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A new modified Halpern-Mann type iterative method is constructed. Strong convergence of the
scheme to a common element of the set of fixed points of a relatively nonexpansive mapping and
the set of common solutions to a system of equilibrium problems in a uniformly convex real Banach
space which is also uniformly smooth is proved. The results presented in this work improve on the
corresponding ones announced by many others.

1. Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real numbers,
respectively. Let E be a Banach space, E* the dual space of E, and C a nonempty closed convex
subset of E. Let F : C x C — R be a bifunction. The equilibrium problem is to find x € C such
that

F(x,y) >0 VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F). The equilibrium problems include fixed
point problems, optimization problems, variational inequality problems, and Nash equilib-
rium problems as special cases. Some methods have been proposed to solve the equilibrium
problems (see, e.g., [1, 2]). In 2005, Combettes and Hirstoaga [3] introduced an iterative
scheme of finding the best approximation to the initial data when EP(F) is nonempty, and
they also proved a strong convergence theorem.
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Let E be a smooth Banach space and | the normalized duality mapping from E to E*.
Alber [4] considered the following functional ¢ : E x E — [0, o) defined by

o(x,y) = x> -2(x, Jy) + |ly|I> (x,y €E). (1.2)

Using this functional, Matsushita and Takahashi [5, 6] studied and investigated the following
mappings in Banach spaces. A mapping S : C — E is relatively nonexpansive if the following
properties are satisfied:

(R1) F(S)+#0,
(R2) ¢(p,Sx) < o(p,x) forallp € F(S) and x € C,
(R3) F(S) = F(5),

where F(S) and F(S) denote the set of fixed points of S and the set of asymptotic fixed points
of S, respectively. It is known that S satisfies condition (R3) if and only if I — S is demiclosed
at zero, where I is the identity mapping; that is, whenever a sequence {x,} in C converges
weakly to p and {x, - Sx,} converges strongly to 0, it follows that p € F(S). In a Hilbert space
H, the duality mapping ] is an identity mapping and ¢(x,y) = |lx — y|* for all x,y € H.
Hence, if S : C — H is nonexpansive (ie. ||Sx — Sy|| < |lx —y| for all x,y € C),
then it is relatively nonexpansive. Several articles have appeared providing methods for
approximating fixed points of relatively nonexpansive mappings (see, e.g., [5-19] and the
references therein). Matsushita and Takahashi [5] introduced the following iteration: a
sequence {x,} defined by

Xpe1 =] Hanx, + (1 - a,)JSx,) n=1,2,..., (1.3)

where x; € Cis arbitrary, {a,} is an appropriate sequence in [0, 1], S is a relatively nonexpan-
sive mapping, and I'lc denotes the generalized projection from E onto a closed convex subset
C of E. They proved that the sequence {x,} converges weakly to a fixed point of T. Moreover,
Matsushita and Takahashi [6] proposed the following modification of iteration (1.3):

x1 € C is arbitrary,

Yn = ]_1 (anJxn + (1 - an) JSxy),
Cu={z€C:¢9(z,yn) <o(z,xn)}, (1.4)
Qn={zeC:{(xp—2z Jx1 - Jx,) >0},

Xnt+1 = chﬂanll n= 1/2/ ey

and proved that the sequence {x,} converges strongly to Ilr(s)x;. The iteration (1.4) is called
the hybrid method. To generate the iterative sequence, we use the generalized metric projection
onto C,,NQ, for n € N. It always exists, because each C,NQ,, is nonempty, closed, and convex.
However, in a practical case, it is not easy to be calculated. In particular, as n becomes larger,
the shape of C,, N Q, becomes more complicate, and the projection will take much more time
to be calculated.
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In order to overcome this difficulty, Nilsrakoo and Saejung [15] modified Halpern and
Mann’s iterations for finding a fixed point of a relatively nonexpansive mapping in a Banach
space as follows: x € E, x; € C and

Xns1 = e N (an]x + Pu)Xn + yuJSxn), n=12,..., (1.5)

where {a,}, {B.}, and {y,} are appropriate sequences in [0, 1] with a,, + B, + 7, = 1, and they
proved that {x,} converges strongly to I'l(s)x.

