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Abstract

In the present paper, we obtain some subordinadod superordination
results involving the integral operatoﬁﬁ for certain normalized analytic
functions in the open unit disk. These results &pplied to obtain sandwich
results.
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1 Introduction

Let H = H(U) be the class of analytic functions in the opert disk U = {z €
C :|z| < 1}. Forn a positive integer and € C. Let H [a,n] be the subclass of
H consisting of functions of the form:

f(2) =a+az™+ app 2™t + - (a € 0). (1.1)
Also, letT be the subclass aff consisting of functions of the form:
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f(z)=z+ Z a,z". (1.2)

n=2

Let f,g € H. The functionf is said to be subordinate g or g is said to be
superordinate tof, if there exists a Schwarz functiom analytic in U with
w(0) = 0 and|w(z)| < 1 (z € U) such thatf (z) = g(w(2)). In such a case we
write f < g or f(z) < g(z2)(z € U). If gis univalent inU, thenf < g if and
only if f£(0) = g(0) and f(U) c g(U).

Letp,h € H andy(7,s,t;2):C3 x U — C. If p andy(p(2),zp (2),2%p " (2); 2)
are univalent functions iU and if p satisfies the second-order differential
superordination

h(z) < Y(p(2),2p'(2),2°p (2); 2), (1.3)

then p is called a solution of the differential superoation (1.3). (If f is
subordinate tg, theng is superordinate t6 ). An analytic functiory is called a
subordinant of (1.3),if < p for all the functiong satisfying (1.3). An univalent
subordinanij that satisfieg; < ¢ for all the subordinantg of (1.3) is called the
best subordinant. Miller and Mocanu [6] have oladinconditions on the
functionsh, g andy for which the following implication holds:

h(z) <Y ((2),2p'(2),2°p " (2);2) = q(2) < p(2). (1.4)

Komatu [4] introduced and investigated a familyirgeégral operatofsﬁ :T—T
, Which is defined as follows:

1 zZ

A-1
3uf(2) =# fe”‘z (logz) f(e)de
0
Z+Zz<ﬂ+n_1) a,z" (zeUu>0,1=0). (1.5)
We note from (1.5) that, we have
2(3 (@) = uShf(@) - (- DI (). (1.6)

Ali et al. [1] obtained sufficient conditions foredain normalized analytic
functions to satisfy
zf'(2)

q1(z) < o) < qz(2),

where g, and g, are given univalent functions it with g,(0) = q,(0) = 1.
Also, Tuneski [9] obtained a sufficient conditidios star likeness of in terms of
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the quantity%. Recently, Shanmugam et al. [7,8], Goyal et a].dl30o
f'(@)

obtained sandwich results for certain classes alfyéin functions.

The main object of the present paper is to findigeht conditions for certain
normalized analytic function§ to satisfy

~xA+1 14
q1(z) < (JHT]C(Z)> < qz(2),
and
~A+1 o \&A 14
q.(2) < (t\S” f@+ S tNJ(Z)) < q2(2),

whereq; andg, are given univalent functions thwith ¢, (0) = q,(0) = 1.

2 Preliminaries

In order to prove our subordination and superotdnaresults, we need the
following definition and lemmas.

Definition 2.1 [5]: Denote byQ the set of all functiong that are analytic and
injective onU \ E(f), where

E(f) = {( € OU:lim f(2) = oo} 2.1)

and are such thgt(¢) # 0 for¢ € AU\E(f).

Lemma 2.1 [5]: Letq be univalent in the unit didk and letd and¢ be analytic
in a domainD containing q(U) with ¢(w) = 0 whenw € q(U) .SetQ(z) =

Zq’(z)qb(q(z)) andh(z) = H(q(z)) + Q(z). Suppose that

() Q(z) is starlike univalent i/,

(i) Re {Zg((zz))} >0 forzeU.

If p is analytic inU, with p(0) = q(0),p(U) c D and
0(p(2)) + zp (D (p(2) < 0(q(2)) + 29 (2)p(q(2)), (2.2)
thenp < q andq is the best dominant of (2.2).

Lemma 2.2 [6]: Letq be a convex univalent functionthand leta € C, € C\
{0} with
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zq"(2) a
Re {1 + 7 } > max {0, —Re(E)}.

