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The theory of the diffraction Fresnel transform is extended to certain spaces of Schwartz
distributions. In the context of Boehmian spaces, the diffraction Fresnel transform is obtained as a
continuous function. Convergence with respect to 6 and A is also defined.

1. Introduction

The integral transforms play important role in the various fields of optics. One of great im-
portance in many applications is the Fourier transform, where the kernel takes the form of
a complex exponential function. The generalization of the Fourier transform is known as
the fractional Fourier transform which was introduced by Namias in [1] and, has recently
attracted considerable attention in optics and the light propagation in gradient-index media;
see, for example, [2, 3], similarly in some lens systems see [4, 5]. Another well-known linear
transform is the Fresnel transform; see [4-7], where the complex version of kernel having a
quadratic combination of t and ¢ in the exponent, see [8]. Recently, much attention has been
paid to the diffraction Fresnel transform

Faf (€)= K(a1, 71,72, a0; ¢, 1) f(£)dt, (1.1)

where

1 .
K(a1,y1, 72, a0;¢,t) = \/ﬁ exp(zl? <zx1t2 -2t + a2§2>> (1.2)
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is the transform kernel with the real parameters and aj, y1, and y, satisfy the following
relation:

ajay -1y =1 (1.3)

holds; see [9].
Many familiar transforms can be considered as special cases of the generalized Fresnel
transform. For example, if the parameters a1, y1, y» and a» satisfy the matrix

ar 1\ _ [ cos® sin®
<Y2 az) a <— sin 0 cosG> (1.4)

then the generalized Fresnel transform becomes a fractional Fourier transform.

In particular, when 8 = ar/2, one obtains the standard Fourier transform. Further, if
a1 = ap = 1, the generalized Fresnel transform reduces to the complex form of the Fresnel
transform.

In the present paper, we show that the diffraction Fresnel transform can be extended to
certain spaces generalized functions. In Section 2, we extend the diffraction Fresnel transform
to a space of tempered distributions and further, by the aid of the Parseval’s equation, to a
space of distributions of compact support. In Section 3, we define the diffraction Fresnel trans-
form of a Boehmian and discuss its continuity with respect to 6 and A convergence.

2. The Distributional Diffraction Fresnel Transform

Let S denote the space of all complex valued functions ¢(t) that are infinitely smooth and are
such that, as |[f| — oo, they and their partial derivatives decrease to zero faster than every
power of 1/|t|. When t is one dimensional, every function ¢(f) in S satisfies the infinite set of
inequalities

|W¢®aﬂgcmb where t € R, (2.1)

where m and k run through all nonnegative integers. The above expression can be interpreted
as

lim "™ (t) = 0. (2.2)

[t — o0

Members of S are the so-called testing functions of rapid descent, then S is naturally a
linear space. The dual space S of S is the space of distributions of slow growth (the space
of tempered distributions). See [2, 10, 11].

Theorem 2.1. If ¢(t) is in S, then its diffraction Fresnel transform

1 i(a1f? - 28 + 1p2?)
59O = 5 40 exp< = >dt 23)

exists and further also in S.
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Proof. Let ¢ be fixed. If ¢(t) is in S, then its diffraction Fresnel transform certainly exists. More-
over, differentiating the right-hand side of (2.3) with respect to ¢, under the integral sign, k-
times, yields a sum of polynomials, pi(t + ¢), say of combinations of t and ¢. That is,

i(altz - 2t§ + azgz) >

e <|lpet+o9®)], (24

pr(t +&)d(t) eXP<

4k
ﬁgd (4’) @)=
which is alsoin S, since ¢ in S and S is a linear space. Hence,

ﬁ%d

f &7 pic(t+ &) p(t) |dt. (2.5)

Once again, since ¢ € S, the integral on the right-hand side of (2.5) is bounded by a constant
Cumk, for every pair of nonnegative integers m and k. Hence, we have the following theorem.
O

Theorem 2.2 (Parseval’s Equation for the diffraction transform). If f(x) and g(x) are absolute-
ly integrable, over x € R, then

f F()Sag(x)dx =f 3af (1) g(x)dx, (2.6)
R R

where §4f and §ag are the corresponding diffraction Fresnel transforms of f and g, respectively.