Many authors studied the problems of finding a common element of the set of fixed
points for a mapping and the set of common solutions to a system of equilibrium problems
in the setting of Hilbert space and uniformly smooth and uniformly convex Banach space,
respectively (see, e.g., [20-33] and the references therein). In a Hilbert space H, S. Takahashi
and W. Takahashi [34] introduced the iteration as follows: sequence {x, } generated by x, x; €
C,

u, € C such that F(u,,y) + rl(y —Up, Uy —Xx,) 20, VYyeC,
. (1.6)

Xp1 =ayx+ (1 —-a,)Su,, n=12,...,

where {a,} is an appropriate sequence in [0, 1], S is nonexpansive, and {r, } is an appropriate
positive real sequence. They proved that {x,} converges strongly to an element in F(S) N
EP(F). In 2009, Takahashi and Zembayashi [30] proposed the iteration in a uniformly smooth
and uniformly convex Banach space as follows: a sequence {x,} generated by u; € E,

x, € C such that F(x,,y) + %(y— Xn, JXn — Jun) >0, VyeC,
n (1.7)

Upil = ]_1(an]xn+ 1-a,)JSx,), n=1,2,...,

where S is relatively nonexpansive, {a,} is an appropriate sequence in [0,1], and {r,} is an
appropriate positive real sequence. They proved that if J is weakly sequentially continuous,
then {x,} converges weakly to an element in F(S) N EP(F). Consequently, there are many
results presented strong convergence theorems for finding a common element of the set of
fixed points for a mapping and the set of common solutions to a system of equilibrium
problems by using the hybrid method. However, Nilsrakoo [35] introduced the Halpern-
Mann iteration guaranteeing the strong convergence as follows: x € C, u; € E and

1
x, €C suchthatF(xn,y)+r—(y—xn,]xn—]un>20, Vy eC,

Yo = TIe] (@ x + (1 - ) Jxa), (18)
un+1 :]_1<ﬂn]xn+(1_ﬂn)]s]/n)/ n:1/2/"'/
and proved that {u,} and {x,} converge strongly to ITrs)nep(r)X.

Motivated by Nilsrakoo and Saejung [15] and Nilsrakoo [35], we present a strong
convergence theorem of a new modified Halpern-Mann iterative scheme to find a common



4 Abstract and Applied Analysis

element of the set of fixed points of a relatively nonexpansive mapping and the set of common
solutions to a system of equilibrium problems in a uniformly convex real Banach space
which is also uniformly smooth. The results in this work improve on the corresponding ones
announced by many others.

2. Preliminaries

We collect together some definitions and preliminaries which are needed in this paper. We say
that a Banach space E is strictly convex if the following implication holds for x,y € E:

, X+
Il =yl =1, xzy imply |2 <1 e

It is also said to be uniformly convex if for any € > 0, there exists 6 > 0 such that
) X+
Il =Nyl =1 |lx-yll>e 1mplyHTyH <1-6. (22)

It is known that if E is a uniformly convex Banach space, then E is reflexive and strictly
convex. We say that E is uniformly smooth if the dual space E* of E is uniformly convex. A
Banach space E is smooth if the limit lim; o ((||x+ty||—||x||) /t) exists for all norm one elements
x and y in E. It is not hard to show that if E is reflexive, then E is smooth if and only if E* is
strictly convex.

Let E be a smooth Banach space. The function ¢ : E x E — R (see [4]) is defined by

o(x,y) = IIxI* - 2(x, Jy) + |ly|* (xy€E), (2.3)
where the duality mapping | : E — E* is given by
(x,Jx) = |xI” = |Jx|* (x € E). (24)
It is obvious from the definition of the function ¢ that

(lxll = NlwID* < o (xy) < (=l + [y [)? (2.5)

o(x,y) =@(x,z) +p(z,y) +2{x -z, ]z - Jy), (2.6)

for all x,y, z € E. Moreover,

¢ <x, J™! <ZM%>> < D Nigp(x,yi), (2.7)
i=1 i=1

forall A; € [0,1] with 3}, \; =1 and x,y; € E.
The following lemma is an analogue of Xu’s inequality [36, Theorem 2] with respect
to ¢.
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Lemma 2.1 (see [15, Lemma 2.2]). Let E be a uniformly smooth Banach space and r > 0. Then,

there exists a continuous, strictly increasing, and convex function g : [0,2r] — [0, o) such that
g(0) =0and

o(x T (Wy + (1-1)J2)) < dp(x,y) + (1= Np(x,2) - A1 - Vg (|| Jy - J=

),  (2.8)

forallA e [0,1], x e Eandy,z€ B, :={z € E : ||z|| <r}.

It is also easy to see that if {x,} and {y,} are bounded sequences of a smooth Banach
space E, then x, — y, — 0 implies that ¢(x,, y,) — 0.

Lemma 2.2 (see [37, Proposition 2]). Let E be a uniformly convex and smooth Banach space, and
let {x,} and {y,} be two sequences of E such that {x,} or {y,} is bounded. If ¢(x,, y») — O, then
Xn—Yn — 0.

