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Abstract

In this paper, considering a bitopological space, the concepts of pairwise
fuzzy semi preopen sets, pairwise fuzzy semi pre-Ty space, pairwise fuzzy semi
pre-T5 space and pairwise fuzzy semi pre-continuity are introduced. Using dif-
ferent conditions on two fuzzy topologies and their mized fuzzy topology, some
results are established on pairwise separation axioms and continuity.
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1 Introduction

The concept of fuzzy set was introduced by the American mathematician L.
A. Zadeh in 1965, in his celebrated paper [16]. Since its inception, fuzzy set
theory has entered into a wide variety of disciplines of science, technology and
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humanities. General Topology is one of the important branches of mathemat-
ics in which fuzzy set theory has been applied systematically. The synthesis of
ideas, notions and methods of fuzzy set theory with general topology has re-
sulted in fuzzy topology as a new branch of mathematics. Chang [2] introduced
the concept of fuzzy topological space and considered fuzzy continuity, fuzzy
compactness etc. After that, several authors have successfully attempted to
relate numerous concepts of general topology to the fuzzy topology. The study
of mixed topology and some of its related topics is known since the middle of
this century. The study of mixed topology originated from the work of Polish
mathematicians Alexiewicz and Semadeni. N. R. Das, P. C. Baishya and P.
Das have studied various aspects of mixed fuzzy topological spaces [4, 5]. In
paper [4], N. R. Das and P. C. Baishya have constructed a fuzzy topology on a
set X called mixed fuzzy topology from two given fuzzy topologies on X with
the help of closure of neighbourhoods of one topology with respect to the other
topology. Analogous to the concept of Bitopological spaces studied by J. C.
Kelly [8] and others [7, 14, 15], the concept of “fuzzy bitopological space” was
introduced by Wu Congxin and Wu Jianrong [3] in 1992. The study of fuzzy
bitopological spaces was continued further by N. R. Das and P. C. Baishya [4]
who proposed different pairwise separation axioms as generalizations of nat-
ural separation axioms in the sense that such notions reduce to the natural
separation axioms of a fuzzy topological space provided the two fuzzy topolo-
gies coincide. Also, the relations between the pairwise separation axioms and
natural fuzzy separation axioms of the mixed fuzzy topological space are in-
vestigated. In paper [1] D. Andijevic has given the definitions of semi pre open
sets and semi pre continuity and also some theorems on semi preopen sets and
semi pre cntinuity. J. C. Kelly [8] first generalized a few separation axioms of
topological spaces to bitopological spaces and called them pairwise separation
axioms. E. P. Lane [9] and C. W. Patty [14] and others studied further in this
direction. So far, no attempt has been made to relate the above concepts to
bitopological space. We have worked in this direction and following the defi-
nition of fuzzy semi preopen set and fuzzy semi pre continuity [13], we have
defined pairwise fuzzy semi preopen set, pairwise fuzzy semi pre-7T; space and
pairwise fuzzy semi pre-T, space. We have also defined pairwise fuzzy semi
pre-continuity using the definition of fuzzy semi pre-continuity [13].

2 Preliminaries

We recall some definitions and results used in this sequel. The remaining
definitions and notations which are not explained can be referred to [4, 12, 16].

Definition 2.1 [10] A fuzzy set in X is called a fuzzy point if and only if
it takes the value 0 for all y € X except one, say v € X. If its value at x is
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A (0 < X < 1) we denote this fuzzy point by x, where the point x is called its
support.

Definition 2.2 [10] A fuzzy point x is said to be quasi-coincident (q-
coincident) with a fuzzy set u, written as xxqu, if X > @' (z) i.e X+ p(z) > 1.
A fuzzy set p is said to be q-coincident with a fuzzy set py written as pquy, if
there exists x € X such that p(z) > py(x) i.e p(x) + py(z) > 1.

Definition 2.3 [10] A fuzzy set p in a fuzzy topological space (X, T) is said
to be a fuzzy q-nbd (fuzzy nbd) of a fuzzy point xy if there exists an U € T such
that xxqU C p () € U C u). Obviosuly, 1x is a g-nbd of every fuzzy point in
X but Ox is not a g-nbd of any fuzzy point in X.

