1
sup { — Z 2 max |Xum ()| T + 2" max |Xnm ()] T, < 0.

n | &n — v <m<2vtl_1 () <m<n
(18)
d) Ae (WTO ((A - /\])h) ,sg> if and only if (15) holds, (17) and (18) hold
for all i, and

1 & .
lim — 37 (b k —m] —

o0 & L~ (1 — \)/Hhem

Tm = 0 for all m.

(1i) Let h € N. Assume that 7° = (Tn,l/Tn)n22 € U5 and let \ such that

IA—1| > lim 7. (19)

n—oo

a) We have <WT ((A - /\])h> ,55) = (Wf <(A - )\I)h> ,s§> and A € (WT ((A - )\I)h> ,35>
if and only if

1 .,
sup {f_n VZ% 2 L |G| Tm} < 00. (20)
b) We have A € <WT0 ((A - )J)h) ,sg) if and only if (20) holds and lim,, o Gpm /&n =
0 for all m > 1.

c) We have A € <WT ((A - )J)h> ,S?) if and only if

[o¢]
. 1 Y
lim ¢ — E 2 max  |apm| Tm p = 0.
n—oo | &, v <m<or+l—]

v=0
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Proof. (i) By Lemma 9 with 7 = (A — XI)", we have T°' = (A —XI)™"
which is defined by

[(A - )\I)_h]nm = % for m <n.

Then we have

[A (A — M)*h} = Yaw [(A — M)*h} .
k=m
= i[h,k—m](lf\% for all n, m > 1.
k=m -

We also have

km

WO =Y aw [(A=AD| =X (i) for m < n and for all i > 1.
k=n

Then by Lemma 8 we have A € (WT ((A - )\I)h> ,55) if and only if

Dy A(A = M) D, € (weo, loo)
and
D1/5W(i)DT € (Woo, o) for all 4 > 1.
So there is v (n) uniquely defined with 2V < n < 2/M*! 1 and for any
1 > 1 we have
v(n)—1

1
21/ nm ) m _2V(n) nm ) m-
>0 2, max o ()]t g2 max [ ()] 7

2v(n) <m<n
v=0

1

Py OD.], = &

Applying Lemma 7 with a,,, replaced by

1 > Ak

— h,k —m| ————"Tu,

é‘n ]CX;L[ } (1 _ )\)h-i-k—m
we obtain (i) a). Then replacing ay,,, by

1
—Xam () Ty for m < n and for i > 1,

&n

we obtain (i) b). The statements (i) ¢) and (i) d) can be shown in the same
way.

(i) Since (19) holds, by Theorem 6, we have A ¢ o (A, W?), and A — I is
bijective from WY to itself and W? ((A - )\I)h> = WY. Then

Ae (W2((a=an") ) = (W0, s)

if and only if Dy, AD; € (wo, ), and we conclude applying Lemma 7. The
cases b) and ¢) are direct consequences of Theorem 6 and Lemma 7. m
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