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We consider weighted g-Genocchi numbers and polynomials. We investigated some interesting
properties of the weighted g-Genocchi numbers related to weighted g-Bernstein polynomials by
using fermionic p-adic integrals on Z,,.

1. Introduction, Definitions, and Notations

The main motivation of this paper is [1] by Kim, in which he introduced and studied prop-
erties of g-Bernoulli numbers and polynomials with weight a. Recently, many mathemati-
cians have studied weighted special polynomials (see [1-5]).

This numbers and polynomials are used in not only number theory, complex analysis,
and the other branch of mathematics, but also in other parts of the p-adic analysis and mathe-
matical physics. Kurt Hensel (1861-1941) invented the so-called p-adic numbers around the
end of the nineteenth century. In spite of their being already one hundred years old, these
numbers are still today enveloped in an aura of mystery within scientific community [6]
although they have penetrated several mathematical fields such as number theory, algebraic
geometry, algebraic topology, analysis, and mathematical physics (see, for details, [6-8]).

The p-adic g-integral (or g-Volkenborn integral) are originally constructed by Kim
[9]. The g-Volkenborn integral is used in mathematical physics, for example, the functional
equation of the g-zeta function, the g-Stirling numbers, and g-Mabhler theory of integration
with respect to the ring Z, together with Iwasawa’s p-adic g-L function.

Let p be a fixed odd prime number. Throughout this paper, we use the following
notations. By Z,, we denote the ring of p-adic rational integers, Q denotes the field of rational
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numbers, Q, denotes the field of p-adic rational numbers, and C, denotes the completion
of algebraic closure of Q,. Let N be the set of natural numbers and N* = N U {0}. The p-
adic absolute value is defined by |p|, = 1/p. In this paper, we assume |q-1|, < 1 as an
indeterminate. In [10-12], let UD (Z,) be the space of uniformly differentiable functions on
Zy. For f € UD (Zj), the fermionic p-adic g-integral on Z,, is defined by Kim

. 1 e x x
Ly(f) = fzp o) = i 3" 1)

For a, k,n € N* and x € [0,1], Kim et al. defined weighted g-Bernstein polynomials as
follows:

B (x,q) = <Z> ] [1 - x] 7, (1.2)

(see [13,14]). When we putg — land a = 1in (1.2), [x]’,;a — xk, [1- x];’;k — (1-x)"k,

and we obtain the classical Bernstein polynomials (see [13, 14]), where [x] 4 1s a g-extension
of x which is defined by

[x], = , (1.3)

(see [1-4,7,9-12, 14-26]). Note that lim, 1 [x], = x.
In [3], For n € N*, S. Araci et al. defined weighted g-Genocchi polynomials as follows:

G () 2, & /n 1
_mat — n _ el -
i IZP [+ y]dpg (y) (1_q“)n2<l>( D

=0 (1.4)

= 121, 3 (1) q" [m + %]
m=0

In the special case, x = 0, éﬁ,a; 0) = éiﬁ; are called the g-Genocchi numbers with weight
a.

In [3], For a € N*and n € N, S. Araci et al. defined g-Genocchi numbers with weight a
as follows:

2], ifn=0,
2y, it (1.5)

~(a) ~(a) ~(a)
G =0,  qGi)+Giy = {0 o

In this paper we obtained some relations between the weighted g-Bernstein polyno-
mials and the g-Genocchi numbers. From these relations, we derive some interesting iden-
tities on the g-Genocchi numbers and polynomials with weight a.
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2. On the Weighted g-Genocchi Numbers and Polynomials
By the definition of g-Genocchi polynomials with weight a, we easily get

Gty ()
n+1

= fz [x + Y] edp-q(y) = IZ (Ixlp + 3™ [v] qa)"d#—q(y)

» (2.1)

n n Gk+1q
=kZO<k>[x] akxf [] A4 (y) = Z< >[x]nk akxk+i‘

Therefore, we obtain the following theorem.

Theorem 2.1. For n,a € N*, one has
~(a) —ax - [ akx ~(a)
Guq(x) =q . )4 G [xlge®, (2.2)
k=0

with usual convention about replacing (é,(f))n by G

By Theorem 2.1, we have
Gy ) = (g Gy + [x],.) - (23)
By (1.4), we get

G (1-x)

n+l,q7!

n+1

= fz [1-x+y] Zfad#—q(]/)

[2] q!

zn: n —al(l—x)( 1)1 1
T\’ L+ gt
2], & /n ; 1
_ 1n an -1 alx
= 2 )Y

n+1q( )
n+1

(2.4)

— (_1)nqan

Therefore, we obtain the following theorem.

