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We investigate the stability and superstability of ternary quadratic higher derivations in non-
Archimedean ternary algebras by using a version of fixed point theorem via quadratic functional
equation.

1. Introduction

In 1897, Hensel [1] has introduced a normed space which does not have the Archimedean
property. It turned out that non-Archimedean spaces have many nice applications [2, 3].

A non-Archimedean field is a field K equipped with a function (valuation) |- | from K
into [0, o0) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + s| < max{|r|,|s|} for all
r,s € K. Clearly, [1| = | - 1| =1 and |n| < 1 for all n € N. An example of a non-Archimedean
valuation is the mapping |- | taking everything but 0 into 1 and |0| = 0. This valuation is called
trivial (see [4-12]).

Definition 1.1. Let X be a vector space over a scalar field K with a non-Archimedean nontrivial
valuation | - |. A function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies
the following conditions:
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(NA;) ||x]| = 0if and only if x = 0;
(NA) |lrx|| = |r|l|x|| for all r € K and x € X;
(NA3) |lx + yll <max{||x||, |ly|l} for all x, y € X (the strong triangle inequality).

Then, (X, || - ||) is called a non-Archimedean normed space.

We note the inequality
1% — x1]| < max{||xjq —xj|| :1<j<m-1} (m>]), (1.1)

where a sequence {x,,} is Cauchy if and only if {x,.1 — x,,} converges to zero in a non-
Archimedean space. By a complete non-Archimedean space, we mean one in which every
Cauchy sequence is convergent.

The most important examples of non-Archimedean spaces are p-adic numbers. A key
property of p-adic numbers is that they do not satisfy the Archimedean axiom “for x,y > 0,
there exists n € N such that x < ny.”

Let p be a prime number. For any nonzero rational number x = (a/b)p™ such that a
and b are integers not divisible by p, define the p-adic absolute value |x|, := p™. Then | - |
is a non-Archimedean norm on Q. The completion of Q with respect to | - | is denoted by Q,
which is called the p-adic number field.

Note that if p > 3, then |2"| = 1 in for each integer n.

Definition 1.2. Let X be a nonempty set and d : X x X — [0,00] satisfy the following
properties:

(D1) d(x,y) =0ifand only if x = y,

(D») d(x,y) = d(y, x) (symmetry),

(D3) d(x,z) <max{d(x,y),d(y,z)} (strong triangle inequality),

for all x,y,z € X. Then (X, d) is called a non-Archimedean generalized metric space. (X, d)
is called complete if every d-Cauchy sequence in X is d-convergent.

Example 1.3 (see [13]). For each nonempty set X, define

0 ifx=y
d(x,y) = (1.2)
o if x#£y.

Then d is a generalized non-Archimedean metric on X.

A non-Archimedean ternary algebra is a non-Archimedean vector space over a non-
Archimedean field K, endowed with a linear mapping, the so-called a ternary product,
(x,y,z) — [xyz] of Ax A x A into A such that [[xyz]tu] = [x[yzt]lu] = [xy[ztu]] for
all x,y,z,t,u € A.If (A,-) is a usual binary non-Archimedean algebra, then an induced
ternary multiplication can be defined by [xyz] = (x - y) - z. Hence, the non-Archimedean
algebra is a natural generalization of the binary case. A normed non-Archimedean ternary
algebra is a non-Archimedean ternary algebra with a norm |- || such that || [xyz]|| < ||x]|l|y]l]z]|
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for x,y,z € A. A Banach non-Archimedean ternary algebra is a normed non-Archimedean
ternary algebra such that the normed non-Archimedean vector space with norm || - || is
complete.

The ternary algebras have been studied in nineteenth century. Their structures
appeared more or less naturally in various domains of mathematical physics and data
processing. The discovery of the Nambu mechanics and the progress of quantum mechanics
[14], as well as work of Okubo [15] on Yang-Baxter equation gave a significant development
on ternary algebras (see also [16-20]).