Remark 2.3. For any bounded sequences {x,} and {y,} in a uniformly convex and uniformly

smooth Banach space E, we have

¢(xn,Yn) —0 &= x,-yy — 0 & Jx, - Jy, — 0. (2.9)

Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth
Banach space E. It is known that [4, 37] for any x € E, there exists a unique point x € C such
that

9(X,x) = ming(y, x). (2.10)

Following Alber [4], we denote such an element X by Ilcx. The mapping Il is called the
generalized projection from E onto C. It is easy to see that in a Hilbert space, the mapping I'lc
coincides with the metric projection Pc. Concerning the generalized projection, the followings
are well known.

Lemma 2.4 (see [37, Propositions 4 and 5]). Let C be a nonempty closed convex subset of a
reflexive, strictly convex, and smooth Banach space E, x € E and X € C. Then,

(a) X =Tlcx ifand only if (y — x, Jx = Jx) <0 forall y € C,
(b) ¢(y,Tcx) + ¢(Iex, x) < ¢(y, x) forall y € C.

Remark 2.5. The generalized projection mapping Ilc above is relatively nonexpansive and
F(Ilc) =C.

Let E be a reflexive, strictly convex, and smooth Banach space. The duality mapping

J* from E* onto E** = E coincides with the inverse of the duality mapping J from E onto E*;
thatis, J* = J~'. We make use of the following mapping V : E x E* — R studied in Alber [4]:

V(x,x%) = [lx]* = 2(x, x*) + ||x*|, (2.11)
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for all x € E and x* € E*. Obviously, V(x,x*) = ¢(x,J}(x*)) for all x € E and x* € E*. We
know the following lemma (see [4] and [38, Lemma 3.2]).

Lemma 2.6. Let E be a reflexive, strictly convex, and smooth Banach space, and let V be as in (2.11).
Then

V(x,x*)+2<]‘1(x*) —x,y*> <V(x,x*+y"), (2.12)

forall x € E and x*,y* € E*.

Lemma 2.7 (see [39, Lemma 2.1]). Let {a,} be a sequence of nonnegative real numbers. Suppose
that

ap+1 < (1 - Yn)an + Yn6n (213)

for all n € N, where the sequences {y,} in (0,1) and {6,} in R satisfy conditions: lim, _, »y, = 0,
St Yn = o0, and limsup, 6, <0. Then lim, _ a, = 0.

Lemma 2.8 (see [40, Lemma 3.1]). Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} such that a,, < a,,.1 foralli € N. Then, there exists a nondecreasing sequence
{mi} € N such that mi — oo and the following properties are satisfied by all (sufficiently large)
numbers k € N:

amk S amk+l/ ag S amk+1‘ (214)

In fact, my = max{j < k:aj <aj.}.
For solving the equilibrium problem, we usually assume that a bifunction F : CxC —
R satisfies the following conditions (see, e.g., [1, 3, 30]):
(A1) F(x,x) =0forallx € C,
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0, forall x,y € C,
(A3) forall x,y,z € C,limsup,_,,F(tz+ (1 -t)x,y) < F(x,y),
(A4) forall x € C, F(x,-) is convex and lower semicontinuous.
The following lemma is a result which appeared in Blum and Oettli [1, Corollary 1].
Lemma 2.9 (see [1, Corollary 1]). Let C be a closed convex subset of a smooth, strictly convex, and

reflexive Banach space E. Let F : C x C — R be a bifunction satisfying conditions (A1)—(A4), and let
r > 0and x € E. Then, there exists z € C such that

F(z/y)+%<y—z,fz—]x>zo Yy eC. (2.15)

The following lemma gives a characterization of a solution of an equilibrium problem.

Lemma 2.10 (see [30, Lemma 2.8]). Let C be a nonempty closed convex subset of a reflexive, strictly
convex, and uniformly smooth Banach space E. Let F : C x C — R be a bifunction satisfying
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conditions (A1)—(A4). For r > 0, define a mapping TF : E — C so-called the resolvent of F as follows:
TH(x) = {z €eC:F(z,y)+ %(y—z,]z—]x) >0Vy e C}, (2.16)

forall x € E. Then, the followings hold:
(i) T, is single-valued,

(ii) T; is a firmly nonexpansive-type mapping [11], that is, for all x,y € E

(TFx =Ty, JTFx - JTfy ) < (TFx =Ty, Jx - Jy), (2.17)

(iii) for all x € E and p € EP(F),

o(p,TFx) < (2 T x) +9(TFx,x) <o (p,x), (2.18)

(iv) F(T}) = EP(F),

(v) EP(F) is closed and convex.

Remark 2.11. Some well-known examples of resolvents of bifunctions satisfying conditions
(A1)-(A4) are presented in [3, Lemma 2.15].

Lemma 2.12 (see [8, Lemma 2.3]). Let C be a nonempty closed convex subset of a Banach space E,
F a bifunction from C x C — R satisfying conditions (A1)—(A4), and z € C. Then, z € EP(F) if and
only if F(y,z) <0 forall y € C.