Definition 2.4 [6] A fuzzy topological space (X, T) is called fuzzy regular if
and only if a € (0,1), U € 7¢, v € X and a < 1 —U(x) imply that there ezists
Voand Win T with a < V(x), U CW and V C 1 —W. 7¢ is the collection
of all T-closed fuzzy subsets of X.

Definition 2.5 [11] A topological space X is said to be semi pre-Ty if for
any two distinct points x and y of X, there exists semi preopen sets U and V
such that x € U and y € U and also x ¢ V andy € V.

Definition 2.6 [11] A topological space X is said to be semi pre-Ty if for
any pair of distinct points x, y of X, there exists disjoint semi preopen sets U
and V' such that x € U and y € U.

Definition 2.7 [13] A fuzzy set ju in a fuzzy topological space (X, T) is said
to be fuzzy semi preopen if p C cl(int(clp)).

Definition 2.8 [4] A triplet (X, i, 72) of a non-empty set X together with
two fuzzy topologies T and 7 on X is called a fuzzy bitopological space.

Definition 2.9 [}/ Let (X, ) and (X, 72) be two fuzzy topological spaces
and let 71(m5) = {A € IX| for every w,qA, there exists a To-q-nbd A, of x4
such that 1 -closure, cl(Ay) € A}. Then 1 (12) is a fuzzy topology on X.

Lemma 2.10 [4] Let 11 and 75 be two fuzzy topologies on a set X. If every
T1 quasi-neitghbourhood of x, is 7o quasi-neighbourhood of x. for all fuzzy point
T, then T is coarser then 7.

Theorem 2.11 [4] Let 7y and 15 be two fuzzy topologies on a set X. Then
the mized topoloy T1(12) is coarser then 1. In symbol, T1(72) C To.

Proposition 2.12 [/ If 7y is fuzzy reqular and 7y C 15 then 71 C 71(72).
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3 Pairwise Separation Axioms

Definition 3.1 A fuzzy topological space (X, 1) is said to be fuzzy semi pre-
T4 if for any two distinct fuzzy points xy, and xy, of X, there exists fuzzy semi
preopen sets vy and vo such that xy, € vy and xy, & v1, and also x5, & vy and
T, € Vs.

Definition 3.2 A fuzzy topological space (X, 1) is said to be fuzzy semi
pre-Ty if for any pair of distinct fuzzy points xx, and xy, of X, there exists
disjoint fuzzy semi preopen sets vy and vo such that x), € vy and ), € vs.

Definition 3.3 Let (X, 11, 72) be a fuzzy bitopological space. A subset p of
X is said to be pairwise Ti-To fuzzy semi preopen if u C Cl.,(Int,, (Cl,p)).

Definition 3.4 A fuzzy bitopological space (X, 11, T2) is said to be pairwise
T1-To fuzzy semi pre-1 if for any two distinct fuzzy points xy, and xy, of X,
there exists pairwise T1-To fuzzy semi preopen sets vi and vy such that x), € 1y
and x, & vy and also xy, & vs and x5, € Vs.

Definition 3.5 A fuzzy bitopological space (X, 11, T2) is said to be pairwise
T1-To fuzzy semi pre-Ts if for any pair of distinct fuzzy points xy, and xy, of
X, there exists disjoint pairwise T, -To fuzzy semi preopen sets vy and vy Such
that x5, € vy and z), € vs.

Theorem 3.6 Let 1y and 15 be two fuzzy topologies on a set X and let 7, (72)
be the mixed fuzzy topology. If p is a fuzzy set which is 7o fuzzy semi preopen
then p is pairwise To-11(T2) fuzzy semi preopen in the fuzzy bitopological space
(X7 71, 7-2) .

Proof: We have 71(m2) C 75, by Theorem 2.11, So,
Clrypt C Clyy ()t (1)
Since p is T fuzzy semi preopen, we have u C Cl,,(Int,,(Cl.,p)) and from (1)
€ Cloy(Intr, (Clyy (my) 1))
Therefore, y is pairwise 7o-71(72) fuzzy semi preopen. Hence the result follows.

