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We investigate a fuzzy version of stability for the functional equation f (2x+y)+ f (2x—y) +2f (x) -
fx+y) - f(x—-y)-2f(2x) = 0in the sense of Mirmostafaee and Moslehian.

1. Introduction and Preliminaries

A classical question in the theory of functional equations is “when is it true that a mapping,
which approximately satisfies a functional equation, must be somehow close to an exact
solution of the equation?”. Such a problem, called a stability problem of the functional equation,
was formulated by Ulam [1] in 1940. In the next year, Hyers [2] gave a partial solution of
Ulam’s problem for the case of approximate additive mappings. Subsequently, his result
was generalized by Aoki [3] for additive mappings, and by Rassias [4] for linear mappings,
to considering the stability problem with unbounded Cauchy differences. During the last
decades, the stability problems of functional equations have been extensively investigated by
a number of mathematicians, see [5-15].

In 1984, Katsaras [16] defined a fuzzy norm on a linear space to construct a fuzzy
structure on the space. Since then, some mathematicians have introduced several types of
fuzzy norm in different points of view. In particular, Bag and Samanta [17], following Cheng
and Mordeson [18], gave an idea of a fuzzy norm in such a manner that the corresponding
fuzzy metric is of Kramosil and Michalek type [19]. In 2008, Mirmostafaee and Moslehian
[20] obtained a fuzzy version of stability for the Cauchy functional equation

fx+y)-f(x)-f(y)=0. (1.1)
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In the same year, they [21] proved a fuzzy version of stability for the quadratic functional
equation

flx+y)+ f(x-y)-2f(x)-2f(y) = 0. (1.2)

We call a solution of (1.1) an additive mapping and a solution of (1.2) is called a quadratic
mapping. Now, we consider the functional equation

fQx+y)+ f2x-y) +2f(x) - f(x+y) - f(x~y) -2f(2x) =0, (1.3)

which is called a functional equation deriving from quadratic and additive mappings. We call a
solution of (1.3) a general quadratic mapping. In 2008, Najati and Moghimi [22] obtained a
stability of the functional equation (1.3) by taking and composing an additive mapping A and
a quadratic mapping Q to prove the existence of a general quadratic mapping F which is close
to the given mapping f. In their processing, A is approximate to the odd part (f (x)—f(-x))/2
of f, and Q is close to the even part (f(x) + f(-x))/2 - f(0) of it, respectively.

In this paper, we get a general stability result of the functional equation deriving
from quadratic and additive mappings (1.3) in the fuzzy normed linear space. To do it, we
introduce a Cauchy sequence {],f(x)}, starting from a given mapping f, which converges
to the desired mapping F in the fuzzy sense. As we mentioned before, in previous studies
of stability problem of (1.3), they attempted to get stability theorems by handling the odd
and even part of f, respectively. According to our proposal in this paper, we can take the
desired approximate solution F at once. Therefore, this idea is a refinement with respect to
the simplicity of the proof.

2. Fuzzy Stability of the Functional Equation (1.3)

We use the definition of a fuzzy normed space given in [17] to exhibit a reasonable fuzzy
version of stability for the functional equation deriving from quadratic and additive map-
pings in the fuzzy normed linear space.

Definition 2.1 (see [17]). Let X be a real linear space. A function N : X x R — [0,1] (the
so-called fuzzy subset) is said to be a fuzzy norm on X if for all x,y € X and all 5,t € R,

(N1) N(x,c) =0forc <0,

(N2) x = 0if and only if N(x,c) =1forallc >0,
(N3) N(cx,t) = N(x,t/]|c|) if c#0,

(N4) N(x+y,s+t) >min{N(x,s), N(y,t)},

(
(N5) N(x,-) is a non-decreasing function on R and lim;_, ., N (x, ) = 1.