Lemma 2.13 (see [6], Proposition 2.4). Let C be a nonempty closed convex subset of a strictly
convex and smooth Banach space E and S : C — E a relatively nonexpansive mapping. Then F(S) is
closed and convex.

3. Main Results

In this section, we introduce a modified Halpern-Mann type iteration without using the gen-
eralized metric projection and prove a strong convergence theorem for finding a common ele-
ment of the set of fixed points of a relatively nonexpansive mapping and the set of solutions
to a system of equilibrium problems in a uniformly convex and uniformly smooth Banach
space.

Theorem 3.1. Let E a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, { F;}i2; be a finite family of a bifunction of C x C into R satisfying conditions (A1)-
(A4),and S : C — E a relatively nonexpansive mapping such that Q := F(S) n (N, EP(F;)) #0.
Let {Tﬁ; V1, be a finite family of the resolvents of F; with positive real sequences {t;,} such that
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liminf, i, >0 foralli=1,2,...,m. Let {x,} be a sequence generated by x,x, € E and

et = J7 (@2 B + Y STEL TR+ T x)  (n2 1), (3.1)
where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1

) a
(ii) limy, — oaxn = 0,
(i) 3552, a = oo,
(iv) liminf, _, B, (1 - B,) > 0.

Then, {x,} converges strongly to Ilgx.

Proof. For each n > 1, setting

=TT T x,,  (k=1,2,...,m),

Tk~ Tkln
m
Zn>.

We can see that z& = TF" k=1, Since Q is nonempty, closed, and convex, we put X = Igx. By
Lemma 2.10(iii), we get

(3.2)

V=] < il i+ 2

(3.3)
< (P(ir xn) - Z‘P(ZZ/ ZZ_1>/
k=1
where z, = x,,. This together with (2.7) gives
) = g m
(x Yn) = )+1_ (P(x/szn)
- V) o m (3.4)
<
<37 _anq)(x,xn) . anq)(x,zn )

< (P(il Xn).
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By Lemma 2.6, we obtain

P Xn) = V (&, J 1)
S V(E, Ju = an(Jx = J9) = 2(%00 = &, -, (Jx = J5))
= (% (@] %+ (1= @) Tyn) ) + 20 (Xns1 — %, Jx = J%) (3.5)
< (X, %) + (1 — an) (X, Yn) + 20, (xp1 — X, Jx = JX)
< (1= ) p(E, %) + 2000 (X1 — %, Jx — J ).

Next, we show that {x,} is bounded. We consider

O 1) < (%, )7 (@nJx + o) xn + 1aJSZ1) )

= (%, ] (@] x + (1 - @) Jyn)

- - 3.6
< anp(X,x) + (1= an) (X, yn) G0
< “n‘P(f/ x) + (1 - an)(P(jc\r xn)
< max{p(%,x), 9(%, ) }.

By induction, we have
(X, xpe1) < max{p(X,x),p(X,x1)}, (3.7)

for all n > 1. This implies that {x,} is bounded, and so are {x,}, {u.}, {y.}, {z]'}, and {Sz]'}.
Let g : [0,2r] — [0,00) be a function satisfying the properties of Lemma 2.1, where r =
sup{||lxnll, ISz : n > 1}. It follows from (3.3) that

~ ﬁn ~ Yn = m pnYn m
9(X,yn) < = an‘f’(x’x") + m‘l’(xr Szy) - mg(ﬂfxn = JSzll)
<: fnanq,(fc,xn) - r"an(p(g, zp) - if%i)zg(ﬂfxn —7Sz"|) (3.8)
- i < k k- PrYn m
<o) - 2 dp(aha) - g s - 1=,

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists ny € N such that {¢(X, x,)},.,, is nonincreasing. In this
situation, {¢(X, x,,)} is then convergent. Then,

P(X, Xn) = @(X, Xns1) — 0. (3.9)
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Notice that
@(%, xp11) < (X, %) + (1 - an) (X, yn).
From condition (ii),

(P(5E, X)) — (p()?, yn) = (X, xn) — (X, Xp11) + (/)(55, Xpi1) — ‘P(k\r yn)
< QX %) = Q(X, Xne1) + an (9(X, %) — (%, yn)) — 0.

It follows from (3.8) that

,n k k-1 ,BnYn m
E oz, 2z, )+ ———— x, — JSz'||) — 0.
1-a, p < > (1 n)zg(”] ”)

By the assumptions (i), (ii), and (iv),

o(zk21) =0 (k=12...,m),  g(lJx.-JSzZ]) —0.