Theorem 3.7 Let 71 and 1 be two fuzzy topologies on a set X such that
71 18 fuzzy reqular and Ty C 9 and T1(72) be the mized fuzzy topology. If p is a
fuzzy set which is T (13) fuzzy semi preopen then p is pairwise 71 (m2)-11 fuzzy
semi preopen in the fuzzy bitopological space (X, T1(72),T1).

Proof: Since 7 is fuzzy regular and 7, C 75, we have 74 C 7(72), by
Proposition 2.12. So,
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Clry ()it € Clyy .
Again, since p is 71(72) fuzzy semi preopen, we have

s Clﬁ (m2) (Intn (12) (Cln('rz):u))

and combining, we have

[ ClTl(Tz)(Intﬂ'l(m)(Clﬁ:u)) C ClTl (Int71(72)(ClT1M))

Therefore, p is pairwise 71(72)-71 fuzzy semi preopen. This proves the theorem.

Theorem 3.8 Let 71 and 15 be two fuzzy topologies on a set X such that
71 C 1o If pois a fuzzy set which is To-fuzzy semi preopen then p is pairwise
To-T1 fuzzy semi preopen in the fuzzy bitopological space (X, T, T1).

Proof: We have 11 C 7. It follows that Cl,,;u C Cl, p. Since p is mo-fuzzy
semi preopen, we have p C Cl,,(Int,,(Cl,u)) and combining it follows that
p C Cl,(Int,,(Cl; ). Therefore, p is pairwise 7o-77 semi preopen. This
completes the proof.

Theorem 3.9 Let 71 and 15 be two fuzzy topologies on a set X such that
7o C 71y If pois a fuzzy set which is T -fuzzy semi preopen then p is pairwise
T1-Ty fuzzy semi preopen in the fuzzy bitopological space (X, Ty, T1).

Proof: Since 75 C 71, we have Cl;, un C Cl,pu. Also, p is 7-fuzzy semi
preopen. So, we have u C Cl,, (Int, (Cl,p)) and combining, we get p C
Cly,(Int;, (Cly,u)). Therefore, p is pairwise 71-7o fuzzy semi preopen. This
completes the proof.

Theorem 3.10 Let 7y and 15 be two fuzzy topologies and let T (1) be the
mized fuzzy topology. Let (X, Ty, T1(72)) be a fuzzy bitopological space. If (X, T5)
is a fuzzy topological space which is fuzzy semi pre-Ty then (X, Ty, 71(72)) is
pairwise To-71(T2) fuzzy semi pre-Ty.

Proof: Suppose (X, 72) is fuzzy topological space which is fuzzy semi pre-
Ty. Thus, for any two distinct fuzzy points x,, and z,, of X, there exists 7
fuzzy semi preopen sets vy and vy such that x), € 14 and x), ¢ v and also
xy, ¢ vo and xy, € vo. Now, any fuzzy sets which is 75 fuzzy semi preopen is
pairwise To-71(72) fuzzy semi preopen, by Theorem 3.6 Thus, (X, 79, 71(72)) is
pairwise To-71(72) fuzzy semi pre-T7. This proves the theorem.

Theorem 3.11 Let 71 and 15 be two fuzzy topologies on a set X such that
T s fuzzy reqular and 7y C . Let T1(72) be the mized fuzzy topology and let
(X, 11(72), 1) be a fuzzy topological space. If (X, (1)) is a fuzzy bitopological
space which is fuzzy semi pre-Ty then (X, 71 (72), 1) is pairwise T (12)-11 fuzzy
semi pre-T7.
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Proof: Suppose (X, (7)) is fuzzy semi pre-T; space. Thus, for any two
distinct fuzzy points z,, and z,, of X, there exists 71(72) fuzzy semi preopen
sets vy and vy such that x,, € vy and x,, ¢ 1y also xy, & 1 and x), € v5. But
by Theorem 3.7, v; and vy are pairwise 71(72)-7; fuzzy semi preopen. Thus,
(X, 71(72), 71) is pairwise 71(72)-71 fuzzy semi pre-Ty. This proves the theorem.