We say that a functional equation (&) is stable if any function g satisfying the equation
(&) approximately is near to true solution of (¢). We say that a functional equation (¢) is
superstable if every approximately solution of (¢) is an exact solution of it (see [21]).

The stability of functional equations was first introduced by Ulam [22] in 1940. In 1941,
Hyers [23] gave a first affirmative answer to the question of Ulam for Banach spaces. In 1978,
Rassias [24] generalized the theorem of Hyers for linear mappings by considering the stability
problem with unbounded Cauchy differences || f (x + y) — f(x) = f(y)|| < e(||x||P + |y||"), (e >
0,p € [0,1)). In 1991, Gajda [25] answered the question for the case p > 1, which was raised
by Rassias. This new concept is known as generalized Hyers-Ulam stability of functional
equations (see [6-12, 17, 21, 25-58]). In 1982-1994, Rassias (see [59-66]) solved the Ulam
problem for different mappings and for many Euler-Lagrange type quadratic mappings, by
involving a product of different powers of norms. In addition, Rassias considered the mixed
product sum of powers of norms control function [67].

In 1949, Bourgin [41] proved the following result, which is sometimes called the
superstability of ring homomorphisms. Suppose that A and B are Banach algebras with unit.
If f: A — Bis asurjective mapping such that

f(x+y) - f) - f(W)ll <e
If (xy) - fFf W)l <6

(1.3)

for some € >0, 6 > 0 and for all x,y € A, then f is a ring homomorphism.

Badora [68] and Miura et al. [69] proved the Ulam-Hyers stability and the Isaac and
Rassias type stability of derivations [30].

The functional equation

flx+y)+f(x-y) =2f(x) +2f (y), (1.4)

is related to a symmetric biadditive function [2, 27]. It is natural that this equation is called
a quadratic functional equation. In particular, every solution of the quadratic equation (1.4) is
said to be a quadratic mapping. It is well known that a mapping f between real vector spaces
is quadratic if and only if there exists a unique symmetric bi-additive mapping B; such that
f(x) = Bi(x, x) for all x. The bi-additive mapping B; is given by B (x,y) = (1/4)(f(x + y) —
fx=y)).

The stability problem of quadratic functional equation (1.4) was proved by Skof [37]
for functions f : A — B, where A is normed space and B Banach space (see also [42, 43]).
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Definition 1.4. A mapping H : A — B is called a ternary quadratic homomorphism between
non-Archimedean ternary algebras A, B if

(1) H is a quadratic function,
(2) H([xyz]) = [H(x)H(y)H(z)], forall x,y,z € A.

For instance, let A be commutative ternary algebra, then the function f : A — A
defined by f(a) = a®(a € A) is a quadratic homomorphism.

Definition 1.5. A mapping D : A — A is called a non-Archimedean ternary quadratic
derivation on ternary non-Archimedean algebra A if

(1) D is a quadratic function,
(2) D([xyz]) = [D(x)y*z?] + [x®D(y)z?] + [x*y*D(z)], for all x, y, z € A.

For example, consider the algebra of 2 x 2 matrices

Cc1 C
A = {[ ] :cl,cze(C}, (1.5)
00

then it is easy to see that « is a ternary algebra. Moreover, the function f : &/ — 4 defined

by
c1 0 c%
(el s

is a ternary quadratic derivation.
We note that ternary quadratic derivations and ternary ring derivations are different.
As another example, Let </ be a Banach algebra. Then we take

04 o4
T=10 0 «4[, (1.7)
00 0

where T is a ternary Banach algebra equipped with the usual matrix-like operations and the
following norm:

0ab
00 c||=lal+lbl+lcll (abcedH). (1.8)
00O
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It is known that

o A A
T'=(0 0 # (1.9)
00 O
is the dual of T under the following norm:
0f¢g
0 0 k||l =max{fll gl Ikl} (g he). (1.10)
000