By Remark 2.3, we get
zﬁ —zﬁ‘l —0 (k=1,2,...,m).
From g is continuous strictly increasing with g(0) = 0, we have
z — Szt — 0, ¢(x,, Szy') — 0.

Consequently,

n

Yn my _ Yn m
¢(xn,Yn) < T (xn, Xn) + . an(p(xn, Sz = 7o an(p(xn, Sz — 0,

O (Yn, Xni1) < A (Yn, x) + (1= 20)9(Yn, Yn) = autp(Yn, x) — 0.
This implies that

Xni1 — Xp — 0.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Since {x,} is bounded and E is reflexive, we choose a subsequence {x;,} of {x,} such that

Xp; — W and

limsup(x, — %, Jx — J%) = lim <xn]. ~% Jx - ]£> = (w-%, Jx - J%).
]—>OO

n—oo

(3.18)
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Letk=1,2,...,mbe fixed. Then, z,’;j —wasj — oo. From liminf,_, 7%, > 0 and (3.14), we
have

1
lim — || Jzk - Jzk | = 0. (3.19)
"—>00Tk,n
Then,
1
k L, ok 7ok okl
Fi (zn,y> + o <y ze, Jzn — Jzy, > >0, VyeC (3.20)
Replacing n by n;, we have from (A2) that
1 -
Fon <y - zﬁj,]zﬁj - ]z’r‘ll_ 1> > —F) (zﬁj,y) > Fi (y, zﬁj), Vy e C. (3.21)
Letting j — oo, we have from (3.19) and (A4) that
Fi(y,w) <0, VyeC. (3.22)

From Lemma 2.12, we have w € EP(Fy). Since S satisfies condition (R3) and z!I' - Sz — 0,
we have w € F(S). It follows that w € Q. By Lemma 2.4(a), we immediately obtain that

limsup(x,41 — X, Jx — JX) =limsup(x, - X, Jx - JX) = (w - X, Jx - Jx) <0. (3.23)

n—oo n—oo

It follows from Lemma 2.7 and (3.5) that ¢(X, x,) — 0. Then, x, — X.

Case 2. Suppose that there exists a subsequence {#;} of {n} such that
(P(5C\/ lei) < (P(k\/ xni+1)l (324)

for all i € N. Then, by Lemma 2.8, there exists a nondecreasing sequence of positive integer
numbers {¢;} such that £; — oo,

(p(fc, Xg].> < (p()?, Xg].+1>, (X, xj) < (p(J?, xgj+1>, (3.25)

for all sufficiently large numbers j. We may assume without loss of generality that a,, > 0 for
all sufficiently large numbers j. Since

9(%,x01) < agp(®,) + (1-a)9(%,ve,), (3.26)
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we obtain

o(550) ~0(5.90) = (2 5%) - 9(520) 05 x00) o5 )

(3.27)
<ag (9 %) - p(%,4)) — 0.
It follows from (3.8) that
1f—24§;w<z’z/z’zfl> ¥ ﬁg (< - 1528]) —o0. (3.28)
Using the same proof of Case 1, we also obtain
li?LS£p<ng+1 -X,Jx- ]J?> <0. (3.29)
From (3.5), we have
q)(y?, xg].+1> < <1 - zxgj>(p(3?, Xg]) +2a, <ng+1 -X, Jx - ]3?>. (3.30)
Since (X, Xgl.) <o, ng+1), we have
g, p(X, Xa) < <p<a?, xe,.) - <p<5c, xe,-+1> +2ay, <xe]-+1 - X, Jx - ]9?>
(3.31)
< 2ay, <Xe]»+1 -x,Jx - ]3?>-
In particular, since ag > 0, we get
P(F, Xm,) < 2<xgj+1 ~% Jx - ]3?>. (3.32)
It follows from (3.29) that ¢ (X, x¢;) — 0. This together with (3.30) gives
o(% x1) — 0. (333)

But ¢ (X, xj) < ¢(x, xg].+1) for all sufficiently large numbers j, we conclude that x; — X.
From the two cases, we can conclude that {x,} converges strongly to X and the proof
is finished. O

Settingm =1, F; = F =0, and 11, = r,, in Theorem 3.1, we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, F a bifunction of C x C into R satisfying conditions (A1)-(A4),and S : C — E
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be a relatively nonexpansive mapping such that F(S) NEP(F) #0. Let T/ be the resolvent of F with a
positive real sequence {r,} such that liminf, _, ,r,, > 0. Let {x,,} be a sequence generated by x,x1 € E
and

Xn+l = ]_1 (an]x + ﬂn]xn + Yn]STrI:,xn> (1’[ > 1)/ (334)

where {a,}, (B}, and {y,} are sequences in [0, 1] satisfying the following conditions:

(1 cxn+ﬁn+}’n51/
(i) lim, _ a, =0,
(iii) > ooq @y = o0,
(iv) iminf, , B, (1 — Bn) > 0.