Theorem 3.12 Let 11 and 15 be two fuzzy topologies on a set X such that
71 C 7. Let (X,7,7) be a fuzzy bitopological space. If (X, 7) is a fuzzy
topological space which is fuzzy semi pre-Ty then (X, 79, 71) is pairwise 1(T2)-
11 fuzzy semi pre-T;.

Proof. Since (X, 1) is fuzzy semi pre-T7, for any two distinct fuzzy points
xy, and zy, of X, there exists 7 fuzzy semi preopen sets v; and v, such that
xy, € 11 and xy, ¢ 11 and also xy, ¢ 15 and x), € 1. Now, the fuzzy sets
which are my-fuzzy semi preopen are pairwise 7o-77 fuzzy semi preopen, by
Theorem 3.8 Hence, (X, 79, 7) is pairwise 7o-7; fuzzy semi pre-T;. This proves
the theorem.

Theorem 3.13 Let 7, and 7 be two fuzzy topologies on a set X such that
7o € 1. Let (X, 71, 72) be the fuzzy bitopological space. If (X, 1) is a fuzzy
topological space which is fuzzy semi pre-T) then (X, 7y, 72) is pairwise 71-7y
fuzzy semi pre-T;.

Proof: Since (X, 1) is fuzzy semi pre-T7, for any two distinct fuzzy points
xy, and x), of X, there exists 7 fuzzy semi preopen sets vy and v, such that
xy, € vy and zy, ¢ v1 and also ), ¢ vs and x,, € . But, fuzzy sets v and
Vo are pairwise 71-7o fuzzy semi preopen, by Theorem 3.9 Hence, (X, 11, 72) is
pairwise 71-79 fuzzy semi pre-T;. This proves the theorem.

Simiar result can be obtained for pairwise fuzzy semi pre-T5 spaces also

Theorem 3.14 Let 1 and 1o be two fuzzy topologies and let T(Ts) be the
mized fuzzy topology. Let (X, 1o, T1(72)) be a fuzzy bitopological space. If (X, T5)
is a fuzzy topological space which is fuzzy semi pre-Ty then (X, 7o, 71(72)) is
pairwise To-11(To) fuzzy semi pre-Ty.

Proof: Suppose (X, 72) is fuzzy topological space which is fuzzy semi pre-
T,. Thus, for any pair of distinct fuzzy points ), and x,, of X, there exists
Ty fuzzy semi preopen sets v and vy such that x, € v and z,, & vs.

Now, any fuzzy set which is 7o fuzzy semi preopen is pairwise To-71(72)
fuzzy semi preopen, by Theorem 3.6 Thus, (X, 7, 71(72)) is pairwise To-71(72)
fuzzy semi pre-T5. This proves the theorem.
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Theorem 3.15 Let 71 and 15 be two fuzzy topologies on a set X such that
1 18 fuzzy regular and 7 C To. Let 71(72) be the mized fuzzy topology and let
(X, 71(m2), 1) be the fuzzy bitopological space. If (X, (m2)) is a fuzzy topolog-
ical space which is fuzzy semi pre-Ty then (X, (1), 1) is pairwise T1(T3)-T1
fuzzy semi pre-T,.

Proof: Suppose (X, 71(72)) is fuzzy semi pre-T; space. Thus, for any pair
of distinct fuzzy points z), and x,, of X, there exists 7 (72) fuzzy semi preopen
sets v1 and vy such that =), € vy and ), ¢ v5. But by Theorem 3.7, v; and
Vo are pairwise 71(72)-7 fuzzy semi preopen. Thus, (X, 7(72),71) is pairwise
71(79)-11 fuzzy semi pre-Ty. This proves the theorem.

Theorem 3.16 Let 7, and 75 be two fuzzy topologies on a set X such that
71 C 7. Let (X, 7, 7) be a fuzzy bitopological space. If (X, 7) is a fuzzy
topological space which is fuzzy semi pre-T5 then (X, 7o, 71) is pairwise mo-7
fuzzy semi pre-Ts.