Let the left module action of T on T* be trivial, and let the right module action of T on T* is
defined as follows:

0 fgl[0Oab] [0xy

<00h OOc,OOz>=g(acz), (1.11)
000]J]l00O0O0O] |OOO

forall f,g,h e #*,a,b,c,x,y,z € H#. Then T is a Banach T-module. Let

0k g
00 h|eT. (1.12)
000
We define D : T — T* by
0ab 0k g][00 ac
D| 10 0 ¢ =100 hK||OO0 O (a,b,ceA). (1.13)
000 000f]l00 O

Then it is easy to show that D is a ternary quadratic derivation from T into T*.

Definition 1.6. Let A,B be two non-Archimedean ternary normed algebras over a non-
Archimedean field K. For m € N U {0} = Ny, a sequence H = {hg, hy,..., h,} (resp.,
H = {ho,hy,..., hy,...}) of quadratic mappings from A into B is called a ternary quadratic
higher derivation of rank m (resp. infinite rank) from A into B if

hu[xyz] = Z [hi(x)hj(y)hk(z)]/ (1.14)

i+j+k=n

holds for each n € {0,1,...,m} (resp., n € Ny) and all x,y,z € A. The ternary quadratic
higher derivation H on A is said to be strong if ho(x) = x? for all x € A. Of course, a ternary
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quadratic higher derivation of rank 0 from A into B (resp., a strong ternary quadratic higher
derivation of rank 1 on A) is a ternary quadratic homomorphism (resp., a ternary quadratic
derivation). So a ternary quadratic higher derivation is a generalization of both a a ternary
quadratic homomorphism and a ternary quadratic derivation.

Recently, Jung and Chang [70] have investigated the stability and superstability of
higher derivations on rings. More recently, the first author of the present paper [46] has
investigated the stability of homomorphisms and derivations on non-Archimedean Banach
algebras, also Eshaghi Gordji and Alizadeh [47] by using fixed point methods, established
the stability and superstability of derivations on non-Archimedean Banach algebras. In this
paper, by using fixed point methods, we establish the stability and superstability of quadratic
ternary higher derivations on non-Archimedean Banach ternary algebras.

We need the following fixed point theorem (see [13, 71]).

Theorem 1.7 (non-Archimedean alternative contraction principle). Suppose that (X, d) is a
non-Archimedean generalized complete metric space and A : X — X is a strictly contractive
mapping, that is,

d(Ax,Ay) < Ld(x,y) (x,y€X), (1.15)

for some L < 1. If there exists a nonnegative integer k such that d(A*'x, Akx) < oo for some x € X,
then the followings are true:

(a) the sequence {A"x} converges to a fixed point x* of A\;

(b) x* is a unique fixed point of A in

x*={yex|d(Axy) <oof, (1.16)

(c) If y € X*, then

d(y,x") <d(Ay,y). (1.17)

2. Main Results

In this section, A denotes a non-Archimedean ternary normed algebra over a non-
Archimedean field K, and B is a non-Archimedean Banach ternary algebra over K.

Theorem 2.1. Let ¢ : Ax Ax A — [0,00) be a function. Suppose that F = {fo, fi,..., fu,...} be
a sequence of mappings from A into B such that for each n € Ny, f,(0) =0,

| fu(x + ) + fu(x —y) = 2fu(x) = 2fa(y) || < @(x,y,0), 2.1)

falxyz] = ) i) fiw) fi@]| < 0 (x,y,2), (22)

i+j+t=n
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forall x,y,z € A. Suppose that there exist a natural number k € K and L € (0,1), such that
|k|2(p<k‘1x, Ky, k-lz) <Lo(x,v,z), (2.3)

for all x,y,z € A. Then there exists a unique ternary quadratic higher derivation H = {hy,
hi,..., hy,...} of any rank from A into B such that for each n € Ny,