If p is analytic inU and
ap(z) + Bzp'(2) < aq(z) + Bzq (2), (2.3)

thenp < g andgq is the best dominant of (2.3).

Lemma 2.3 [6]: Let g be convex univalent il and letg € C. Further assume
that Re(B8) > 0. If p € H[q(0),1] n Q and p(z) + Bzp'(z) is univalent inU,
then

q(2) + Bzq'(2) < p(2) + Bzp'(2), (2.4)

which implies that; < p andgq is the best subordinant of (2.4).

Lemma 2.4 [2]: Letq be convex univalent in the unit digkand letd and¢ be
analytic in a domairD containingq(U). Suppose that

. 8'(q(2)
() Re {¢(¢I(Z))} >0forzeU,

(i) Q(2) = 2q'(2)¢p(q(2)) is starlike univalent i
If p € H[q(0),1] n Q, withp(U) < D,8(p(2)) + zp (2)p(p(2)) is univalent in
ve 0(qa(2)) + 24’ (2)9(q(2)) < 6(p(2)) + 20 (2)p(p(2)), (2.5)
theng < p andgq is the best subordinant of (2.5).

3 Subordination Results

Theorem 3.1: Let g be convex univalent iti with q(0) =1,0#n€Cy >0
and suppose that satisfies

Re {1 + zq”(z)} > max {0, —Re <Z>} (3.1

q'(2) n

If f € T satisfies the subordination

~xA+1 4 ~A+1 Y/~
(1 —pm) (—J” Zf(z)> +un (J“ ﬂz)) ( SAf2) ) <q(2)+ gzq'(Z),

z 3@

(3.2)
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then
~xA+1 14
<JM Zf(Z)> < q(z) (33)

andq is the best dominant of (3.2).

Proof: Define the functiom by

~xA+HL 14
p(z) = (“S”Tf(z)> . (3.4)
Differentiating (3.4) with respect tologarithmically, we get
zp'(2) I (Sﬁ“f(z))’ B

Now, in view of (1.6), we obtain the following suldmation

7p'(2) _ <i”suf(2) _1>
@ T\S @ )

@ _ <Sﬁ+1f(2)>y< 3/ (@) 1)_

14 z 31 ()

Therefore,

The subordination (3.2) from the hypothesis becomes
n_. n .
p(z) + 2P (2) <q(2) + 24 (2).

An application of Lemma 2.2 with = % anda = 1, we obtain (3.3).

1+z

g
Putting q(2) = (E) (0 <o <1) in Theorem 3.1, we obtain the following
corollary:

Corollary 3.1: Let0 <o <1,0#n€Cy > 0and

1+ 20z + 22 %
Re{ — > max {0, —Re (—)}
1—2z2 n

If f € T satisfies the subordination
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1 - um) (M)y o (Sﬁ*lf (z)>y< SAf(2) )
Z

2noz 1+ 2\° ’ S
<(1+ y(1—22)><1—z> :

() <y
1+

VA o . .
andq(z) = (E) is the best dominant.

then

Theorem 3.2: Let g be convex univalent iti with g(0) =1,q(z) # 0 (z € U)
and assume that satisfies

um v(m+1) B zq'(z) zq'(2)
Re{l +T+—77 qz2)+ (m-1) @ o)

} >0, (3.6
whereu,v,m € C,n € C\ {0} andz € U.

Suppose thatz(q(z))m_lq'(z) is starlike univalent i/ . If f € T satisfies

o, v,y,At,mun;z) < (u + vq(z))(q(z))m + nz(q(z))m_lq'(z), (3.7)
where

ou,v,y, A t,m,u,n; z)

y(m+1)