Proof. The diffraction Fresnel transforms §, f (¢) and §4g(¢) are indeed bounded and continu-
ous for all ¢. This ensure the convergence of the integrals in (2.6). Moreover,

2 - 2xy + apx?)
2Y1

IR f(x)Tag(x)dx = IR dxg f(x)g(y) eXp<i(a1y )dy, maz—yy =1

(2.7)

Since the integral (2.7) is absolutely integrable over the entire (x, y)-plane, Fubini’s theorem
allows us to interchange the order of integration. Hence, (2.7) can be written as

; 2 _ 2 2
f f()rg(y) exp <l(a2x — o) >dy dax = f Saf(V)gw)dy,  (28)
R 1§t R

where aya1 — y1y2 = 1. This completes the proof of the theorem. O

Parseval’s relation can be interpreted as

(Saf, @) = (f. Tad)- (2.9)
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Therefore, from the above relation, we state the diffraction Fresnel transform of a distribution f
of slow growth (f € S) as

(Baf, @) = (f,Bad), VPES, (2.10)

and it is well defined by Theorem 2.1.

Theorem 2.3. If f is a distribution of slow growth, then its diffraction Fresnel transform §af is also
a distribution of slow growth.

Proof. Linearity of §4f is obvious. To show continuity of 4 f, let ((l)n):’:l — 0,1in S, then also
(Fapn)s2, — 0inSasn — co. Hence,

(Saf, ¢n) = (f,Badn) — 0 asn— oo. (2.11)

Hence §4f € S. This completes the proof of the theorem. O

Theorem 2.4. Let f be a distribution of compact support (f € E). Then, we define the Fresnel trans-

form of f as
f(t),exp<i(a1t2 s AL > > e12)

Saf(é) = o

1
\/27r1Y] <
Proof. Let ¢ € S(R) be arbitrary. From (2.10), we read

(Baf (@), ¢(&)) = (f (1), Bad(t))

1 i(a18? - 2t¢ + apt?)
- m<f(t), R exp< - >d§>

_ 1 i(aot? + -2t + a1 ?) (2.13)
= o R<f (t),exp< o >>¢(§)d§

1 i(aot? + =2t + 11¢?)
= m<<f(t)/eXP< 2 >>,<,‘b(§)>.

But since ( f(t), exp(i(axt® + —2t& + a1¢?)/2y1)) is an infinitely smooth function, we get

1 i(at? + =28 + 1¢?)
Saf(§) = N <f(t),exp< o > > (2.14)

This completes the proof of the theorem. O

Now, for distributions f and g € E(R), we define the convolution product as

((f*9) (), d(t)) = (f(t), (g(T), p(t + 7)), (2.15)
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for every ¢ € E(R). This definition makes sense, since (g(7), (t+7)) belongs to ®, and hence
a member of E(R). With this definition, we are allowed to write the following theorem.

Theorem 2.5. For every f € E(R), the function ¢(t) = (f (), §(t+7)) is infinitely smooth and sat-
isfies the relation

Dfg(t) = (f(1), Dfp(t +7)), (2.16)

forall k € N.

Proof (see page 26 in [12]) . A direct result of the convolution product is the following theorem.
O

Theorem 2.6 (Convolution Theorem). Let f and g be distributions of compact support and
Saf @) =Fa(f(1);¢),Tag (&) = Ta(g(7); ¢) their respective diffraction Fresnel transforms, then

Sa((f *8)(1);¢) = 1/27in eXp<M>sd( f(£);8)Ta(g(7);¢). (2.17)

Proof. Let f, g € E(R), then by using (2.12), we get

Sd((f*g)(t),g) = \/Zi_iiyl<(f*g)(t),exp<i(alt _22;f+“2§ )>>

. i(a(t+7) - (t+ )+ 0:8)
ie = , < f), <g(T),eXP >>

X 2y
1 i(ant? + T2 + gt — 2t — 27¢ + axé?)
a0 (s o, )
(2.18)

Properties of distributions together with simple calculations on the exponent yield

5a((f *)138) =/27in eXp(M)mﬂtm)&@(r);g). @19

This completes the proof of the theorem. O

Corollary 2.7. Let f, g € E(R), then

(1) Fa(f * 6a(t);¢) = \/27iy1 exp <—2—§>%d(f) @),
(2)  Fa(6n*g(t);&) =/ 27ip eXp< >§d(g) (£,

where Faf (&) = Fa(f(t);¢),Tag(é) = Fa(g(7); ).