The pair (X, N) is called a fuzzy normed linear space. Let (X, N) be a fuzzy normed lin-
ear space. Let {x,} be a sequence in X. Then, {x,} is said to be convergent if there exists
x € X such that lim,_, N (x, — x,t) = 1 for all t > 0. In this case, x is called the limit of the
sequence {x,}, and we denote it by N —lim,,_, ,,x,, = x. A sequence {x,} in X is called Cauchy
if for each € > 0 and each t > 0, there exists ng such that for all n > ny and all p > 0 we have

N (xnp — xn,t) > 1 — €. It is known that every convergent sequence in a fuzzy normed space
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is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete,
and the fuzzy normed space is called a fuzzy Banach space.

Let (X, N) be a fuzzy normed space and (Y, N') a fuzzy Banach space. For a given
mapping f : X — Y, we use the abbreviation

Df(x,y) = f(x+y) + f2x -y) +2f (x) - f(x +y) - f(x - y) - 2f (2x), (2.1)

for all x,y € X. Recall Df = 0 means that f is a general quadratic mapping. For given g > 0,
the mapping f is called a fuzzy g-almost general quadratic mapping if

N'(Df(x,y),t+s) >min{N(x,s7), N (y,t1)}, (2.2)

forall x,y € X\ {0} and all 5,t € [0, o0). Now, we get the general stability result in the fuzzy
normed linear setting.

Theorem 2.2. Let g be a positive real number with q#1/2,1. And let f be a fuzzy g-almost general
quadratic mapping from a fuzzy normed space (X, N) into a fuzzy Banach space (Y, N'). Then, there
is a unique general quadratic mapping F : X — Y such that

/ ta
N'(EG) - f).t) 2 sjij("' (7+20+37+4P) / (J4—2°[37) + (5+2 - 2P+3p)/(2|2—2p|))‘7>’

(2.3)

foreach x € X and t > 0, wherep =1/4q.
Proof. We will prove the theorem in three cases, g >1,1/2<g<1,and0<g<1/2.

Case 1. Let g > 1. We define a mapping J,.f : X — Y by
Jnf(x) = %(4_" (f@2"x) + f(-2"x) = 2f(0)) +27"(f(2"x) — f(-2"x))) + f(0), (2.4)

for all x € X. Then, Jof(x) = f(x), Jj f(0) = £(0), and

Df(2/x/3,21x/3) Df(2/x/3,2/*'x/3) Df(2/x/3,2/x)
4j+1 - 9. 4j+1 - 7. 4j+1
Df(2/x/3,2**x/3) Df(-2/x/3,-2/x/3) Df(-2/x/3,-2/*1x/3)
a 2. 4j+1 + 4j+1 N 5. 4j+

Jif (x) = Jjsnf(x) =
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_ Df(-21x/3,-21x) _Df(-2/x/3,-21*x/3) Df(21*'x,2/x)

2. 4j+1 2. 4j+1 2j+2
Df(2/x,3-2/x) Df(2x,2/x) Df(2/x,-2/"1x)
- 2j+2 2j+2 + 2j+2 4

(2.5)

for all x € X'\ {0} and j > 0. Together with (N3), (N4), and (2.2), this equation implies that if
n+m>m >0, then

mim=1 /7 op 30 4 4P /OP\] 54+2.2P +3P /2P\/
(s ot 5 (P () 222 (3) )r)
J=m

n+m-1
. , 74+2P 43P +4P 542-2P + 3P\ .
> min ]yn {N ( Jif () = Jin f(x),( et ) ZJPtP>}

n+m-1 i i )
> min U {min{N:<Df(2 x/3,2x/3)  2irtp >

4j+1 "2.45.3r

Df(2x/3,2/*1x/3) 2ir(1+ ZP)tP>

2. 4j+1 T 2.4i+1.3p
Df(2/x/3,2/x) 2iP(1 + 3P)tP
2. 4j+1 4 2. 4j+1. 3p 4
Df(2/x/3,2%2x/3) 2ir(1 + 4P)tP
2. 4j+1 4 2. 4j+1. 3p 4
Df(-2/x/3,-2/x/3)  2irtp
4i+1 0. 4i.3p