Then, {x,} converges strongly to Il (synep(F)X.
Setting F; = 0 and 71, = 1 in Corollary 3.2, we have the following result.

Corollary 3.3. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, and S : C — E a relatively nonexpansive mapping such that F(S) #0. Let {x,}
be a sequence generated by x, x1 € E and

Xn+l = ]_1 (an]x + ﬂn]xn + Yn]SHan) (11 > 1)/ (3-35)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1
(ii) limy, _ pa, =0,
(i) 321 an = o,
(iv) liminf, _, B, (1 - B,) > 0.

Then {x,} converges strongly to I s)x.

Next, we prove a strong convergence theorem for finding an element of the set of
solutions to a system of equilibrium problems in a uniformly convex and uniformly smooth
Banach space.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, {F;}i~y a finite family of a bifunction of C x C into R satisfying conditions (A1)
(A4), and NI", EP(F;) #(. Let {Tr}j’n Vity be a finite family of the resolvents of F; with positive real se-
quences {r;,} such that liminf, _, .r;, > 0 foralli =1,2,...,m. Let {x,} be a sequence generated
by x,x1 € Eand

w1 = J7 (o + BuJn + R TEn TR0 TH ) (n21), (3.36)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(1) an"‘ﬂn"‘YnEl/

(i) lim, _ ea, =0,
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(iii) > an = oo,

(iv) liminf, _, B, (1 = B,) > 0 or liminf, _, . B, = 0.

Then, {xy} converges strongly to Tl gp(r,)x.

Proof. For each n > 1, setting

k _ mFk pFka F _
z, =T T Tl xe, (k=1,2,...,m),

. (3.37)

2.
I

Since ﬂ?ilEP(Fi) is nonempty, closed, and convex, we put x = HnglEp(H)x. Using the same
proof of Theorem 3.1 when S is the identity operator, we can see that

_ ol _Pn
Yn=17] (1_an]xn+1

2 = R LR« k k-1
(%, yn) S (X, xn) = 1= anéw(zn, 27, (3.38)
P(X, xp41) < (1 —an)p(X, x,) + 20, (X1 — X, Jx — JX). (3.39)

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists ny € N such that {¢(X, x,)},.,, is non-increasing. In this
situation, {¢ (X, x,)} is then convergent. Then,
(X, xn) — (X, Xp41) — 0. (3.40)
Notice that
P(X, xpa1) < (X, %) + (1 = an) (X, Yn). (3.41)

From condition (ii),

(X, x0) = (X, Yn) = (X, Xu) = Q(X, Xn11) + P(X, Xn1) = @(X, Yn)

(3.42)
< (X, xn) = (X, Xni1) + an (9(X, %) = (X, yn)) — 0.
It follows from (3.38) that
Yn < k k-1
o 2e(Eat) —o 643)

By the assumptions (i), (ii), and (iv),

o(zh21) —0 (k=12...,m), (3.44)
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By Remark 2.3, we get
2kl 0 (k=1,2,...,m). (3.45)
Consequently,
n Yn my _ Yn 0 m
(P(x"’ Yn < 1-— a, (P(xn, xn) + 1— an(P(xm Zy ) - 1- an‘p<zn/ Zn) — 0, (346)

P (Yn Xns1) < Anp(Yn, ) + (1= ) 9(Yn, Yn) = anp(Yn, x) — 0.
This implies that

Xps1 — X — 0. (3.47)

Since {x,} is bounded and E is reflexive, we choose a subsequence {x;,} of {x,} such that
Xp;, — W and

lim sup(x, — %, Jx — J%) = jllrg<xnj —% Jx - ]a?> = (w-%, Jx— J%). (3.48)

n— oo

Letk =1,2,...,mbe fixed. Then, z’,‘l]_ —wasj — oo. From liminf, 7%, > 0 and (3.14), we
have

1
lim — || 2k — j2k- | = 0. (3.49)
n—>oork,n
Then,
1
k _ ok 7ok _ 7 k-1
Fe(zh,y) + ™~ (y-zhJz-Jz1) 20, wyeC (3.50)
Replacing n by n;, we have from (A2) that
o <y -z, )z - JZ’,‘,,.‘1> > —F (z;.,y) > Fi (y, Z’,i,.>, vy eC. (3.51)
Letting j — oo, we have from (3.49) and (A4) that
Fr(y,w) <0, VyeC. (3.52)

From Lemma 2.12, we have w € EP(Fi). By Lemma 2.4(a), we immediately obtain that

limsup(x, — X, Jx — JX) =limsup(x, - X, Jx - JX) = (w - X, Jx - Jx) <0. (3.53)

n— oo n— oo

It follows from Lemma 2.7 and (3.39) that ¢(X, x,) — 0. Then, x,, — X.