(2.20)
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The following is a theorem which can be directly established from (2.12) and the fact that [11]
D*(fxg) =D"fxg=fxD'g. (221)

Theorem 2.8. Let f and g be distributions of compact support and Faf (&) = Sa(f(£);¢),Fag (@) =
§a(g(T); &) their respective diffraction Fresnel transforms, then

. T
(1) 5a(DE(f *8)®):8) = /2w exp<w>sd (F90:8) 58 @),

2Y1
| 2 (2.22)
@ 5a(DE(f *8)(1):8) = /2 exp <%>M(md (8(r):8).

3. Diffraction Fresnel Transform of Boehmians

Let X be a linear space and J a subspace of X. To each pair of elements f € X and ¢ € J, we as-
sign a product f - g such that the following conditions are satisfied:

(ifp,peT, thengp-gpeTandp-¢g=¢-¢,
(ii)if fe Xand ¢, €T, then (f - ) ¢ = f - (P - @),
(iii) if f,ge X, pcTand L eR, then (f+g) - ¢=f-p+g-pand A(f - @) = (Af) - ¢. Let
A be a family of sequences from J such that
(@)if f,geX,(6y) eAand f-6,=9-6,(n=1,2,...),then f =g,
(b) if (¢n), (6n) € A, then (¢ - ¢rn) € A.

Elements of A will be called delta sequences. Consider the class U of pair of sequences defined
by

U= {(U) (@n)+ (Fr) € 2%, (gn) € 2}, (31)

for each n € N. An element ((f,), ($»)) € U is called a quotient of sequences, denoted by
fu/ Pu, ot [fu/Pnlif fi-pj = fj- i, foralli,j€N.

Similarly, two quotients of sequences f,/¢, and g,/, are said to be equivalent,
fu/Pn ~ gu/@n, if fi - ¢j = gj - ¢i, for all i,j € N. The relation ~ is an equivalent relation
on U, and hence splits U into equivalence classes. The equivalence class containing f,,/¢,
is denoted by [f,./$.]. These equivalence classes are called Boehmians, and the space of all
Boehmians is denoted by B.

The sum of two Boehmians and multiplication by a scalar can be defined in a natural
way

%]+ i_] _ [((fn-qfr;))nf;fn-%))],

][] e

(3.2)
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The operation - and the differentiation are defined by

BRI
o] (28]

(3.3)

Pn
The relationship between the notion of convergence and the product - are given by the
following:

(i)if f» — fasn — ooin X and, ¢ € J is any fixed element, then f,, - ¢ — f-Pin
X(asn — o),

(ii) if f — fasn — cwinXand (6,) € A, then f, -6, — finX (asn — o).

The operation - can be extended to B x J by

If [é—:] €B and ¢ €7, then [Jg—:] = [f”(s'j’ ] (3.4)

In B, one can define two types of convergence as follows:

(i) (6-convergence) a sequence (B,) in B is said to be 6-convergent to f in B, denoted by

Pn s, B, if there exists a delta sequence (6,,) such that (B, - 6,), (f-6,) € X, for all k,n €
N, and (B, - 6k) — (B-6x) asn — oo, in X, foreveryk €N,

(ii) (A-convergence) a sequence (B,) in B is said to be A-convergent to 3 in B, denoted by

P LN B, if there exists a (6,) € A such that (B, —p) -6, € X, foralln € N, and
(Pn—P) - 6p — 0asn — coin X.

For further analysis we refer, for example, to [10, 13-19]. Now we let L! be the space of
Lebesgue integrable functions on R and B the space of Lebesgue integrable Boehmians [17]
with the set A of all delta sequence (6,) from ® (the test function space of compact support)
such that

(1) [g6n=1forallneN,
(2) [ 16n] < M for certain positive number M and n € N,
(3) Jype 16n(D)ldt — Oasn — oo for every € > 0.

Then, B;: is a convolution algebra with the pointwise operations

(i) )‘[fn/arl] = [)‘fn/5n]/
(ii) [fn/5n] + [gn/¢n] = [(fn * ¢n + 8n * 0n)/ (On * ¢n)]/

(iii) and the convolution

4-[51- 3
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Lemma 3.1. Let [f,,/6,] € By1, then the sequence

S:d(fn(t);g) =

(1) exp< n ((xltz —2t¢ + a2§2>) (3.6)

converges uniformly on each compact set K in R.