V4 VA

., <t5ﬁ+1f(2) +(1- t)Sﬁf(Z)>ym y (tSﬁ“f(z) +(1- t)Sﬁf(z)>

- (tSﬁ“f(z) +(1- t)Suf(Z)>ym (tSMf(Z) + (1 -3 (@) 1)}

z t3Tf(2) + (1 - I (2)
0<t<1ly>0,z€el), (3.8)
then
~xA+HL EPAY. 14
(“ﬂ i} (Z)> <q@) (3.9)
andgq is the best dominant of (3.7).
Proof: Define the functiom by
~A+HL — X 14
p(z) = (w” /) +§1 D3t (Z)> . (3.10)
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By setting
O(w) = (u+vw)w™ and ¢p(w) =ngw™ L w %0,

we see thatd (w) is analytic inC , ¢(w) is analytic in C \ {0} and thatp(w) #
0,w € C\ {0}. Also, we get

0(2) = 2/ (2 $(q(2) = 12(q(@)™ q'(2)

and

h(z) = 6(q(2) + Q) = (u+v9()(¢(2)" +12(q(@)™ ¢ ().

It is clear that) (z) is starlike univalent i/,

zh'(2)) _ um  v(m+1) _ z2q(z2) zq'(2)
Re{Q(z)}—Re{1+ - +—77 q(2)+ (m—-1) 1@ +q'(z)}>0'

By a straightforward computation, we obtain
(u + vp(z))(p(z))m + nz(p(z))m_lp'(z) =y, At,mun z), (3.11)

whereg(u, v,y, A, t,m,u,n; z) is given by (3.8).

From (3.7) and (3.11), we have
(w+w@)(P@)" +1z(p@)" P (@)
< (u+v9@)(q@)" +nz(g@)™ ¢ ). (3.12)

Therefore, by Lemma 2.1, we gefz) < q(z). By using (3.10), we obtain the
result.

1+Az
1+Bz

Puttingq(z) = (-1<B<A<1)inTheorem 3.2, we obtain the following

corollary:

Corollary 3.2: Let-1<B<A<1and

R um v(im+1)(1+A4z) 1+ m(A—B)z— ABz?
e{_ n(1+ Bz) (1+ Az)(1 + B2) } '

whereu,v,m € C,n € C\ {0} andz € U. If f € T satisfies
o, vy, A4 t,mun;z)
< 1+ Az\\ /1 + Az\™ n(A—B)(1+ Az)™ 1z
<(utv(e) ) (1)

1+ Bz//\1+ Bz (1 + Bz)m+1 ’
wherep(u, v,y, A, t,m,u,n; z) is given by (3.8),

then
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tIf () + (1 - O3\ 144z
( z > = 1+ Bz

1+47 ;s the best dominant.
1+Bz

andq(z) =

4  Superordination Results

Theorem 4.1: Letq be convex univalent iti withg(0) = 1, y > 0 and Re{n} >

0. Letf € T satisfies
~xA+1 14
(““‘Tﬂz)> € H[q(0)1]n Q

1 - um) (M)y o (Sﬁ*lf (z)>y< SAf(2) )
Z

z 3@

and

be univalent irUJ. If

R7AR 14 A+ Y,
q(z) + gzq/(z) < (1—un) (“‘MT]C(Z)> - <~5u f(z)) ( Sif(2) )

z 30 f(2)
(4.1)
then
~A+HL 14
q(z) < (\S”Tf(z)> (4.2)
andq is the best subordinant of (4.1).
Proof: Define the functiom by
~A+HL 14
3. f(2)
p(z) = (%) : (4.3)
Differentiating (4.3) with respect tologarithmically, we get
zp'(2) I (Sﬁﬂf(z)) . @4)
p@ '\ @ | |

After some computations and using (1.6), from (4v8 obtain

~xA+1 4 ~A+L Y/~
(1 —pm) (—J” Zf(z)> +un (J“ ﬂz)) ( Vaft) ) =p(2) + gZP'(Z),

z 3 f (@

and now, by using Lemma 2.3, we get the desiradtres



80 Abbas Kareem Wanas

1+z

o
Putting q(z) = (E) (0<o<1)in Theorem 4.1, we obtain the following
corollary:

Corollary 4.1: Let0 < 0 < 1,y > 0 andRe{n} > 0. If f € T satisfies

~A+HL 14
("“—f()> ORI

(1 - un) (M)y +m <i”sﬁ“f (z))y ( Srf(2) >

z z IAif(2)

and

be univalent irlJ. If

(1 y(in—a 22)> (1 - DU

A+ 14 ~A+ YV )~
<(1—pun (‘Ju Lf_(2)> +un <“S“ f (Z)> < Suf (@) >

z i@

then

(1 + z>” - (Sﬁ“f(z))y

1—2z A
1+

andq(z) = (1—_2)0 is the best subordinant.