16 Abstract and Applied Analysis

Case 2. Suppose that there exists a subsequence {#;} of {n} such that
(P(J/C\, xni) < (P(f, xni+1)l (354)

for all i € N. Using the same proof of Case 2 in Theorem 3.1, we also conclude that x; — X.
From the two cases, we can conclude that {x,} converges strongly to x. O

Finally, we give two explicit examples validating the assumptions in Theorem 3.1 as
follows.

Example 3.5 (Optimization). Let E be a uniformly convex and uniformly smooth Banach space, C
a nonempty bounded closed convex subset of E, and f : C — R a lower semicontinuous and convex
functional. For instance, let E =R, C = [0,1] and f : [0,1] — R be defined dy

0, if x=0,1;
flx) = { . (3.55)
xlogx +(1-x)log(1-x), if x€(0,1).

Then f is lower semicontinuous and convex. For eachi =1,2,...,m,let F; : Cx C — R be
defined by Fi(x,y) := f(y)—f(x) forall x,y € C.Itis known [1, 11] that F; satisfies conditions
(Al1)—(A4), and EP(F;) #0. Let S = Ilc. Then, S is relatively nonexpansive of E into C (see
[5,6]) and F(S) = C. Then, Q := F(S) n (N2, EP(F;)) = EP(F;) # 0. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to Ilgx.

Example 3.6 (The convex feasibility problem). Let E be a real Hilbert space, let C1,Cs, ..., C,y, be
nonempty closed convex subsets of E satisfying C := N",C;#0 (e.g., C1 = Cy=--- = Cp, = C#£0).
Let {F;}iZ; be a finite family of bifunctions of E x E into R defined by

Fi(x,y) = %(y— x,x—Pcx) Vx,y€E, (3.56)

where Pc, is a metric projection from E onto C;. It is known [3, Lemma 2.15(iv)] that F;
satisfies conditions (A1)-(A4) and EP(F;) = C;. Let S = Pc. Then, S is relatively nonexpansive
of E into C (see [5, 6]) and then Q := F(S) n (N, EP(F;)) = C #@. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to Ilgx.

4. Deduced Theorems in Hilbert Spaces

In Hilbert spaces, if S is quasi-nonexpansive such that I — S is demiclosed at zero, then S is
relatively nonexpansive. We obtain the following result.

Theorem 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of H, {F;}}"; a finite
family of a bifunction of C x C into R satisfying conditions (A1)—(A4), and S : C — E a quasi-
nonexpansive mapping such that I — S is demiclosed at zero and Q := F(S) N (N, EP(F;)) # 0. Let
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{T,i Vi, be a finite family of the resolvents of F; with real sequences {ti,} such that iminf,_, 7i, > 0

foralli=1,2,...,m. Let {x,} be a sequence generated by x,x, € H and

Xn+1 = OnX + Py + YnSTr Trm'"lln, ., Thx, (n>1), (4.1)

mn Tin

where {a,}, {Pn}, and {y, } are sequences in [0, 1] satisfying the following conditions:

(1) an+ﬂn+Yn51/
(i) limy, e, =0,
(iii) >y ay = oo,

(iv) liminf,_ oofn(1 = Bn) > 0.

Then {x,} converges strongly to Pgox.
Applying Theorem 4.1 and using the technique in [41], we have the following result.

Theorem 4.2. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction of
H into itself (i.e., there is a € (0,1) such that ||f (x) — f(y)|| < allx — y|| forall x,y € H), {F;}[4
a finite family of a bifunction of C x C into R satisfying conditions (A1)—-(A4),and S : C — E be
a nonexpansive mapping such that Q := F(S) 0 (N, EP(F;)) #. Let {T,i; V2, be a finite family of
the resolvents of F; with real sequences {r;,} such that liminf,_, i, > 0foralli=1,2,...,m. Let
{x} be a sequence generated by x,x, € H and

Xna1 = Anf (Xn) + PuXn + Vu ST Timl o TH x,,  (n21), (4.2)

Ymn Tin

where {a,}, {Pn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(i) an+Pn+ya=1,
(i) limy, _ pa, =0,
(ifi) 352 @y = oo,
(iv) liminf, , B, (1 = B,) > 0.

Then, {x,} converges strongly to z such that z = Pg f (z).

