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Abstract

In this paper, we introduce the notion of boundednm a fuzzy metric space.
This notion is a special case of the notion of kxmedness due to [1]. Using this
notion, we prove a fixed point theorem for mapsnfr@ fuzzy metric space to a
sub class of the set of bounded subsets of thay fuetric space, under Hadzic
typet —norm. The proof of our theorem is non-constructive.
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1 I ntroduction

The concept of fuzzy sets was introduced by L.Adeta[8] in 1965 which
became an active field of research for many rebeascin fixed point theory. In
1975, Karmosil and Michalek [3] introduced the ogpicof a fuzzy metric space
based on fuzzy sets; this notion was further mediby George and Veermani [1]
with the help oft-norms. Many authors made use of the definitioradtizzy
metric space due to George and Veermani [1] inipgofixed point theorems in
fuzzy metric spaces. In 1978, Hadzic [2] introdueedlassH of t— norms later
known as Hadzic typenorms. K.P.R. Sastry, G.V.R. Babu, and M.L. Sardhy
[5] extended the notion of weak contraction in neetpaces and obtained a fixed
point theorem in Menger spaces with Hadzic typenorm. K.P.R. Rao et al. [4]
introduced the notion of M-maps with respect t@map and a pair of maps in
fuzzy metric spaces and obtained common fixed pbi@brems for two pairs of
sub compatible maps satisfying implicit relations.

In this paper we prove a fixed point theorem fopsitom a fuzzy metric space
to %(X) the set of all nonempty bounded subsets of tlzeyfumetric space

(X, M ,x) wherex is Hadzic type —norm.

2  Préiminaries
We begin with some known definitions and results.

Definition 1.1: (L.A. Zadeh [8]) A fuzzy set A in a nonempty set X is a function
with domain X and values [9,1].

Definition 1.2: (B. Schweizer and A. Sklar [7]) A function«: [0,1] X [0,1] —
[0,1] is said to be a continuous t-nornkisatisfies the following conditions:

Fora,b,c,d € [0,1]
0] * IS commutative and associative
(i) * IS continuous

(i) ax1=aVac€e][01]
(iv) ax*b <cx*dwhenevera <candb <d

Examples of continuous t-norm aaélh= abandabb=min{ a,§ .

Definition 1.3: (A. Georgeand P. Veeramani [1]) A triple (X, M,*) is said to be
a fuzzy metric space (FM space, briefly) if X isomempty sets is a continuous
t-norm and M is a fuzzy set &1 x [0, «o)satisfying the following conditions:

For x,y,z € X ands, t > 0.
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(i) M(x,y,t) >0,M(x,y,0) =0

(i) M(x,y,t) = 1Vt >0ifandonlyifx = y

(N M(x,y,t) =M (y,x,t)

(VYM(x,y,t) * M(y,z,5) < M(x,z,t + s)

(V) M(x,y, .):[0,00) — [0,1] is continuous andim;_,., M(x,y,t) = 1.

Then M is called a fuzzy metric space on X.

The functionM (x,y,t) denotes the degree of nearness betweend y with
respect to t.

Definition 1.4: (A. George and P. Veeramani [1]) Let (X, M,*) be a fuzzy metric
space. Then,

(i) A sequence{x,} in X is said to be convergent to a poirt € X
if lim,_ o M(x,,x,t) =1Vt>D0.

(i) A sequencéx,}inX is called a Cauchy sequence if
iMoo M(Xp4p, xn,t) =1 VE>0and p = 1,2, ...

(A FM —space in which every Cauchy sequenceoisvergent is said to be
complete.

Definition 1.5: (A. George and P. Veeramani [1]) Let (X, M,*) be a fuzzy metric
space. Then, a subset A of X is said to Webounded if

Ot>0andr0( 0,10M (x y t)> %r Ox yOA

Let sB(X)be the set of F-nonempty bounded subsets of fuzztyicm
spacéX, M,*).

K.P.R. Rao et al. [4] Introduced the following, ngithe notion of F-boundedness
due to [1].
For A BOB(X)and for every > 0, define

5, (ABt)=inf{M(aht)/ad Al B

Using this notation, K.P.R. Rao et al. [4] Introdddhe notion of M-map.

