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Abstract
In this paper, we investigate special Smarandache curves according to Bishop
frame in Fuclidean 3-space and we give some differential geometric properties
of Smarandache curves. Also we find the centers of the osculating spheres and
curvature spheres of Smarandache curves.
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1 Introduction

Special Smarandache curves have been investigated by some differential ge-
ometers [4,9]. A regular curve in Minkowski space-time, whose position vector
is composed by Frenet frame vectors on another regular curve, is called a
Smarandache Curve. M. Turgut and S. Yilmaz have defined a special case of
such curves and call it Smarandache Curves TBs in the space E} [9]. They
have dealed with a special Smarandache curves which is defined by the tangent
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and second binormal vector fields. They have called such curves as Smaran-
dache T'By Curves. Additionally, they have computed formulas of this kind
curves by the method expressed in [10]. A. T. Ali has introduced some spe-
cial Smarandache curves in the Euclidean space. He has studied Frenet-Serret
invariants of a special case [4].

In this paper, we investigate special Smarandache curves such as Smaran-
dache Curves TNy, TNy, N1Ny and T NNy according to Bishop frame in
Euclidean 3-space. Furthermore, we find differential geometric properties of
these special curves and we calculate first and second curvature (natural cur-
vatures) of these curves. Also we find the centers of the curvature spheres and
osculating spheres of Smarandache curves.

The Bishop frame or parallel transport frame is an alternative approach to
defining a moving frame that is well defined even when the curve has vanish-
ing second derivative. We can parallel transport an orthonormal frame along
a curve simply by parallel transporting each component of the frame. The
parallel transport frame is based on the observation that, while T'(s) for a
given curve model is unique, we may choose any convenient arbitrary basis
(N1(s), Na(s)) for the remainder of the frame, so long as it is in the normal
plane perpendicular to T'(s) at each point. If the derivatives of (Ny(s), Na(s))
depend only on T'(s) and not each other we can make Ny(s) and Ny(s) vary
smoothly throughout the path regardless of the curvature [2,3,8].

In addition, suppose the curve « is an arclength-parametrized C? curve.
Suppose we have C*! unit vector fields N; and N, = T'A N; along the curve o
so that (T, Ny) = (T, N3) = (N1, No) = 0, i.e., T , N1, Ny will be a smoothly
varying right-handed orthonormal frame as we move along the curve. (To this
point, the Frenet frame would work just fine if the curve were C* with x # 0)
But now we want to impose the extra condition that (N7, N3) = 0. We say the
unit first normal vector field /V; is parallel along the curve . This means that
the only change of V; is in the direction of 7. A Bishop frame can be defined
even when a Frenet frame cannot (e.g., when there are points with k = 0).
Therefore, we have the alternative frame equations

T 0 ki ke | [T
Nil=|=k 0 0 Ny
N, ~ky 0 0 N,

One can show that
k(s) = \/k?+ k2, 0(s) = arctan (2—?) , k #£0, 7(s) = _d(zl(ss)

so that k; and ks effectively correspond to a Cartesian coordinate system for
the polar coordinates x, 6 with # = — [ 7(s)ds. The orientation of the parallel
transport frame includes the arbitrary choice of integration constant 6y, which
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disappears from 7 (and hence from the Frenet frame) due to the differentiation
2,3,8].
Bishop curvatures are defined by

ki = kcosf, ko= ksinf (1)

and
T =T, Ny=Ncos— Bsin), Ny= Nsinf+ Bcosb (2)

[7]-

2 Smarandache Curves According to Bishop
Frame

In [4], author gave following definitions:

Definition 2.1 Let a = «(s) be a unit speed reqular curve in E® and
{T,N, B} be its moving Serret-Frenet frame. Smarandache curves TN are

defined by .
B(s") = E(TJFN)-

Definition 2.2 Let a = «(s) be a unit speed reqular curve in E* and
{T, N, B} be its moving Serret-Frenet frame. Smarandache curves NB are

defined by .
B(s") = E(NﬂLB)'

Definition 2.3 Let a = «(s) be a unit speed reqular curve in E* and
{T, N, B} be its moving Serret-Frenet frame. Smarandache curves TN B are
defined by

no L
ﬁ(S)—\/g(T—FN—FB).