Theorem 4.2: Let g be convex univalent il with g(0) = 1, and assume that
satisfies
um v(m+1) :
Re {Tq (2) + ——q(2)q (Z)} >0, (4.5)

whereu,v,m € C,n € C\ {0} andz € U.

Suppose thatz(q(z))m_lq/(z) is starlike univalent i/ . Letf € T satisfies
<t3ﬁ+1f(z) +(1- t)S,J(z))V

" € H[q(0)1]nQ

and o (u,v,y,A,t,m,u,n; z) is univalent inU, wherep(u,v,y, A, t,m,u,n; z) is
given by (3.8). If

(u+vq@)(q@)" +12(¢@)" " q'(@) < 9w v,y A t,m,u,n;2), (4.6)

then

~A+ a4 14
() < (toﬂ Y2+ (@ t)oﬂf(z)> @7

VA
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andq is the best subordinant of (4.6).

Proof: Define the functiom by

. (4.8)

o(2) = (tsﬁ“f(z) +(1- t)Suf(z)>y

By setting
O(w) = (u+vw)w™ and ¢p(w) =nw™ L, w =0,

we see thatf(w) is analytic inC, ¢(w) is analytic in C \ {0} and thatp(w) #
0,w € C\ {0}. Also, we get

02 = 24 @P(q(2) = 12(q(2)" ' ¢').

It is clear that) (z) is starlike univalent i/,

68'(q(2)) B um vim+1) ,
Re {(/)(q(Z))} = Re {Tq (z) + Tq(z)q (z)} > 0.

By a straightforward computation, we obtain
-1
o vy, Lt munz) = (u+vp2)(p@)" +nz(p(@)" p'@2), (4.9)

whereg(u, v,y, A, t,m, u,n; z) is given by (3.8).
From (4.6) and (4.9), we have
(u+vq9(2)(@@)" +nz(a@)" 4@
< (u+vp@)(p@)" +nz(p(@)" (2. (4.10)

Therefore, by Lemma 2.4, we gefz) < p(z). By using (4.8), we obtain the
result.

5 Sandwich Results

Concluding the results of differential subordinatemd superordination, we arrive
at the following "sandwich results".

Theorem 5.1: Let g, be convex univalent iti with g;(0) = 1, Re{n} > 0 and let
q, be univalent irJ, g,(0) = 1 and satisfies (3.1). L¢t € T satisfies

~A+HL 14
(‘S"Tf(z)> eH[1,1]nQ

and
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1 - um) (M)y o (Sﬁ*lf (z)>y< SAf(2) )
Z

z 3@

be univalent irflJ. If

~A+L 14
q:(2) + gqu'(Z) < (1 —pun) <‘S“Tf(z)> + (

Sﬁ+1f(z)>y< 3hf (@) )

z 341 (2)
< qx(2) + gZCIz’(Z),

then

~A+L 14
() < ("”—f()> < 0@

andg, andq, are, respectively, the best subordinant and teedmeminant.

Theorem 5.2: Let q; be convex univalent iti with ¢, (0) = 1 and satisfies (4.5)
and letg, be univalent ifJ, g, (0) = 1 and satisfies (3.6). L¢t € T satisfies

€EH[1,1]nQ
Z

<t3ﬁ+1f(z) +(1- t)Sﬁf@)V

and o (u,v,y,A,t,m,u,n; z) is univalent inU, wherep(u,v,y, A, t,m,u,n; z) is
given by (3.8). If

(u + vq, (Z))(ql (Z))m + TIZ(‘h (Z))m_lql/(z) < (p(u, vy, ﬂ., t,m, u,1m; Z)

< (u +vq; (Z))(CIZ(Z))m + le(qz (Z))m_lchy(z);
then
o~ A+ o\ %A Y
q.(2) < (t\s“ f@+ S tNJ(Z)) < q2(2)

andg, andg, are, respectively, the best subordinant and teedmminant.
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