Definition 1.6: (K.P.R. Rao, K.R.K. Rao and V.C.C. Raju [4]) Let (X, M,x) be
a fuzzy metric space anti: X - XandF: X - B(X). Then(f,F)is said to

be a pair of M-maps with respect to f  if therésesxa sequencgx,}in X such
that for every >0, M (fx,,z1) - land &, (Fx,{2 1) - las n - o for some
zO f( X).
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Implicit Relation:

Let ®denote the class of all continuous functiogs[0,1]° - R, satisfying
#(u,L1v,v,3= Cor ¢(u,Lv,1,1v) = Cor ¢(u,v,1,1,v,\) = Cimpliesu=v.

Using the above implicit relation K.P.R.Rao et.pl] proved the following
theorem.

Theorem 1.7: (K.P.R. Rao, K.R.K. Raoand V.C.C. Raju [4]) Let (X, M,) be a
fuzzy metric space anfl,g: X - Xand F: X - sB(X) be maps satisfying

(JM (Fx, Gy, ki), M( g% gy } .3, ( fx Fx)}>0
S (9y. Gy, 9.0, ( fx Gy ¥ .3 ( gy Fx))

for all x yOXandkd(0,)} whergO®, the pairs (f,F) and(g G)are
compatible,

(@  (f,F)is a pair M-maps with respect to f afek 0 g( X) O xO X
Or
(b)  (g,G) is a pair M-maps with respect to g aGat 0 f( X)O x3 X.

Then f, g, F,andGhave a unique common fixed point] X such that

Fo=Gz={ }=( ={ g

Definition 1.8: (O. Hadzic[2]) Let * be at- norm. For anye [0,1], write
0 (x) = 1and! (x) == (+° (x),x) == (1,x) = x.

In general recursively defin€*! (x) =« (*™ (x),x), forn = 0,1,2 ...

Suppose that givenin (0,1) 36 € (0,1) 23x>1—-6=>+"(x) >1—¢e Vne
N

Then the sequende™} is said to be equicontinuous at 1.
If {+"} is equicontinuous at 1, then we say th& a Hadzic type- norm.

Define tyin bY tmin(a, b) = min{a, b} fora,b € [0,1] . Then we observe that
tmin 1S @ continuous- norm of Hadzic type.

We make use of the following Lemma due to K.P.Rstiya G.A. Naidu and N.
Umadevi [6]. See also [5].
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Lemma 1.9: Let(X, M,*) be a fuzzy metric space with continuous Hadzie ty
t —normx*. Assume that. Suppdse a < 1 and{x,} is a sequence iK such that

M (%, Xns1,t) = M(xp_q1, Xp, é) forn=12,......
Then {x,,} is a Cauchy sequenceXn

3 Main Result

In this section, we first introduce the notion ajundedness in a fuzzy metric
space, which is a particular case of F-boundedness.

Definition 2.1: Let A be a nonempty subset of fuzzy metric §¥asg*). Then A
is said to be bounded ihf{M(a, b,t)/a,b € A} >0Vt >0.

Clearly this notion is a special case lBboundedness defined by George and
Veeramani [1].

Thus every bounded set is F- bounded.
However, a F-bounded set may not be bonded in wieive following example.

Example 2.2 (i): Let H be the Heaviside function defined by

H (1) = 1 ift>0
(t)= 0 ift<0

Let X =[0,]]

DefineM (x, y,t) = H(t—|x- y{)0 % yO X. ThenX is F-bounded ifX, M,%), =
being minimumt-norm. ButX is not bounded sincaf M (x, y, t) =0if t <1.

t

t+|x—y|

Example 2.2 (ii): LetX =[0,1], M (x, y,t) = 0 x, yd X. Then it can be

easily verified thaX is bounded.
We observe the following:

Observation 2.3: Every finite set is bounded.
Observation 2.4: If A andB are bounded, theiu B is bounded.
Observation 2.5: If Ais boundedB < A thenB is bounded.

Definition 2.6: Let (X ) denote the set of all nonempty bounded subsetiseof
fuzzy metric spad&X, M,*).

For A BO &(X)and for everyt >0, define
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5, (ABt)=inf{M(aht)/al Al B
We observe that

Observation 2.7: If A = {a}, thend, (A B,t)=7, (a B 1)
Observation 2.8: If A = {a}, B = {b}, thend,, (A B,t)=M(a b 1).
Observation 2.9: J,, (A B,t)=4, (B A)>0

Observation 2.10: J, (A B,t)=10t> 0~ A= B={ singletoh

Proof: Let all AandbB. Then

M(abt)=2d,(AB)=10t>0
=M (a,bt)=10t>0

=a=Db
OaldA b cd B= a= band & «

=c=b
Thus,B is a singleton set.