_Df(-2x/3,-2"x/3) 21P(1+2”)t7’>

v(
v(
v(
<
<
v(
V(™
v(
¥

Df(-2/x/3,-2/x) 2iP(1+3P)t
241 T 2.41.30 )7

Df(=2/x/3,-21"2x/3) 2iP(1 + 4P)tP
2. 4j+1 T p.4i+l.3p )7

Df(2/*'x,2/x) 27'F’(1+2P)t?’>

2j+2 4 2j+2

Df(2/x,3-2/x) 2]P(1+3P)tp>

2j+2 4 2j+2

Df(2ix,2/x) 2irtp >

2j+2 2]+1

,<Df(2fx, ~2*1x) 20p(1 + 2F’)t7’> } }
N . , .
2]+2 27+2
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n+m-1

. . o o e
> min ]yn {mm{N(zfx,zft),N(zf+ x,2/°1t), N (3-2/x,3-2t),

2ix 2it 2ty 20ty 202y 2J%2¢
N(ZE2 )N N
( 3 ' 3 >, < 3 ' 3 >, ( 3 ' 3 >}}

(2.6)

= N(x,1),

forall x € X \ {0} and t > 0. Let € > 0 be given. Since lim;_, N (x, t) = 1, there is fy > 0 such
that

N(x,t) >1-¢. (2.7)

We observe that for some t > t;, the series D27 +2P 430 +4P) /(4 -B) + (54227 +

37)/(2/*2))2/Pf converges for p = 1/q < 1. It guarantees that for an arbitrary given ¢ > 0,
there exists ny > 0 such that

"+’"-1<7+2P+3P+4P 54220 43P

jrgp
T + o2 >2 t <c, (2.8)

j=m
for each m > ny and n > 0. By (N5) and (2.6) we have
Nl(]mf(x) - ]n+mf(x)/ C)

n+m-1
>N/ <]mf(x) e f(2), Z <7+2P + 3P + 4r . 5+2.2° +3P>2ijP> (2.9)
j=m

4j+1 .3p 2j+2

2N<x,?> > Ni(x,ty)) >1-¢,

for all x € X \ {0}. Recall J,f(0) = f(0) for all n > 0. Thus, {J,f(x)} becomes a Cauchy
sequence for all x € X. Since (Y, N') is complete, we can define a mapping F : X — Y by

F(x) := N' - lim J, f (x), (2.10)

for all x € X. Moreover, if we put m = 0 in (2.6), we have

N,(f(x) _]nf(x)/t)

4 (2.11)
>N| «x,

(27;3((7 +20 43P +4P) /(41-3P) + (5+2-2P + 3p)/2f+2)21'r’>q ’
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for all x € X. Next, we will show that F is a general quadratic mapping. Using (N4), we have
N'(DF(x,y),t)
>m1n{N’<F(2x+y) Jnf 2x+y), )
N (=FGe+w) 4 Lf (#0076 )N (Fe=0) + 1f =056 ) o)
N’(ZF(x) 2J.f (x), 8>,N’<—2F(2x)+2]nf(2x),é>,

N’(F(Zx —y) + Jnf (2x —y),%),N'(D]nf(x,y), %) },

forall x,y € X\ {0} and n € N. The first six terms on the right hand side of (2.12) tend to 1 as
n — oo by the definition of F and (N2), and the last term holds

) t . . Df(2"x,2"y) t [ Df(-2"x,-2"y) ¢
N (D]nf(x/y)/§> Zmll’l{N <%,§>,N< f( BT y)1§>,
[ Df(2"x,2"y) t [ Df(-2"x,-2"y) t
N( 2.2 ’§>’N< 22 8] [

for all x,y € X'\ {0}. By (N3) and (2.2), we obtain

(2.13)

N <Df(:l:2"x :i:zny) t> N’<Df(:|:2nxr :I:Zn]/) 4"lt>

2-4n '8
(M () )N ()

> min{N(x, 2(2‘7’1)"’3‘”‘7), N(y,2(2‘7’1)”’3‘7t‘7> },

RCEEA N ——

forall x,y € X\ {0} and n € N. Since g > 1, together with (N5), we can deduce that the last
term of (2.12) also tends to 1 as n — oo. It follows from (2.12) that