Proof: Since (X, 73) is fuzzy semi pre-T7, for any two distinct fuzzy points
xy, and xy, of X, there exists 7 fuzzy semi preopen sets v; and v, such that
xy, € 11 and x), ¢ vo. Now, the fuzzy sets which are mp-fuzzy semi preopen
are pairwise To-71 fuzzy semi preopen, by Theorem 3.8 Hence, (X, 7, 7) is
pairwise 7o-71 fuzzy semi pre-T,. This proves the theorem.

Theorem 3.17 Let 11 and 15 be two fuzzy topologies on a set X such that
Ty C 1. Let (X, 71, 72) be the fuzzy bitopological space. If (X, 1) is a fuzzy
topological space which is fuzzy semi pre-Ty then (X, 11, Ts) is pairwise T-Ty
fuzzy semi pre-T,.

Proof: Since (X, 7) is fuzzy semi pre-Ty, for any pair of distinct fuzzy
points x, and xy, of X, there exists 71 fuzzy semi preopen sets 14 and v, such
that x), € v and x,, ¢ vo. But, fuzzy sets v and vy are pairwise 71-7 fuzzy
semi preopen, by Theorem 3.9 Hence, (X, 7y, 72) is pairwise 71-75 fuzzy semi
pre-15. This proves the theorem.

4 Pairwise Fuzzy Semi Pre-Continuous Func-
tions

Definition 4.1 A mapping f : (X, 7, 7o) — (Y, 71, 73) is called pairwise
fuzzy semi pre-continuous if V' is pairwise T{-To fuzzy semi preopen implies
that f=1(V') is pairwise T,-19 fuzzy semi preopen.

Theorem 4.2 If a mapping f : (X, 7, 7o) — (Y, 7, 75) is pairwise fuzzy
semi pre-continuous then
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(i) every pairwise T -15 fuzzy semi preopen set is pairwise T -1y (75) fuzzy
semi preopen.

(ii) f: (X, 7, mi(m)) — (Y, 7, 73) is pairwise fuzzy semi pre-continuous.

Proof: Suppose f: (X, 7, 1) = (Y, 71, 75) is called pairwise fuzzy semi
pre-continuous. Let V' be pairwise 77-75 fuzzy semi preopen. Then f~1(V) is
pairwise 7-79 fuzzy semi preopen. So,
implies

J7HV) € Clyy (Int, Clry f7H(V)) (3)
Since 7{(75) € 75, by Theorem 2.11, we have
Cl;V C ClyrsV (4)
Also 71(73) C 79, by Theorem 2.11 Thus,
Clos (f71(V)) € Cloy oy (fTH(V)) ()

Combining (2) and (4) we have V' C Cl s (Int+(Cls(3)V)). This proves
(i). Also from (3) and (5) we have f~1(V) C Cl,(Int, (Cl,f~*(V))) C
clr,(intr, (Cley ) f7H(V))). Hence, if V is pairwise 77-75 fuzzy semi preopen

then f~1(V) is pairwise 7-71 (72) fuzzy semi preopen. Therefore, f : (X, 71, 71(72)) —
(Y, 7, 75) is pairwise fuzzy semi pre continuous. This proves the theorem.

Theorem 4.3 Let 7y and 1o be fuzzy topologies on X and let i and T, be
fuzzy topologies on' Y satisfying the conditions

(i) 71 is fuzzy reqular and 71 C To.
(i) Ty is fuzzy reqular and T C 735.

If a mapping f : (X, 1, 7(m)) = (Y, 7o, 77(73)) is pairwise fuzzy semi
precontinuous, then

(i) every pairwise T4 -1 (75) fuzzy semi preopen set is pairwise Ty-T; fuzzy
semi preopen.