Similarly Ais a singleton set and=B.

Conversely,A= B=singleton setg
= M(a,at)=10t>C
=, (AB1)=10t>0

Observation 2.11: 3, (A B,t+9=3,(AGC )35, (G B $0 A B Ta(X)and
s t>0.

Proof: Let a0 A, b0 B, andcOC. Then we have

M(abt+g=M(ac)OMch$
>4, (AC,t)05,(C, B 9>0

inf{M (a bt+s)/ad Al B4, ( ACYI,( C B0
o (ABt+920,(ACHES, (G B $0 ABCa(X)ands, t>0.

Observation 2.12: J,, (A B, t)is an increasing function in

Proof: In order to provej,, (A, B, t) is increasing, we prove that
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(AB1)z9,(ABJOt ¢

We have
(ab)=M(ab920,(AB}
M(abt)=d, (ABg 0 Al B
:>|nf{ abt)/adAbdB=25,(AB}
I (A

Bt)=J,(AB g0 t=s
oy (A B,1)is increasing ir.

Definition 2.13: A sequencgA}in #(X)is said to converge toal X if
o (A,at) - lasn - Ot>0

Lemma2.14: If {A} - aand{ A} - b, thena=b.

Proof: {A} - aand A} - b
= Jy (A at) - 1andd, (A, bt) -~ 1asn - o Ot>0(2.14.1)

We have, from observation (2.11)

o (abt)=9, (a, Aﬁ,éjDJM(Aﬁ, b’lzj
OFrom (2.14.1),0, (a,b,t) - lasn - o Ot>0

Oa=b

Lemma 2.15: Let{ A} and{ S} be sequences i( X ) converging t@ X. Then
lim dy, (A, S, 9 =

Proof: {A} - zand[S} -
=, (A.2z1Y) -1andd, (S, z1) - Llasn - « Ot>0(2.15.1)

We have, from observation (2.11)

andos{ ot 25
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OFrom (2.15.1),0, (A, S, ) - lasn - « Ot>0

Olim3, (A, S, §=1

n-oo

Definition 2.16: Let A, BO 4(X). We say that), (A B,t)is attained if there
existsal A b0 B such thatM (a,b,t) =4, (A B 1).

In example 2.2(ii), J, (X, X,t)is attained (Take=0andb= 2. Also
A (A At)is not attained wherd =[0,1).

Lemma 2.17: Suppose

(2.17.1) A BOa(X)

(2.17.2) 3, (A B, t)is attained, i.e., there exiat] A b0 B depending on t such
that
o (ABt=M(abi.

(2.17.3)x0(0,1) 05, (A.B.k) =3, ( A B}
Then A= B=singleton se.
Proof: From (2.17.3), we have

o (ABK)=3, (ABY=7,( AB K(Sinced, (A B,1) is increasing irt, by
2.12))

=3, (ABK)=5, (AR
=A >0, a constant, say

Let al A b0 B be such tha (a,b,t) =1
Let xO A yO B be such thaM (x, y,kt) =3, ( A B k)
Then, by (2.17.3)M (x, y,kt)= M(a b

Now,
M(abt)=M(xyki=36,( ABKi< M ab Kt
=M (abk)=M(ah}

SinceM is increasing i, so
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M(abt)=M(abkj= M(ah)
=M (a,bkt)=M(ahi)=4
OM (abk)=1=4, (ABK)

In a similar way, we can prove that

M (a,b,%j: M(ab, 1)

Hence,
A=M(abt)=M(abkjd t>0

But from (v) of the definition of fuzzy metric spadv (a, b, t) - lasn - o
0A=1
04, (ABt)=4A=10t>0

OA= B:{singletOI} (from Observation 2.10)

Before we state and prove our main result, firstimieduce a subclass @‘(X)
in analogy with compact subsets of a metric space.

Definition 2.18: Let d X ) be a subclass af( X )such that

(2.18.1){x} 0 d X) OxO X
(2.18.2) A BO @ X) = g, (A B, t)is attained

Now, we state and prove our main result. This theomay be regarded as an
extension of Banach contraction principle to sdued maps on a fuzzy metric
space. The proof we have given is a non-constre @reof.