[1f () = B () || < L;“;{('f), (2.4)
forall x € A, where
@(x) = max{p(0,0,0), p(x,x,0),p(2x,x,0),...,¢((k - 1)x,x,0)} (x € A). (2.5)

Proof. By induction on i, one can show that for each n € Ny, forallx € Aand i > 2,

fulix) - izfn(x) ” <max{¢(0,0,0),¢(x, x,0),p(2x, x,0),...,((i - 1)x,x,0)}. (2.6)

Let x = y in (2.1), then

|| fr(2x) = 2fn(x)|| < max{¢(0,0,0),¢(x,x,0)}, neNy, xeA. (2.7)

This proves (2.6) for i = 2. Let (2.6) holds fori = 1,2,... J. Replacing x with jx and y with x
in (2.1) for each n € Ny, and for all x € A, we get

/2 (G +1D)x) + fu((j = 1)x) = 2fu(jx) = 2fu(x)|| < max{¢(0,0,0),¢(jx,x,0)}.  (2.8)
Since

fu(G+1)x) + fu((G = 1)x) = 2fu(jx) = 2fu(x)
= oG+ 1)%) = G+ D)0 + fa((G = 1)%) = (= 1D fa (%) = 2[fa(j) = /2 fa(x)]

(2.9)
for all x € A, it follows from induction hypothesis and (2.8) that for all x € A,
fal(G+D)x) = (+ 1) ful0)|
<max{ [|fu((j+ 1)x) + fu (G = 1)) = 2fu(jx) = 2fu(2)]], 10

F(G=1)2) = G =10 fa )| 1212 3) - £ |}

<max{¢(0,0,0), ¢(x,x,0), p(2x,x,0),...,¢0((j)x,x,0)}.
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This proves (2.6) for all i > 2. In particular,

falkx) =2 fo (0| <9 0) (x € A), (2.11)

Replacing x with k™!x in (2.11), it follows that for each x € A,

fulx) - szn<k‘1x> “ < w(k‘1x> (x € A). (2.12)

Let

X={h:A— B},
2.13
d(g h) =infla>0:||g(x) - h(x)|| < ap(x) Vx € A}, f,geX 219

It is easy to see that d defines a generalized non-Archimedean complete metric on X. Define
J: X — Xby J(h)(x) = k>h(k™'x). Then ] is strictly contractive on X, in fact if

lg(x) —h(x)|| < ap(x), (x € A), (2.14)

then by (2.3),

17(2) @) = T @)l = kP||s (k) = h(kx) | < alkiP (k%) < Lag(x),  (x € A).
(2.15)

It follows that
4(J(), () <Ld(g,h) (g,heX). (216)
Hence, ] is strictly contractive mapping with Lipschitz constant L. By (2.12),
1T ) ) = fu@) = 2 (K%)= fu@)| < ¢ (%) < IPLpx) (e 4).  (217)

This means that d(J (f,), fx) < (L/|k|?). By Theorem 1.7, | has a unique fixed point h, : A —
B in the set

U, ={gn€X:d(gnJ(fn)) <o}, (2.18)

and foreach x € A,

Ba(x) = Tim " (f(x)) = lim K27 £, (k). (2.19)
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Therefore,

|72 (x + 1) + ha(x = y) = 2ha(x) = 21, (y) ||

= Jim K7k G 4.)) + £ (6= ) = 26 (673) =26 () |

(2.20)
< lim [k[*" max{¢(0,0,0),¢(k™™x,k™y,0)}
< lim L™¢p(x,y,0) =0,
m— oo
for all x, y € A. This shows that h,, is quadratic. It follows from Theorem 1.7 that
d(fn/hn) Sd(](fn)/fn)/ (221)
that is,
Ly(x
|| £ () = Bu(x)]| < ;’;('2 ) (xeA neny). (2.22)
The inequality (2.2) implies that the function D, : A x A x A — B, defined by
Du(x,y,2) = fulxyz] = 3, [ (v) (2] (223)
i+j+t=n
for each n € Ny and for all x,y, z € A, is bounded.
By (2.3), we see that
[l D (e, k7, 1, ke 2) || = P | Do (k7 k7, k) |
< |k|2m(p(kimx, kimy, kimz) (224)
<L"p(x,y,2), x,y € A.
Taking the limit as m — oo, we obtain
lim k"D, (k™™x,k™™y,k™™z) =0, (2.25)