In this section, we investigate Smarandache curves according to Bishop
frame in Euclidean 3-space. Let o = a(s) be a unit speed regular curve in E?
and denote by {T,, N{*, N§'} the moving Bishop frame along the curve a. The
following Bishop formulae is given by

T, = k}N¢ + k§Ng, N = —kT,, Ng=—k§T, (3)

with
T, = N} ANN§, Ny =-T,\NN§, N =T,NN.
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2.1 Smarandache Curves T'N;

Definition 2.4 Let o = «(s) be a unit speed reqular curve in E* and
{T,, Ny, N$'} be its moving Bishop frame. Smarandache curves T, N can
be defined by

1
— (T, + N7). 4
5 T+ V) ()

We can investigate Bishop invariants of Smarandache curves 7, Ni* accord-

ing to a = a(s). Differentiating (4) with respect to s, we get

ps*) =

- dﬂ ds* —1 «a apnra anra
Bzds* ds :ﬁ(lea_klNl — ky Ny') (5)
and i .
S (e o o « «
Ty = 75 (T~ VT — K5Ng)
where

ds* 2 (k) + (k)
S — ( 1) + ( 2) ) (6)
ds 2
The tangent vector of curve 5 can be written as follow,
-1
V2 (ke + (k)2
Differentiating (7) with respect to s, we obtain

dTyds* 1

Ts = (BT To = kTN = kg Ng') - (7)

. 5 (MTs 4 Ao NT + AsNy') (8)
dS dS (2 (k?)2 + (k?g)Q) 2
where
Moo= ke (RS)T - 2(k )—MW)%@“%@#+W@@
Ao o= =2k = (k)7 (k)% + kS (k’é‘)Q.— kiky ks
As = —2(kO)° kS — kS (kS)® + 2 (k)% kg — 2k0kOES.

Substituting (6) in (8), we get

2
T = V2 (M T + A NS + AN
o2 o2
(2 (k)" + (k9)7)

Then, the curvature and principal normal vector field of curve 8 are respec-

tively,
V2N £ A2+ N2
2
(2 (k)" + (k$)?)

Hg—
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and
1

A+ A3+ A3

Thus the binormal vector of curve [ is

Ng = (MTo + ANy 4+ A3NS) .

1

V20 + (ks /NT+ N T 23

By =

(01To + 09Ny + 03N3)

where
o1 = Agk? — )\ng, 09 — )\3]€1a + )\1]5207 O3 = —k‘? ()\1 + )\2) .

We differentiate (5) with respect to s in order to calculate the torsion

.. -1 . o2 o2 " o2 o n oo o
B= = L+ ()" o (") — (K — RDP)NE — (K — KEkg)NG |

and .
p = NG (1 To + p2NT + p3NY)
where
pr= — Ko — BRTRS — 3RS + (D) + ke (AS)°
pr = —BGRR - (R ke (PR
ps = —2k¢kS — (k)7 kS — (kS)° — k{kS + kS

The torsion of curve f is

3 { ((kS)* = k) (pskst + prks) + k5 (kS — kES) (o1 + p2) }

_ —(k§ + (k)" + (k5)") (p2h — pskt)
(kgks — kokS)2 + (kfks — 2 (k)" kg — keks — (k$)°)2 + (2 (k§)” + k¢ (k3)?)2

The first and the second normal vectors of curve 5 are as follow. Then, from
(2) we obtain

NP 1 (VB cosOsA; — sinbgor) T, + (/7 cos Bghs — sinfgos) Ni
! VN + (\/,l_J,COS g3 — sin 9503) N&

N L (VEsinfgA; + cosbsor) To, + (/EsinOs)s + cosOz05) Ny
2 NI, + (\/ﬁ sin g3 + cos 9503) N§

where 05 = — [ 75(s)ds, p =2 (k) + (k$)? and 1 = /AT + A3+ \]
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We can calculate natural curvatures of curve (3, so from (1) we get

V208 + A3+ %) cos b

kP 5
(2 (k) + (ks)?)

and

V202 + 23 + \2) sin b

kQﬂ = 2
(2 (k) + (k$)?)