Theorem 2.19: Let (X,M,x) be any complete fuzzy metric space whers
continuous t-norm of Hadzic type am(x)be the set of all nonempty bounded

subsets of X. Lef( X ) be a subclass of( X )such that

(2.19.1){x} O e(X) OxO X
(2.19.2) A BO €(X) = 4, (A B,t)is attained.

Let S: X - €(X)such that

(2.19.3)0k (0,900, (Sx Sy K=3, ( x y)O x§ . xzy
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Then,Shas unique fixed point iX.

Proof: Supposes has no fixed point, that is[J Sall a1 X
Let x, 0 X, thenx, J Sx,.

Since x, 0 Sy and{x,} O €(X) (by 2.19.1)
Ox 0Sx03, (% Sx K= M ¥ x K

Clearly x, # X,
0 3y (S%, S% K=, (% ¥ X

Also, sincex, 0 Sxand{x} O ¢(X) (by 2.19.1)
Ox, 0Sx05, (% Sy K= M x ¥ K

Since x, # X,
S (S%, S% K24, (% x X

Therefore

Similarly we can prove thdilx, U Sx, (hencex, # x,) such that

M (%,, %, kt) = M( %, %, §

(2.19.4)

(by 2.19.2)

(by 2.19.4)
(by 2.19.3)

(by 2.19.2)

(by 2.19.4)
(by 2.19.3)

41

In this way we can construct a sequefigg in X such thatx, # X,,,, X, SX,,

and
M (X,00 Xoo K 2 M( %, %,0, 9, forn = 1,2, ...

From (2.19.5), we have
t
M (X112 X120 1) 2 M(m x&l,;)

Now using Lemma 1.9} is a Cauchy sequence-

(2.19.5)
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SinceX is complete{x,} - xO X

Let N be any positive integer.

Now, supposex# X LIn= N. (2.19.6)

Then
O (SX X, Kh2 3y (Sx Sx Kt xO 9K
=M (x,%,t) (. x# x%,by(2.19.3)

Letting n — oo, we get
A (S% X0, K - 1 (2.19.7)

LetyJSx. Then, for n> N,

O (¥: %, KO 20y (SX %00 K (- ) O
—»Jlasn - o (by2.19.7)

03, (Y, X, kt) - 1

O X1 = Y
Ux=y (by Lemma 2.14)
OxOSY+ x= yand yJ Sk, which is a contradiction to (2.19.4).

This contradiction arose due to our suppositiodi93%). Hence (2.19.6) is not
valid.

Hencelln= N[x= X.
Consequently there exists a strictly increasingueaqe{ n,} Ox=x,,1=1,2,3,..

Su(SxxK=a (s x B (v ox x %
>0, (8%, S5 K (v x0 Sx,)

2M (%, % 3.1 (% # x,,by(2.19.3)
00, (Sxx k= M x. .. )

On lettingl — o

M (%, %, 008) = M3 x ) =1 5= x)
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Therefore
A (Sx% % k=1 (2.19.8)

LetyJ Sx. Then,
(Y, x k=3, (Sx x Kk (. ¥ Sk
=1 (by 2.19.9

= Jy (Y, x kt) =1
Ux=y

O xOSXsince x= y andyd Sk, which is a contradiction to (2.19.4).

Hence,all SA] d1 Xis false.
Therefore there existéd ] X Hall Se.
Hence,Shas a fixed point iiX.

Unigqueness. Suppose, Yis fixed points ofS.
Then xO Sxand y[1 Sy

Supposex# y. Then

M (x, y,kt) =3, (Sx Sy K=4J, ( x y){by2.19.3
=M (x,y,t)0t>0

OM(xyk)=M(xyd0 t>0

[J By definition 1.3(v),Xx=Yy.

Hence, fixed point o8is unique.

Note: The proof we have given to Theorem 2.19 is non4tanoBve in nature,
since we assumed (2.19.4) and arrived at a contraunli

Now, we give an example to support our result.

. }

and [ be the minimuni-norm.

Example 2.20: Let X :{0,1,

NP

t

t+x-

Define S: X - €(X) by

Define M (x, y,t) =
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8(2—1“} = {27{12712} n=0,1,2,..and SO=0

Then it can be easily verified that (2.19.3) hofds, k :g.
Further, Ois the unique fixed point &f

Observation 2.21: It may be observed that in the above example, (2)1dbes
not hold if x=1y.
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