Theorem 2.2. For n,a € N*, one has

Gy (1=x) = ()" "™ VG (x). (25)

From (1.5) and Theorem 2.1, we have the following theorem.
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Theorem 2.3. For n,a € N*, one has
~ ~ n ~
Gy =0, g (G +1)" Gl - {

with usual convention about replacing (Gé’”)n by G

For n,a € N, by Theorem 2.3, we note that

k=0
n n ~(a
— ana—l <[2]q Gg q)) qa—lz <k> qkaGl((;
k=2
" /n
a— a— ak F~(a)
=g 2], -9 )] <k>q Gig
k=1
=q"'[2], + qza—zé% ifn>1
Therefore, we have the following theorem.
Theorem 2.4. For n € N, one has
~(a 2 1 <@
G2 = —1+ G

qa+1 q2 ngq-:

From Theorem 2.2 and (2.5), we see that

(n+1) J; [1-x]gedp—yg(x) = (n+1)(-1)"q™ fz [x = 1]Gedp—g(x)

= (-1)"q"Gy (1) =G, ().

n+l,q n+l

Therefore, we get the following theorem.

Theorem 2.5. For n,a € N*, one has

(n+1) ) [1-x]ledp_g(x) = éf;‘jl,q_l ).
P

[Z]q, ifn=0,
0, if n#0,

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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Let n,a € N. By Theorems 2.4 and 2.5, we get

(n+1) | [ x]ladp_g(x) = g°[2], + 4G, .. (2.11)
ZP

From (2.11), we get the following corollary.

Corollary 2.6. For n,a € N*, one has

- &
-x]" = 2 _mela
fz [1-x]g«dp—q(x) p— (2], +4q a1 (2.12)

P

3. Novel Identities on the Weighted g-Genocchi Numbers

In this section, we derive concerning the some interesting properties of g-Genocchi numbers
via the p-adic g-integral on Zj, in the sense of fermionic and weighted g-Bernstein polynomi-
als.

(a) n k n-k .
B, (x,q) = L [x]g[1-x]3~, wheren k,a €N (3.1)

By (3.1), Kim et al. get the symmetry of g-Bernstein polynomials weighted a as follows:
B (x,q) =B, (1-x.q7"), (32)

(see [4]). Thus, from Corollary 2.6, (3.1), and (3.2), we see that

f B (x,q) dpq(x) = fz B, (1= %67 )dpy(x)

ZP P

k 7k
(" k /k 1)k+ q" [Z]Q 2 éfi)lﬂ,q’l
~\k % I A Wy s eyl &
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For n,k € N* and a« € N with n > k, we obtain

j Bi(x)dp_y (x)

Zy
. = (a)
_ n Zk: k (_1)k+l q [Z]q _i_qZGn—Hl,q‘1
k/=\1 n-1+1 n-1+1

( ~(at)
2 G, .1
q [ ]q o ntlg if k=0,

7

(3.4)

n+1 n+1
) k k k+l qa[z]q zé:i)lﬂq’l .
gol ; SR ey T ey b ol R A
\

Let us take the fermionic p-adic g-integral on Z, for the weighted g-Bernstein polyno-
mials of degree n as follows:

n
fz B (x,q)dpi—q(x) = <k> fz (][ - ]2 E dpag (x)

P P
3.5
) (3.5)

_ n nik n-k (_1)1 Gl+k+1,q
\k/&E\ 1 I+k+1

Therefore, by (3.4) and (3.5), we obtain the following theorem.

Theorem 3.1. For n,k € N* and a € N with n > k, one has

(> ) é(”f) .
~ q [ ]q n > n+l,q . if k= O,
n-k /n—k 1(a1)<1 n+1 n+1
(-1 = 4 . =@ (3.6)
= l I+k+1 k [k q°[2] Gt g
1=0 )y (=1)k*! e al if k #0.
=0 1 n-1+1 n-1+1 !

Let n1,ny, k € N* and a € N with ny + np > 2k. Then, we get

[ B, oL, (a0

2k 2k
RN
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P ~(a)
_ n My % 2k (_1)2k+l q [Z]q + 2 Gn1+n2—l+l,q’1
k k/i=o\! np+ny—1+1 qn1+n2—l+1

~(a)

AT ZG"“"M"’&, if k=0,
n+ny+1 n+ny+1
=) n n 2k [/ 2k arn é(ﬂ)
1 2 Z (_1)2k+l q [ ]q n 2 m+ny-1+1,g7! if k#()
k k /=0 1 m+n-l+1 q1’l1+n2—l+1 ! ’
\
(3.7)

Therefore, we obtain the following theorem.