2.2 Smarandache Curves T'N,

Definition 2.5 Let a = «(s) be a unit speed reqular curve in E® and
T,, N*, N§'} be its moving Bishop frame. Smarandache curves T,N§ can
154V2 2

be defined by .
B(s*) = E(TaJrNS)- (9)

We can get Bishop invariants of Smarandache curves 7, N§* according to
a = a(s). From (9), we obtain

. dfds* -1
= ——=—(k3T, — k¥ Ny — kS N3 1
p do ds \/5(2a 141 5 N3 (10)
and " .
S — ey apnTo RNL
T ds - E(k’zTa — kY NY — kzNz)
where
* « 2 &4 2
ds _ (k)" + 2 (kS) ‘ (1)
ds 2
We can write the tangent vector of curve § as follow,
-1
Th = (k§T, — kY Ny — kS Ng') . (12)

V (ko) 2 (k)?
From (12), we have

Ty ds* 1

. = 5 (MTs 4+ Ao NT + AsNy') (13)
dS dS ((]C?)Q +2(kg>2)2
where
Moo= = (KRS = (k) — B (k) (k) — 2 (k)" + kikks
Ao = — (k) kg — 2k (k) + 25 (kS)? — 2k kS kS

A= = (k)P (kS)" = 2(kS)" + (kD) kS — kTRTRS.
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By using (11) and (13), we obtain

V2

T, = (MT, + NNy 4+ A3NS) .
B 2 \"Mta 24V 34V
(k)" +2(k8)°)

Then, the first curvature and the principal normal vector field of curve § are
respectively,

NIV ES Y

KB = 2 2\ 2

(k)" +2(k5)")

and
1

(MT, + Mo Ny 4+ A3NSY) .

No= e
1T A+ A3

The binormal vector of curve (3 is

1

VD 20k AR+ N

By =

(01To + 09Ny + 03N3)

where
o1 — )\3]4]? — )\Qk(;, 09 — ()\3 + )\1) k%, 03 = — ()\2]5(21 + )\1]{(11) .

From (10) we can calculate the torsion of curve

. —1 . o2 o2 “ o a o o o2 o
B= o 6+ ()7 + (R))T, — (R — KERENG — (g — (k)")A% }

and 1
B = ﬁ (p1To + pa Ny + p3Ny')
where
pr = —kg = BR{KY = 3KSKS + ()" kS + (kg)’
pr = —2k{KS — (k) — ki (K3) — K{RS + KD
ps = —3ksky — (k)" kS — (k3)° + k3.

The torsion of curve f is
\/5{ kS (ks — K2)(ps + p1) + (K5 = (K5)") (poh§ + prkS) }
. — (kS + (k)" + (k5)") (paks — psks)
(kks — kks)? + (=2 (k8)” — (k)" k52 + (2k5 (k)" — kks + koks + (k9)°)?

The first and the second normal vectors of curve [ are as follow. Then, by
using (2) we get
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N 1 (\/ﬁ cos g\ — sin 9501) T, + (\/ﬁ cos gy — sin 0502) Ny
! NATY, + (\/ﬁcos OsAg — sin 9503) Ng

NS 1 (VEsinfgA; + cosbsor) To, + (/EsinOg)s + cosOz05) NY
2 N + (\/ﬁ sin 033 + cos 0503) N

where 05 = — [ 75(s)ds, p = (k§)* + 2 (k$)* and 1= /A2 + X3+ \J.