Proof. Let fn = Saf. For each compact set K, 5n(5n = §46,) converges uniformly to the fun-
ction exp(—(iaz/2y1)¢%). Hence, by Corollary 2.7,

e(iaz/2Y1)§2 gd(fn * 6k)
\27iy &

Sa(fad) = fu 2 = (3.7)
Ok

Using the choice f,/6, that is quotient of sequences and upon employing Corollary 2.7, we
have

(io2 /2y1)¢? 6n )
Sa(fa(t); &) = em Sd(fg* ) fk f \/231'1}/ e~/ n)e", (3.8)
k

This completes the proof of the Lemma. O

By using this Lemma, we are able to define the diffractional Fresnel transform of a
Boehmian as follows: [ f,,/6,] in B as

R[2] - tim f. (39)

n

where the limit ranges over compact subsets of R. Now, let [X,,/6,] = [Ys/yx] in B1, then

Xy * Ym = Yo * 6,, for every m,n € N. (3.10)

Hence, employing the Fresnel transform to both sides of above equation implies

gd(Xn*Ym) =gd(ym*6n) =gd(yn*6m)‘ (311)
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Thus, using Theorem 2.6 and the fact that
6, and &, — 2oriy; e~ 192/ &, (3.12)

on compact subsets of R, we get

lim §,X, = lim §aY,. (3.13)

n— 00 n— oo

Hence,

N
| &
Il

R [%] (3.14)

The definition is therefore well defined.

Theorem 3.2. Let By and B, be in 811 and a € C, then
(i) R(aB;) = aRB;,
(ii) R(By + B,) = RB; + RBy,
(ili) R(By * 6,) = \/27riy e @/2ERB; = R(5, % By),
(iv) if RB1 = 0, then B; = 0,
(v) if By L Basn — ooin Br1, then RB, L, RBasn — oo in 811 on compact subsets.

Proof. The proof of (i), (ii), and (iv) follows from the corresponding properties of the distri-
butional Fresnel transform. Since each f € E has a representative

f— [%] (3.15)

in the space B1, Part (iii) follows from Corollary 2.7. Finally, the proof of Part (v) is analo-
gous to that employed for the proof of Part (f) of [17, Theorem 2]. This completes the proof
of the theorem. O

Theorem 3.3. The Fresnel transform R is continuous with respect to the 6-convergence.

Proof. Let B, % Bin Bri asn — oo, then we show that RB,, % RBasn — oo. Using [17,
Theorem 2.6], we find [ f,x/6k] = B, and [fi/6k] = B such that f,x — frasn — oo,k € N.
Applying the Fresnel transform for both sides implies fn,k — fk in the space of continuous
functions. Therefore, considering limits, we get

R {;'(k] —R g—l’z] (3.16)

This completes the proof of the theorem. O
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Theorem 3.4. The diffraction Fresnel transform R is continuous with respect to the A-convergence.

Proof. Let B, 2 Basn — cwinn — oo, then there is f, € L' and 6, € A such that

(Bn—B)*6n=[f";‘5"], fo— 0asn — oo. (3.17)
k

Thus
R((By—B)*6,) = R[fn%k@]

n 611

— Fa(fu*x6,) asn — o (3.18)
— 2Jriy1e‘(i“2/2m§23dfn as n — oo by Corollary 2.7

— 0 by the linearity of §4f.

Therefore, R(B, — B) — 0asn — oo. Thus, RB, 2, RBasn — oo. This completes the
proof. O

Lemma 3.5. Let [f,/¢n] € B and ¢ € D(R), then

R([g—"] ¥ ¢> - mef<2“1fT“2€2>/271R[£l] * Ba. (3.19)

n n

Proof. Let [fu/¢n] € B, then using (3.9), we have

([ +#) =]

on compact subsets of R. By applying Theorem 2.6, it yields

*

fn
¢

4’] = 1im Fa(fu* 9), (3.20)

n

R( %] % 4)) _ /Zﬂi},lei(ZaltT—az&)/Nlnhjl(}ogd (f(t),é)&i (¢(T),§) (3.21)

Hence, R([fn/Pn] * §) = \/2iy1e'CatT=a2 ) MR £, /b, 1F4($(T); ¢). This completes the proof
of the lemma. O
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