Theorem 3.2. For ny,ny, k € N* and a € N with ny + ny > 2k, one has

[ B, oL, (x a)dg )

p

~ (@)

qa [2] Gn1+n2+1, -1 .
Tl1+7’l23-1+ 21’11+Tl2f1’ lkaO,
= 5 (@)
<n1> <n2> ikl <2k> (~1)% < T2y e Conmtot > if k#0
k k =0 1 n1+n2—l+1 n1+n2—l+1 g '
(3.8)

From the binomial theorem, we can derive
B (x,q)B™ (x,q)dpu_o(x)
7 k,nq 4 q k,no 4 q ‘l/l_q

) 2\ 2k -2k
_ H<1I1<> 2 <"1 +”12 >(_1)lfz [T dpag (x) (3.9)

1=0 P
~(a)

2 n; ny+ny—2k ny +np — Zk 1 1 Gl+2k+1,q
—H . > I (_)l+2k+1'

1=0

Thus, for Theorem 3.4 and (3.13), we can obtain the following corollary.
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Corollary 3.3. For ni, ny, k € N* and a € N with ny + np > 2k, one has

n1+n2—2k n + Nny — 2k 1 1 él(f;kﬂ,q
) p )V ke

~ (@)
qa [Z]q 2 Gn1+n2+l,q’1

n+ny+1 Tll+1’lz+1’
=4 ~ ()
ﬁi * (-1)* AL, » St if k#0
=0 1 n1+nz—l+1 qn1+nz—l+1 ! '

For x € Z, and s € N with s > 2, let ny,ny,...,ns,k € N*and a € N with > > sk.
Then, we take the fermionic p-adic g-integral on Z,, for the weighted g-Bernstein polynomials
of degree n as follows:

if k=0, (3.10)

j 2 B, (X, a)B (x,q) -+ B (x,q)dp-q(x)

P

s-times

_ > n; [ ]Sk[l _ ]n1+nz+~~~+ns—5kd ( )
= | K . X 7 X qe H—q(X
i= P

s i sk k
O

1=0
a =(@) (3.11)
q [Z]q > Gn1+n2+-~-+ns+1,q’1 ifk=0,

+q ,
nm+ny+---+ns+1 m+np+---+ns+1

s i\ sk k
) I_I (n >Z <S > (_1)Sk+l
i=1 \k /i1=0 \ I

~(a)
*12] G e g1
» q q +q2 g+ +ng=l+1,971 ) ifk;éO.
np+ny+---+ns—1+1 n+np+-+ns—1+1

Therefore, we obtain the following theorem.

Theorem 3.4. For s € Nwith s > 2, let ny,ny,...,ns, k € N*and a € Nwith 3,7 n; > sk. Then,
one has

| T8 o

Zp i=1

~(a)
a
q [2] q > iy +1p++ng+1,q71

if k=0
Mttt At 1 ottt 1+ 1 ’

a ~(a)
li[ n; ik.: sk (_1)sk+l q [z]q 2 Gn1+n2—l+1,q'] K 4 0
i=1 \k /i1=0 \ [ n+ny—1+1 qn1+n2—l+1 ’ )

(3.12)
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From the definition of weighted g-Bernstein polynomials and the binomial theorem,
we easily get

J, B o, (o) B, a9

——

s-times
s
S ni n1+"~+Tl5*Sk (nd _ k) .

) <k> 2 d; (‘1)1J el dpg () (3.13)

i=1 1=0 ] z,

s/ \ m+-tng—sk - (l’l)
- < l> Z Z(nd - k) (-1 ) l+sk+1,q

i-1 \k = a=1 ] T+sk+1

Therefore, from (3.13) and Theorem 3.4, we have the following corollary.

Corollary 3.5. For s € Nwith s >2,let ny,ny, ..., ns, k € N*and a € Nwith 3] yn; > sk. One has

> (a)
n1+-~§s—sk Z(nd _ k) (_ ) Glfskﬂ Oliskirg
o d=1 ] I+sk+1
~(a)
q“ [2]q + qz ny+np+e+ng+1l,g7! ) if k= 0,
m+ny+--+ng+1 m+ny+---+ng+1 w0
= 24
& sk sk+1 qa [2]11 2 Gn1+n2+~~+ns—l+1,q*1 .
> (-1) — 74 — ), ifk#0.
<\ I n+ny+---+ns—I1+ m+ny+--+ng—I+
(3.14)
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