We can calculate natural curvatures of curve 3, so from (1) we get

V2(A2 + A2 + A2) cos 5

kf = 2
((k$)* +2 (k)%

and

V2(A2 + M2 + \2) sin 0
(k)2 + 2 (kg)?)?

ky =

2.3 Smarandache Curves N; N,

Definition 2.6 Let o = «(s) be a unit speed reqular curve in E* and
{T,, N, N3} be its moving Bishop frame. Smarandache curves NY*N$ can

be defined by

* _L o' for
ps’) = \/§(N1 + N5 (14)

We can obtain Bishop invariants of Smarandache curves N*Ng' according
to a = a(s). From (9), we get

. dpdst — (kY + k)

= =——_=2/T, 15
p ds* ds V2 (15)
and .
73 k)
ds V2
where

ds* kY 4 kS

ds 2

The tangent vector of curve 5 can be written as follow,

(16)

Ty = —T,. (17)
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Differentiating (17) with respect to s, we get

dT5s ds* o o
dsf ds = —kTNY — k2N2 (18)
Substituting (16) in (18), we get
_\/§ a nTo a nTO
Té:M(del +k52N2)

The first curvature and the principal normal vector field of curve 5 are respec-
tively,

V24/ (k§)? + (kg)°
kS + kS

Iig—

and

—1 a nTo a nTQ
NBZ (klNl +152]\72)~

(k) + (k3)?

The binormal vector of curve f3 is

—1 BN a nTo
Bg = (kQNl_k1N2>'

(k) + (ks)°

We differentiate (15) with respect to s, we get the torsion of curve 3

. -1 . .
B= o { (Ko ) Tt (600" hRS) NP (TS + (%) N5 }

and

B = (p1To + p2NY + p3Ny')

—1
V2
where
pro= kK +_k"§“ - (k‘f_)?’ - _(krf‘)2 ks — K (k3) — (k3)°
py = BEEY 4 2kTky + kOKS
ps = 2kKkS 4+ 3kkS + kTS
The torsion of curve f is
V2 s () KERS) — oo (kRS + (k5)°) }
B 2 2)
(kg + k) { (ketks + (k8))" + ((ke)* + keks) |
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The first and the second normal vectors of curve /3 are as follow. From (2) we
get

1

NP = {(kS'sinfs — kX cos 03) N& — (kS cos B + kS sinfz) N§'}
)2 )2
(k)" + (k3)
and
1
NE = {— (k{'sinfs + kS cos 03) Ni* + (k{ cos 03 — k3 sinfz) N5'}

(k) + (ks)°

where 05 = — [ 75(s)ds.
We can calculate the natural curvatures of curve /3, so from (1) we have

V2(k) + (k)%) cos b5
kg + ks

kP =

and

V2(k)? + (k)*) sin 0
kS + ks '

ky =

2.4 Smarandache Curves T'N;N,

Definition 2.7 Let o = «(s) be a unit speed reqular curve in E* and
{T, Ny, N§'} be its moving Bishop frame. Smarandache curves T,N{*N§ can
be defined by

* _i e el
ﬁ(s)—\/g(TaJerJrNZ). (19)

We can investigate Bishop invariants of Smarandache curves T, Ny*N§' ac-
cording to o = «(s). By using (19), we get

- dﬁ ds* —1 «a a anra anra
ﬁzds*gzﬁ((lﬁ +k’2)Ta_k1N1 _k'gNz) (20)
and
ds* —1 «a a anTa anra
T,B ds = ﬁ((lﬁ +k2)Ta_k1N1 _kzNz)
where

ds* \/2 ((k)? + Kk + (k$)?)
ds '

- 3
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The tangent vector of curve (3 is as follow,
-1

Ty = 2 — (K + k) To — KENT — KSNE) . (22)
V2L + Kgkg + (k9)?)