N'(DF(x,y),t) =1, (2.15)

forall x,y € X\ {0} and t > 0. Since DF(0,0) = 0, DF(x,0) = 0 and DF(0,y) = 0 for all
x,y € X\ {0}, this means that DF(x,y) = 0 for all x, y € X by (N2).
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Now, we approximate the difference between f and F in a fuzzy sense. For an arbitrary
fixed x € X and t > 0, choose 0 < ¢ <1 and 0 < #' < t. Since F is the limit of { ], f(x)}, there is
n € N such that N'(F(x) — J,f(x),t —t') >1—-¢. By (2.11), we have

N'(F(x) = f(x),t)
> min{N'(F(x) = Juf(x),t =), N'(Juf (x) = f(x),t')}

9

>ming 1-¢, N| x, q
(S0 (742 +30-+47)/ (4771 - 30) + (5+2 - 20 +37) /2/%2) 277 )

. '
z mm{l _E’N<x’ (7+2P +3P +4P)/(4-27)3F + (5+2-27 + 37) /22 -2v))q>}'
(2.16)

Because 0 < € < 1is arbitrary and F(0) = f(0), we get (2.3) in this case.
Finally, to prove the uniqueness of F, let F' : X — Y be another general quadratic
mapping satisfying (2.3). Then, by (2.5), we get

n-1
F(x) - JuF(x) = D (JiF(x) - JjuF(x)) =0,
i=0
] (2.17)

n-1
F'(x) = JuF'(x) = > (J;F'(x) = JjnF'(x)) =0,
=0
for all x € X and n € N. Together with (N4) and (2.3), this implies that
N'(F(x) - F'(x),t) = N'(JuF (x) = JoF'(x),t)

> min{N' (]nF(X) = Juf (%), %)rN,<]"f(x) ~JnF'(2), §>}

Zmin{ (F-f) 2”x>,f>,N'<(f‘F')(2""> 3)/

< 2 .4n 2.4n '8
<(F f)(-2"x 5) N,<<f - F')(-2"x) 5>
2. 4n '8 )’ 2. 4n '8 )’

E-HEx) t>,N,<<f—F'><2"x> 5>,

2.2n 2.2n '8



8 Abstract and Applied Analysis
o (E-HE2"%) t\ o (F-F)(2"0) ¢
N <T§ N2 B

N 2(q-Dn-2qp9
>
=P\ (T2 o)/ E 2 1 (51227 1322 -27))1 )

(2.18)

for all x € X and n € N. Observe that for g = 1/p, the last term of the above inequality tends
tolasn — oo by (N5). This implies that N'(F(x) — F'(x),t) = 1, and so we get

F(x) = F'(x), (2.19)
for all x € X by (N2).
Case 2. Let1/2<g<1,andlet J,f : X — Y be a mapping defined by
Juf ) = 3 (1 (F @0 + 20 -2 @) + 2 (F () ~ S (-2 ))) + O, 220)

for all x € X. Then, we have Jof(x) = f(x), J;f(0) = f(0), and

Df(2/x/3,2/x/3) Df(2/x/3,21"'x/3) Df(2/x/3,2x)
4j+1 - 9. 4i+1 - 7. 4j+1

Jif(x) = Jif(x) =

Df(2/x/3,2**x/3) Df(-2/x/3,-2/x/3) Df(-2/x/3,-2/*1x/3)
- 2.4+ * 4 - > 4

Df(-2/x/3,-2/x) Df(-2/x/3,-2/**x/3)
- 5. 4j+1 - 2. 4j+1

i x X x  3x x X
~2(0f(53) -2 (5 ) P (573

oi(5: 7))

(2.21)

forallx € X and j > 0. If n +m > m > 0, then we have

nmim=1l Sz op 43P 4 4P /2P\] 542.2P +3P / 2\ /
(s S (P22 (2) 22 (2 )
j=m

ntm-1 Df(2ix/3,2x/3) 2.2ir
> min U {min{N’< f@x/ /3) t ,

4j+1 " 4i+1 . 3p
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Df(-2ix/3,-2ix/3) 2.2irt
]+1 4]+1 3p