(ii) f: (X, 7o, 1) = (Y, 73, 77(75)) is pairwise fuzzy semi pre continuous.
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Proof: Suppose [ : (X, 7, 7(1)) = (Y, 75, 77(75)) be pairwise fuzzy
semi pre continuous. Let V' be pairwise 75-77(75) fuzzy semi preopen. Then
f7YV) is pairwise 7o-71(72) fuzzy semi preopen. So,

V C Cle(Tz*)(]ntT; (Ole(TQ*)V)) (6)
implies
FTHV) C Clyg gy (It 1y (Clry ) f (V) (7)
But we have 77 C 77(75) by Proposition 2.12 So,
Clys )V C Ol V (8)
Again 71 C 71(72) by Proposition 2.12 So,
Clﬂ(m)fil(v) - Clﬁfil(v> (9)

Combining (6) and (8) we have V' C Cls(rx)(Int; (Clrs(z5)V')) C clrs(Int; (Cl2V)).
This proves (i). Also combining (7) and (9) we have

f_l(v) C CZT1(72)(Int7'2 (ClTl(Tz)f_l(V)) C Clﬁ[nt‘rz (ClTlf_1<V))

Hence, if V is pairwise 73-77 (75) fuzzy semi preopen then f~1(V) is pairwise
To-11 fuzzy semi preopen. Therefore, f : (X, 7, 71) — (Y, 75, 77(75)) is
pairwise fuzzy semi pre continuous. This proves the theorem.

Theorem 4.4 Let 71 and 1o be fuzzy topologies on X and let 77 and 75
be fuzzy topologies on Y such that 7y C 1o and 77 C 75. If a mapping [ :
(X, 11(m), 1) = (Y, 77(15), 73) is pairwise fuzzy semi pre continuous, then

(i) every pairwise Ty (15)-15 fuzzy semi preopen set is pairwise 71 (13 )-17 fuzzy
semi preopen.

(ii) f: (X, (), 1) = (Y, 77(15), 75) is pairwise fuzzy semi pre contin-
uous.

Proof: Suppose [ : (X, 1i(m), =) — (Y., 77(75), 75) is pairwise fuzzy
semi pre continuous. Let V' be pairwise 7/ (75)-75 fuzzy semi preopen. So,
f7HV) is pairwise 71(72)-T2 fuzzy semi preopen. Thus,

implies
FHV) C Clog (It () (Cliy f (V) (11)
Since 71 C 75, we have

ClyV C ClL:V (12)
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Similarly 7, C 7 implies
Cloy [7H(V) € Clry f7H(V) (13)

Combining (10) and (12) we get, V' C Clox(Int () (Cl; V). This proves
(i). Again combining (11) and (13) we get f~1(V) C Cly, (Inty, (r)(Cly, f7H(V))).
Thus, f: (X, (), 7)) — (Y, 77(75), 75) is pairwise fuzzy semi pre contin-
uous. This completes the proof.

Theorem 4.5 Let 71 and 1o be fuzzy topologies on X and let 77 and 75
be fuzzy topologies on'Y such that 7 C 7 and 75 C 7. If a mapping f :
(X, 1i(m), 1) = (Y, 7i(75), 7f) is pairwise fuzzy semi pre continuous, then

(i) every pairwise Ty (15)-1; fuzzy semi preopen set is pairwise 71 (73 )-Ty fuzzy
semi preopen.

(i) [: (X, 1(m2), 1) = (Y, 75(73),73) is pairwise fuzzy semi pre continuous.

Proof: Suppose f: (X, 11(m2), ) = (Y, 75 (75), 75) is pairwise fuzzy semi
pre continuous. Let V' be pairwise 77 (75)-7; fuzzy semi preopen. So, f~1(V)
is pairwise 71 (72)-7 fuzzy semi preopen. Thus,

V C Cly: (Intys (75 (Cl: V) (14)
implies
FHV) € Cly (Intr, (o) (Cliy f7H(V))) (15)
Since 75 C 77, we have
ClV CCl;V (16)

Similarly 7 C 7, implies
Cloy (V) € Cloy f7H(V) (17)

Combining (14) and (16) we get V' C Clx (Int,s()(ClrsV)). This proves
(i). Again combining (15) and (17) we have f~ (V) C Clyz (Int, () (Cly, f7'V)).
Thus, f: (X, 71(1) — 1) — (Y, 75 (75) — 75) is pairwise fuzzy semi pre contin-
uous. This completes the proof.
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