m— o



10 Abstract and Applied Analysis

for each n € Ny and for all x,y, z € A. Now, using (2.19), (2.23), and (2.25), we have

lim k" f, (k™" [xyz])

m— oo

lim K f,, [(k‘3r> xyz]

r—oo

lim k£, (k) (k) (k)]

hy [xyz]

lim< > [sz fi(kTx)k* fi (k7 y) k> ft(k"z)] +k6’Dn(k‘Tx,k"y,k"z)>
T i+j+t=n

> [lim K> f;(k™"x) im k" f; (k™"y) lim k" ft(k‘rz)]
r— 0 r— oo r— o

i+j+t=n

+ im kD, (k" x,k"y, k" z)

= 2 [,
i+j+t=n
(2.26)
forall n € Ny and all x, y,z € A. It follows that H = {ho, h1, ..., hy,, ...} satisfies
halxyz] = >, [hi(0)hi(y)hiz], (2.27)
i+j+t=n
for all n € Ny and all x, y, z € A. This completes the proof of the theorem. O

By a same method as above, we have the following theorem.

Theorem 2.2. Let ¢ : Ax Ax A — [0, 00) be a function. Suppose that F = { fo, f1,..., fu,...} isa
sequence of mappings from A into B such that for each n € Ny, f,(0) =0,

If(x+y) + f(x—y) -2f(x) - 2f () || < ¢(x,,0),

(2.28)
Fu(lxy2]) - ]Et] i@ fin) ]| < o(xy,2),
forall x,y,z € A. If there exist k € Kand 0 < L <1 such that
k|2 (kx, ky, kz) < Lo(x,y, z) (2.29)
for all x,y,z € A, then there exists a unique ternary quadratic higher derivation H = {hy,
hi,..., hy, ...} of any rank from A into B such that for each n € Ny,
o) ()] < £ (230)

k[’
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forall x € A, where

¢(x) = max{(0,0,0), p(x,x,0),p(2x,x,0),...,9p((k —=1)x,x,0)} (x € A). (2.31)

Proof. By a same reasoning of Theorem 2.1, for all n € Ny, and all x € A and i > 2, we have

fulix) - izfn(x)” <max{¢(0,0,0), p(x,x,0),9(2x,x,0),...,¢((i —1)x,x,0)}. (2.32)

In particular,

Falkx) = fu@)| < ¢0) (x € A). (2.33)

Let

X={h:A— B}
(2.34)
d(g, h) =inf{a>0:|g(x) - h(x)| < ag(x) Vx € A}.

It is easy to see that d defines a generalized complete metric on X. Define | : X — X by
J(h)(x) = k~2h(kx). Then ] is strictly contractive on X, in fact if

lg(x) = h(x)|| < ag(x), (x€A), (2.35)
then by (2.29),
17(8) (%) = J (M) @)|| = kI [|g (kx) = h(kx) || < alk| ¢ (kx) < Lag(x),) (x € A). (236)
It follows that
d(J(g),J(h)) <Ld(g,h) (g heX). (2.37)
Hence, ] is strictly contractive mapping with Lipschitz constant L. By (2.33),

7

1 £) ) = fa = |72 fa k) = fu0)

k|

(2.38)

falkx) = 2 fu ()| < K Pg(x)  (x € A).