Differentiating (22) with respect to s, we get

dTs ds* 1
= 2 — (MTa+ MNP+ X00NG)  (23)
O VR (k) + kSRS + (k)7 )2
where
A= =2k (k)P — (RD)P kg + EYhSky — 2(k1)" —2(k)° kS
—4 (k)% (k)" — 2k (k) — 2 (k)" + KPRSES + kg (kS)?
Nro= =2(k)T = A (RY)T RS — 4 (k)" (K3)" — 2k7 (kS)” + KT kT RS
+2k9 (k)2 — (k)2 kg — 2k ks kg
Ny o= —2(k9)P kS — 4 (k)P (k) — 4k (k) — 2 (kS)"

+2 (K9)? kS + kSkSkS — 2k kg ks — ks (ks)? .
Substituting (21) in (23), we get

_ V3
4{(k)? + kg + (k9)?}

The first curvature and the principal normal vector field of curve 5 are respec-

T (M Ts + AN + ANS) .

tively,
- NEIVIYESVEDY
8 = 2
A{(ke)* + kgks + (k5)?}
and

1

Ng =
A A+ A
Hence, the binormal vector of curve (3 is

1
Bz = (01To 4+ 0o N + 03 N5')

V2 (k) 4 kths + (k8)2) /N + 2B+ 33

(AT + AN + A3NS) . (24)

(25)

where
o1 = /\3]%‘? — /\2]{33, 09 = /\3 (l{?? + k‘%) + /\1]%"2)‘, 03 = — (/\2 (k? + l{?g) + )\1]{??) .
Differentiating (20) with respect to s, we can calculate the torsion of curve g,

1 { (kS + kS + (k)" + (k§)")To — (kS — (k) — kkg) NP }

=7 (K — kekg — (KS)PNE
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and
1
B = ﬁ(ﬂlTaﬂLﬂsz”FP:aN?),
where
pro= —kY = kS = BKYEY — 3kSS + (K1) + (hD)” kS + kT (RS)® + (k)
pr = —3kTKY = 2kTkS — (kD) — kY (k)" — KRS + kY
ps = —2k¢ky — 3koky — (k)2 kS — (k)® — k{kS + KS.

The torsion of curve f is

(kg — (ke)* — /f?k%)g psky — psks — piks)
V3 (ks — MW—u@x@@+mk+m 0)
S —(kS + kS + (k7)" + (k9)7)(—pski + paks)
P (ks — k)2 + (koRs — 2 (k)T kg — 2k (k§)7 — 2 (k9)® — Kokg)
+(2 (k) 4+ 2 (k9)” kS + 2k (k$)? — kokG + kikg)?

The first and the second normal vectors of curve 3 are as follow. By using
(2) we obtain

NE L (V27 cosOsA1 — sing0) T + (v/2pcos 5o — sinOz02) Nyt
b2 + (V2 cos OgAg — sinfgos) Ng

and

Nﬁ 1 (\/2#811195)\1 +COS€50’1) Ta + (\/QMSiHQﬂAQ +COS€50’2) Nla
2 «/ un + (\/2,u sin g3 + cos 0503) N§' ’

where 05 = — [ 75(s)ds, p = (k)* 4+ k{kS 4 (k5)* and 7 = /A2 + A3 + A2,

We can calculate the natural curvatures of curve 3, so from (1) we get

1B V3(A2 + A3 + A2) cos b5
Da((k) kG 4 (K)%)?

and

o BTN+ X sindy
LAk kRS + (k)P
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3 Curvature Spheres and Osculating Spheres
of Smarandache Curves

Definition 3.1 Let « : (a,b) — R" be a regular curve and let F : R" —
R be a differentiable function. We say that a parametrically defined curve
a and an implicity defined hypersurface F~1(0) have contact of order k at
afty) provided we have (Foa)(ty) = (Foa) (ty) = ... = (Foa)®(ty) = 0 but
(Foa)® D (t5) # 0 [5].

If any circle which has a contact of first-order with a planar curve, it is
called the curvature circle. If any sphere which has a contact of second-order
with a space curve, It is called the curvature sphere. Furthermore, if any sphere
which has a contact of third-order with a space curve, it is called the osculating
sphere.