N Df(2]x/3 2*1x/3) 2iP(1 + 2P)tP
2. 4j+1 4 2. 4j+1. 3p 4
N Df(2]x/3 2ix) 20P(1+3P)
2. 4j+1 4 2. 4j+1.3p 4
N Df(zlx/3 2/%2x/3) 2iP(1 + 4P)tP
2. 4j+1 4 2. 4j+1. 3p 4
N _Df(- —2/x/3,-21"1x/3) 2iP(1 +2P)tP
2. 4j+1 4 2. 4j+1. 3p 4
N Df( —2/x/3,-2/x) 2iP(1 +3P)tP
2. 4j+1 4 2. 4j+1. 3p 4
N Df( —2/x/3,-21"2x/3) 20P(1 +4P)tP
2. 4j+1 4 2. 4j+1. 3p 4
. -1 Y4
o i1 X X 2711 +2P)
N< 2 Df(zi’zf+1>’ 20+Dp !
) -1 PP
(oipp( X, 3% 22 0+3)
N <2 Df<2j+1’ 2j+1>’ 2(j+1p 4
1 _rj-1 X X 2ip
N< 2 Df<2j+1’2]+1> 2G+)p

) -1 PP
o i1 x  x\ 2 (1+2P)
N< 2 Df<21'+1’ 2]‘)’ 2(i+1p
n+m-1
X t x t 3x 3t
S mi . x t Sx 3t
> min U {m1n{N<2j+1,2j+1>,N<2j,2j>,N<2j+1,2j+1>,

2ix 2it 2itly 27t 20%2x %2t

(2.22)

= N(x,t),

for all x € X and t > 0. In the similar argument following (2.6) of the previous case, we can
define the limit F(x) := N’ - lim,, o, Juf (x) of the Cauchy sequence { ], f(x)} in the Banach
fuzzy space Y. Moreover, putting m = 0 in the above inequality, we have

N'(f(x) = Juf (x),1)

H
(S (+2+30+47) /(4 30) @0 /4) + (542 20+30) /2 - 22) 2/ 20))) )
(2.23)

>N| x,

7
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for all x € X and t > 0. To prove that F is a general quadratic mapping, we have enough to
show that the last term of (2.12) in Case 1 tends to 1 as n — oo. By (N3) and (2.2), we get

1 t : 1 Df(znx’zny> t 1 Df(_znx’_zny) t
N (DR (). 5) 2“‘“‘{’\’ (T’E)’N (Té :

DN o

> min{ N <x, 2(2q—1)n—4qtq>/ N <y, 2(2q—1)n—4qtq>,

N <x, 2(1—q)n—4qtq>’ N(y, 2(1—q)n—4qtq> },

forall x,y € X \ {0} and t > 0. Observe that all the terms on the right hand side of the above
inequality tend to 1 as n — oo, since 1/2 < g < 1. Hence, together with the similar argument
after (2.12), we can say that DF(x, y) = 0 for all x, y € X. Recall that in Case 1, (2.3) follows
from (2.11). By the same reasoning, we get (2.3) from (2.23) in this case. Now, to prove the
uniqueness of F, let F’ be another general quadratic mapping satisfying (2.3). Then, together
with (N4), (2.3), and (2.17), we have

N'(EG) - F(x),1)

= N'(JuF (x) = JuF'(x), 1)

> min{ N (P = 1uf @, 5 ) N (Juf )= 1F' (0,5 )|
(F=pe 1 (U=rem oy

< 2.4n '8 2.4n 8§

(F-f)(-2"x 5) N,<(f—F’>(—2"x) 5)
2.4 "8 )’ 2.4 "8 )’
(2.25)

N (2 (E-0G))s) N (0P ) 5)
e (En(G) )N E(0-n(E))8)

2(2q-1)n-2qp9
- N{x ((7+2P+3P+4P) / (4-2P)3P +(5+2 - 2P +3P) /2(2P=2))1 )’