Proof. We note that Pq f is contraction. By Banach contraction principle, let z be the fixed point
of Pof and {y,} a sequence generated by y; = x; € H and

Yns1 = Anf(2) + PuYn + Yu ST T STy, (n21). (4.3)
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Using Theorem 4.1, we have y, — z = Pgf(z). Since S and Tri"n(k = 1,2,...,m) are
nonexpansive,

[Yni1 = xnsa || < @nll fGen) = f R+ Bullyn = xal

+Yn STrmnTrwjnlln . ~ITrF1;]/n STrmnTrmmlln . Trfln
< apalx, - z|| + (ﬁn"'yn)”yn_n"” (4.4)

< ana(||lxn =yl + |ym = 2|1) + (Bu +v2) |20 = |

- (= (1= a) -l + a1 - ) (12 21 )

Applying Lemma 2.7, y, — x, — Oand so x, — z = Pof(z). O
Settingm =1, F1 = F =0, and 11, = r,, in Theorem 4.1, we have the following.

Corollary 4.3. Let H be a Hilbert space, C a nonempty closed convex subset of H, F a bifunction of
C x C into R satisfying conditions (A1)—(A4), and S : C — E a quasi-nonexpansive mapping such
that I — S is demiclosed at zero and F(S) NEP(F) # (. Let Té be the resolvent of F with a positive real
sequence {1y} such that liminf, _, 7, > 0. Let {x,} be a sequence generated by x,x1 € H and

Xp+l = AnX + PuXpy + YnST,ixn (n>1), (4.5)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+ym=1

(ii) lim, _ pa, =0,

(iii) X2 ay = oo,

(iv) liminf, _, B, (1 - B,) > 0.
Then, {x,} converges strongly to Pr(s)ngp(r)X.
Corollary 4.4. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction
of H into itself, F a bifunction of C x C into R satisfying conditions (A1)-(A4),and S : C — E

a nonexpansive mapping such that F(S) NEP(F) #@. Let T} be the resolvent of F with a positive real
sequence {r,} such that liminf, _, 1, > 0. Let {x,} be a sequence generated by x,x, € H and

Xn+1 = Onf (Xn) + PnXn + YnSTanxn (n>1), (4.6)

where {a,}, (B}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(1 an+ﬂn+yn51,
(ii) lim, —, oy, = 0,
(i) Sy a0 = o0,
(iv) liminf, ., B, (1 = B,) > 0.

Then, {x,} converges strongly to z such that z = Prs)ngp(r) f (2).
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Remark 4.5. Corollary 4.4 improves and extends [42, Theorem 5]. More precisely, the condi-
tions lim,, _, o, (1,41 — 1) = oo are removed.

Setting F = 0 and r,, = 1 in Corollary 4.3, we have the following.

Corollary 4.6. Let H be a Hilbert space, C a nonempty closed convex subset of H,and S : C — E
a quasi-nonexpansive mapping such that I — S is demiclosed at zero and F(S)#@. Let {x,} be a
sequence generated by x,x1 € H and

Xn+l = ApX + ﬂnxn + YnSPan (11 > 1)/ (4-7)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(i) lxn"‘ﬂn"‘}’n—l
(i) lim, — a, =0,
(iii) >y ay = oo,
(iv) liminf, _, B, (1 - B,) > 0.
Then, {x,} converges strongly to Pr(s)x.

Applying Theorem 3.4, we have the following result.

Theorem 4.7. Let H be a Hilbert space, C a nonempty closed convex subset of H, {F;}"; a finite
family of a bifunction of C x C into R satisfying conditions (A1)—(A4), and NI, EP(F;) #(. Let

{T,l.,E ‘Y1, be a finite family of the resolvents of F; with positive real sequences {r;,} such that
liminf, 7, >0foralli=1,2,...,m. Let {x,} be a sequence generated by x,x1 € H and

Xp+1 = OnX + Puxy + }fnT TEma ,T,Fl}nxn (n>1), (4.8)

Ymn = VYm-1,n” *

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1
(ii) lim, . pa, =0,
(iii) >oq ay = 00,8
(iv) liminf, _, B (1 — Bn) > 0 or liminf, _, ., = 0.

Then {x,} converges strongly to Pnr gp(r,)X.

Settingm =1, F; = F =0, r,, = 1y, and f, = 0 in Theorem 4.4, we have the following
result.

Corollary 4.8 (see [35, Corollary 4.4]). Let H be a Hilbert space, C a nonempty closed convex
subset of H, F a bifunction of C x C into R satisfying conditions (A1)-(A4), and EP(F) #0. Let
T,fl the resolvent of F with a positive real sequence {r,} such that liminf, _, .1, > 0. Let {x,} be
a sequence generated by x, x1 € H and

Xps1 = ApX + (1 — an)Tanxn (n>1), (4.9)
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where {a,} is a sequence in [0, 1] satisfying the following conditions:
(i) limy, — ay, =0,
(i) 32 an = oo,

Then, {x,} converges strongly to Pap(r)x.
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