This means that d(J (f,), fn) < (1/]k|?). By Theorem 1.7, J has a unique fixed point h,, : A —
B in the set

U, ={g.€X:d(gn J(fn)) <o}, (2.39)
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and for each x € A,

() = Tim J7(fa(x)) = lim k2" f, (k™). (2.40)

Therefore,
|7 (x +y) + ha(x = y) = 2ha(x) = 20 (y) )

= Jim 2L (7 e+ ) + fo (=) =26 (K7) =26, (k") |

(2.41)
< Tim [k|" max{((0,0,0), p(kx, ky,0)}
< r}ilnooL"%p(x, y,0) =0,
for all x, y € A. This shows that h,, is quadratic. Again by Theorem 1.7, we have
A(fu hn) < d(J(fn), fn), (2.42)
that is,
160 -l < 85 e A e (2.43)
The rest of proof is similar to the proof of Theorem 2.1. O

In the following corollaries, Q, is the field of p-adic numbers, where p > 2 is a prime
number.

As a consequence of Theorem 2.1, we show the Hyers-Ulam-Rassias stability of ternary
quadratic higher derivations.

Corollary 2.3. Let (A, || - [|a) be a non-Archimedean normed ternary algebra over Q, and (B, | - ||p)
be a non-Archimedean Banach ternary algebra over Q,. Assume that F = {fo, f1,..., fu,...} isa
sequence of mappings from A into B such that for each n € Ny, and for all x,y € A,

[l fu(x+ ) + fu(x=y) = 2fu(x) = 2fu(W) |l < OCUxI + |yl (2.44)
fulxyzl = 3 @) fi) f@I| <0l + [yl + l1z10), (2.45)
i+j+t=n B

for some © > 0 and r < 2. Then there exists a unique ternary quadratic higher derivation H =
{ho, h1,..., hy, ...} of any rank from A into B such that

| fu(x) = B () || < 26p"IIx|I%y  (x € A), (2.46)

forall n € Ny.
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Proof. By (2.44), we have f,(0) = 0 for all n € Ny. Let ¢(x,y,z) = 0(||x|", + llyll’y + lIz]I") for
all x,y,z € A, then

pPo(pxpyp'2) = 0lp* (Ixll + Iyl + 1210) =P 29 (xv,2)  (xy,z € A).
(2.47)

Moreover,

¢ (x) = max{p(0,0,0), p(x,x,0),p(2x,x,0),...,¢0((p-1)x,x,0)} =20|x|, (x € A).
(2.48)

Put L = p™=. By Theorem 2.1, there exists a sequence H = {hg,hi,..., h,,...} with the
required properties. O

The following corollary is similar to Corollary 2.3 for the case where r > 2.
Corollary 2.4. Let (A, || - ||a) be a be a non-Archimedean normed ternary algebra over Q, and let

(B, |I:ls) be a non-Archimedean Banach ternary algebra over Q. Assume that F = { fo, f1,..., fu, ...}
is a sequence of mappings from A into B such that for each n € Ny, forall x,y € A,

£+ y) + fu(x = y) = 2fa(x) = 2fu (W)l 5 < OCUxI% + Iy II0), (2:49)

fullxyzl = 3 [fi0)fi(y) fi(2)]

i+j+t=n

<O(llxly + [y I’y + 11=1%), (2.50)
B

for some © > 0 and r > 2. Then there exists a unique ternary quadratic higher derivation H =
{ho,h1,..., hy, ...} of any rank from A into B such that

[l £ () = Bu(x) || < 20| llx]l  (x € A), (2.51)

for all n € N.