2(1 q)n thlq
N<x’ ((7+2P +3P +4P) /(4 —2P)3P + ((5+2-2P +3P)/2(2F - 2)))‘7> ]

for all x € X and n € N. Since lim,,_, ,229 V"2 = lim,,_, ,20"9"29 = o in this case, both
terms on the right-hand side of the above inequality tend to 1 as n — oo by (N5). This
implies that N'(F(x) — F'(x),t) = 1, and so F(x) = F'(x) for all x € X by (N2).
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Case 3. Finally, we take 0 < g <1/2 and define J,f : X — Y by

Juf (x) = <4"(f(2 "x) + f(=27"x) = 2£(0)) + 2" (f ( - - f(—%))) +£(0),  (2.26)
for all x € X. Then, we have Jof(x) = f(x), J; f(0) = f(0), and

. X
]jf(X)—]j+1f(x):‘4]Df<3 2+’ 3. 2;+1> 3.2+ 3. 2J+1>

of(53m
+45ij(3 32C]+1 3x21> <3 271’ 2]+1>
+45ij<3 32CJ+1 3. 271) 4? f<3 24173 21)
-22(0 (55 ) ~PI (i) P (57
(5 2)

which implies that if n + m > m > 0, then
n+m-1 j j
74+2P +3°P 4P / 4\ 542.2P +37 / 2\/
! _ L - - . - - - = _ p
N <]’"f(x) Jusmf (), far < 2r . 3P <2P) T <2P> >t>
- x x 2. 4ip
_4J
! Df(S-2f+1’3~2f+1>’2<i+1>P.3P> ’

, -x —x 2-4Jtp
—4)
! Df<3-21'+1’3-2J'+1>’2<J'+1>p-3P>’

4iDf(x/(3-271),x/(3-2)) 41(1+2P)tp>

(2.27)

N’

2 "2.2(+p . 3p

2 "9 .2(+p . 3p

N’

41Df(x/(3 2J+1) x/(3 2J- 1)) 47(1+4P)tP
2 "2 . 20G+p . 3p

(
(
(
v <4’Df(x/(3 21),x/207) 4i(1+ ) >
(
(

4iDf(-x/(3-21"1),-x/(3-21)) 4i(1+2P)t¥
2 "2.2(+p . 3p
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N’

4Df(~x/(3:-21"),~x/2") 41 +3)
2 "2.20G+p . 3p

N 2 "9.2G+p . 3p

. -1 PP
i1 X X 2175 (1+2P)
2 Df<21’21'+1>’ 2(+Dp !
: -1 P)tP
i1 x  3x\ 2 (1+3°)
2 Df<2j+1’2j+1>’ 2(j+1)p 4
ripp( X, X ) 2
2 Df<2j+1,2j+1>’2(f+1)P 7
. -1 PP
i1 x o x\ 27(1+2)
2 Df(zfﬂ’ 21')’ 2(i+1p
n+m-1
> min U {min{N( ?Cl, ?1>,N<£,i),N<3.—xl,3.—t1),N<.il,.Ll>,
j=m 20+ 2% 217 2i 27417 Dj* 2j+17 2j+
N P YN, LY N(E b
3.2/+173.2j+1 3.2/"3.2 3.2i-1"3.2j-1

(2.28)

4iDf(-x/(3-2"Y),-x/(3-271)) 41 +4p)tp>

NI

NI

Nl

/\/\/\/\/\

N/

VRN

= N(x,t),

for all x € X \ {0} and ¢ > 0. Similar to the previous cases, it leads us to define the mapping
F:X — Yby F(x) := N' -lim,_ o J.f (x). Putting m = 0 in the above inequality, we have

N'(f(x) = Juf (x),1)

t4

(S (742430 +a0)/ @0 -3)(4/2) + 5422 +30)/2-2)2/2))))’
(2.29)

>N| x,

for all x € X. Notice that
: 5 s minf (Y AYARN A
N<D]nf(x,y),2> 2m1n{N<2Df<2n 2n> 8>,N< Df(2 T )’8)'
V(o Doz 2))