Theorem 3.2 Let B(s*) be a unit speed Smarandache curve of a(s) with
first curvature k:'f and second curvature kQB , then the centres of curvature spheres
of B(s*) according to Bishop frame are

kT k;ngﬁ 3kY + kngﬁ
By2 1 B1.8 2
4(k1) 4]{;1 k2

where I' = \/r2 ((klﬁ)2 — (k§)2> - 1.

Proof: Assume that ¢(s*) is the centre of curvature sphere of 3(s*), then
radius vector of curvature sphere is

c—B=06Ts+ 0N, + 55Ny,
Let we define the function F' such that
F = {c(s") = B(5"), c(s") — B(s™)) —1*.
First and second derivatives of F' are as follow.
F' = =24,

F" = —2(kP6y + kD65 — 1).

The condition of contact of second-order requires F' =0, F/ =0 and F” = 0.
Then, coefficients 91, d9, d3 are obtained

5= 0. 65 — K FkST 5 — 3KP+kST
R G T
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Thus, centres of the curvature spheres of Smarandache curve g are

kY FRD 5 3kl kT 4
CS* = S* + — — .
(s") = B(s") e T

Let 05 = A, then ¢(s*) = B(s*) + N7 + ANJ is a line passing the point
B(s*) + 52]\71[3 and parallel to line NZB . Thus we have the following corollary.

Corollary 3.3 Let f(s*) be a unit speed Smarandache curve of a(s) then
each centres of the curvature spheres of 5 are on a line.

Theorem 3.4 Let B(s*) be a unit speed Smarandache curve of a(s) with
first curvature klﬁ and second curvature kg , then the centres of osculating
spheres of 5(s*) according to Bishop frame are

By By
c(s™) = p(s") + LNﬂ N GO

wr @) wr(E)
Proof: Assume that ¢(s*) is the centre of osculating sphere of 3(s*), then
radius vector of osculating sphere is
co(s*) — B(s*) = 6:T5 + 6NV + 05N .
Let we define the function F' such that
F = {e(s") — B(s"), ") — B(s")) — 2
First, second and third derivatives of F' are as follow.
F'= =24
F" = —2(k}6y + k§o5 — 1)
"= 9 ((kf)'52 — (KP)26, + (KEY'65 — (k5)251) .

The condition of contact of third-order requires F' = 0, F' = 0, I = 0 and
F" = 0. Then, coefficients 4, d5, 03 are obtained

(51 = 0 52 — —(kg)/ 7 (53 = ——(kf), 7.
’ By2 ﬁ ’ By2 £
(k1) P: (k1) P:
1 1

Thus, centres of the osculating spheres of Smarandache curve g can be written
as follow
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Corollary 3.5 Let B(s*) be a unit speed Smarandache curve of a(s) with
first curvature klﬁ and second curvature k;g , then the radius of the osculating

sphere of 5(s*) is
() + (o)’
w3 (5)

Example 3.6 Let o (t) be the Salkowski curve given by o (t) = (o (), o (t), a3 (1))
where

r(s*) =

1 1—n 1+n 1
= — in((1+2n)t) — ————sin((1 —2n)t) — =sint
ay m( 4(1+2n>sm(( +2n)t) 4(1_2n)81n(( n)t) 28111)
1 1—n 1+n 1
= 14+2n)t) + ————— 1—2n)t)+ - cost
g m(4(1+2n)cos(( + n))+4<1_2n)cos(( n))+200s)
cos (2nt)
ay = ————
’ Am/1 + m?
and n = 63/“72 can be expressed with the arc lenght parameter. We get
unit spee regular curve by using the parametrization

1
t = — arcsin (n\/ 1+ m23> .

n

Furthermore, graphics of special Smarandache curves are as follow. Here m =

V3.
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Figure 1: T,N7{-Smarandache Curve Figure 2: T, N§*-Smarandache Curve

- 1,0
90 05 op gs g " 1805 0o 0g  ypos 00 B8

Figure 3: N7 N$-Smarandache Curve Figure 4: T, NP N§*-Smarandache Curve
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