Proof. By (2.49), f(0) = 0 for alln € No. Let ¢(x,y) = 0(||x|", +lyll’y + Izl"y) forallx,y, z € A,
then

b0 (px, py, pz) = Olp| (lIxl + Iy |y + 12I) = P> "o (x,v,2) (x,y,z€A). (252)
Moreover,

¢(x) = max{p(0,0,0), p(x, x,0),9(2x,x,0),...,0((p-1)x,x,0)} =20|x|, (x € A). |
(2.53

Put L = pz". By Theorem 2.2, there exists a sequence H = {hg, hi,..., hy, ...} with the
required properties. O



14 Abstract and Applied Analysis

Corollary 2.5. Let (A, ||-||a) be a non-Archimedean normed ternary algebra over Q,, and let (B, ||-||p)
be a non-Archimedean Banach ternary algebra over Q,. Assume that F = {fo, f1,..., fn,...} isa
sequence of mappings from A into B such that for each n € Ny, and for all x,y € A,

1 G+ y) + fu(x = y) = 2u(x) = 2fu() |l < max{lixla, v ]I’}
(2.54)
fulxyzl = 3 i) fiw) fi@]|| < max{lxlly, [yl 12175}
i+j+t=n B
for some v > 2. Then there exists a unique ternary quadratic higher derivation H = [{hy,
hi,..., hy,...} of any rank from A into B such that
| fn(x) = hu(|| <P lIxIls  (x € A), (2.55)

forall n € Ny.

Corollary 2.6. Let (A, ||-]|a) be a non-Archimedean normed ternary algebra over Q, and let (B, ||-||p)
be a non-Archimedean Banach ternary algebra over Q,. Assume that F = {fo, f1,..., fu,...} isa
sequence of mappings from A into B such that for each n € Ny, and for all x,y € A,

[1fn(x +y) + fu(x = y) = 2fux) = 2fu(y) | < max{llx[l}, |yl )

(2.56)
fulxyz] = X0 Vi@ fiw) @] < max{lixll, [y Iy 1215},
i+j+t=n B
for some v < 2. Then there exists a unique ternary quadratic higher derivation H = {hy,
hy,..., hy, ...} of any rank from A into B such that
1fa@) =@l < [P 7lxlly - (x € 4), (2.57)

foralln € Ny.

As a consequence of Theorem 2.1, we have the following superstability results for
ternary quadratic higher derivations.

Corollary 2.7. Let r, s be two real numbers such that r+s < —2. Let (A, ||-||a) be a non-Archimedean
normed ternary algebra over Q, and (B, || - ||) be a non-Archimedean Banach ternary algebra over
Qp. Assume that F = { fo, f1,..., fu, ...} is a sequence of mappings from A into B such that for each
n € Ny, and forall x,y € A,

£+ ) + fu(x = y) = 2fu(x) = 2fu (W)l 5 < OCUxI% + Iy II0),

. (2.58)
<O(lxlls + Iyl =15,

B

falxyzl = 3 [fi0)fi() fi(2)]

i+j+t=n

for some 0 > 0. Then F is a ternary quadratic higher derivation.
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Proof. It follows from Theorem 2.1 by putting ¢(x,y,z) = 0(|[x|", + llylI",)lzl[% for all x,y,
z € A. O

We can prove a same result with condition r + s > -2 by using of Theorem 2.2.

Corollary 2.8. Let r, s, t be real numbers such that r+s+t < =2. Let (A, ||-]|a) be a non-Archimedean
normed ternary algebra over Q, and (B, || - ||) be a non-Archimedean Banach ternary algebra over
Qp. Assume that F = { fo, f1,..., fu, ...} is a sequence of mappings from A into B such that for each
n € Ny, and forall x,y € A,

| fu(ox +y) + fux = y) = 2fu(x) = 2fu() || s < OCUIxI4 + [l¥]s).
(2.59)
falxyzl= D i@ fif@1 <0UxlLlyllz15),

i+j+t=n B
for some 6 > 0. Then F is a ternary quadratic higher derivation.

Proof. Tt follows from Theorem 2.1 by putting ¢(x,y,z) = O(||x[,[lyI"|zl%) for all x,vy,
z € A. O

Moreover, we can prove a same result with condition » + s + ¢t > -2, by applying
Theorem 2.2.
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