> min{N(x,Z(l_Zq)"_3‘7tq>, N<y,2(1_2‘7)"_3‘7t‘7> },
(2.30)

forall x,y € X\ {0} and t > 0. Since 0 < g < 1/2, both terms on the right-hand side tend
to1lasn — oo, which implies that the last term of (2.12) tends to 1 as n — oo. Therefore,
we can say that DF = 0. Moreover, using the similar argument after (2.12) in Case 1, we get
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(2.3) from (2.29) in this case. To prove the uniqueness of F, let F' : X — Y be another general
quadratic mapping satisfying (2.3). Then, by (2.17), we get

N'(F(x) - F'(x),t)

(

(0G5 N (GO -PE) ).
NEEDEEN DN (FU-PEE))E)

( DNE -G E)
Ve (@) )N E (-0 E) )

N 2(1-29)n-2q4'q
>
=P (T2 v v +49) /(2 — 43 + (5+2.20 +37) /2(2F —2)) )’

(2.31)

N
3
.

—~
VS
-
|
=
N—
—~
R w
~
~
N
O

for all x € X and n € N. Observe that for 0 < g < 1/2, the last term tends to 1 as n — oo by
(N5). This implies that N'(F(x) — F'(x),t) = 1 and F(x) = F'(x) for all x € X by (N2). This
completes the proof. O

Remark 2.3. Consider a mapping f : X — Y satisfying (2.2) for all x,y € X \ {0} and a real
number g < 0. Take any ¢ > 0. If we choose a real number s with 0 < 2s < t, then we have

N'(Df(x,y),t) > N'(Df(x,y),2s) > min{N(x,s7), N(y,s7)}, (2.32)

forall x,y € X'\ {0}. Since g < 0, we have lim,_,¢+57 = co. This implies that

lin& N(x,s7) = 1ir101 N(y,s7) =1, (2.33)
5s— 0+ s—0*
and so

N'(Df (x,y),t) =1, (2.34)

forall t > 0 and x,y € X \ {0}. Since DF(0,0) = 0, DF(x,0) = 0, and DF(0,y) = 0 for all
x,y € X\ {0}, this means that DF(x, y) = 0 for all x, y € X by (N2). In other words, f is itself
a general quadratic mapping if f is a fuzzy g-almost general quadratic mapping for the case
q<0.
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We can use Theorem 2.2 to get a classical result in the framework of normed spaces.
Let (X, || - ||) be a normed linear space. Then, we can define a fuzzy norm Nx on X by

0, t<]x]],
Nx(x,t) = (2.35)
1L, t> x|,

where x € X and t € R [21]. Suppose that f : X — Y is a mapping into a Banach space
(Y, ||l - Il) such that

DSl < lIxlP + [yl (2.36)

forall x,y € X, where p > 0and p #1, 2. Let Ny be a fuzzy norm on Y. Then, we get

Ny L t+s<||IDF I, o)
o 1, t+s>|[Df(xy)| '

forall x,y € X and s,t € R. Consider the case Ny(Df(x,y),t + s) = 0. This implies that
Il + Iyl > [IDF ey ] = -+, (2:38)
and so, either ||x||P >t or ||y||P > s in this case. Hence, for g = 1/p, we have
min{Nx(x,s7), Nx(y,t7)} =0, (2.39)
for all x, y € X and s, t > 0. Therefore, in every case,
Ny (Df(x,y),t+s) > min{Nx(x,s7), Nx(y,t7)} (2.40)

holds. It means that f is a fuzzy g-almost general quadratic mapping, and by Theorem 2.2,
we get the following stability result.

Corollary 2.4. Let (X, ||-||) be a normed linear space, and let (Y, ||| - |||) be a Banach space. If f : X —
Y satisfies

HIDf G llI< P + [y, (2.41)

forall x,y € X, where p > 0 and p #1,2, then there is a unique general quadratic mapping F : X —
Y such that

2(7 +2P + 3P 4+ 4P 5+2.2+3F
( ) )nxw’, (2.42)

R O [ e

forall x € X.
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