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We will solve the inhomogeneous Bessel’s differential equation x?y” (x) + xy'(x) + (x* = v?)y(x) =
Sim—o @mx™, where v is a positive nonintegral number and apply this result for approximating
analytic functions of a special type by the Bessel functions of fractional order.

1. Introduction

The stability problem for functional equations starts from the famous talk of Ulam and the
partial solution of Hyers to the Ulam problem (see [1, 2]). Thereafter, Rassias [3] attempted
to solve the stability problem of the Cauchy additive functional equation in a more general
setting.

The stability concept introduced by Rassias’s theorem significantly influenced a
number of mathematicians to investigate the stability problems for various functional
equations (see [4-14] and the references therein).

Assume that Y is a normed space and I is an open subset of R. If for any function
f 11 — Y satisfying the differential inequality

a2 GOy ) + ans (DY) + + @ (Y () + a0y ) k(o] <6 (D)
for all x € I and for some ¢ > 0, there exists a solution fy : I — Y of the differential equation

an(X)y™ (x) + an1 () y" D (x) + - + a1 (x)y' (x) + ap(x)y(x) + h(x) =0, (1.2)
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such that || f(x) — fo(x)|| < K(¢) for any x € I, where K(¢) depends on ¢ only, then we say that
the above differential equation satisfies the Hyers-Ulam stability (or the local Hyers-Ulam
stability if the domain I is not the whole space R). We may apply these terminologies for
other differential equations. For more detailed definition of the Hyers-Ulam stability, refer to
[2,3,6,8,10-12, 14].

Obtoza seems to be the first author who has investigated the Hyers-Ulam stability of
linear differential equations (see [15, 16]). Here, we will introduce a result of Alsina and Ger
(see [17]): If a differentiable function f : I — R is a solution of the differential inequality
[y (x) — y(x)| < €, where I is an open subinterval of R, then there exists a constant ¢ such that
|f(x) — ce*| < 3¢ for any x € I.

This result of Alsina and Ger has been generalized by Takahasi et al. They proved in
[18] that the Hyers-Ulam stability holds for the Banach space-valued differential equation
y'(x) = Ay (x) (see also [19]).

Using the conventional power series method, the author has investigated the general
solution of the inhomogeneous Legendre differential equation under some specific condition,
and this result was applied to prove the Hyers-Ulam stability of the Legendre differential
equation (see [20]). In a recent paper, he has also investigated an approximation property
of analytic functions by the Legendre functions (see [21]). This study has been continued to
various special functions including the Airy functions, the exponential functions, the Hermite
functions, and the power functions (see [22-25]).

Recently, the author and Kim tried to prove the Hyers-Ulam stability of the Bessel
differential equation

x*y" (x) + xy'(x) + (xz - v2>y(x) =0. (1.3)

However, the obtained theorem unfortunately does not describe the Hyers-Ulam stability of
the Bessel differential equation in a strict sense (see [26]).

In Section 2 of this paper, by using the ideas from [21], we will determine the general
solution of the inhomogeneous Bessel differential equation

2y (x) + xy' (x) + <x2 - v2>y(x) = iamxm, (14)
m=0

where the parameter v is a positive nonintegral number. Section 3 will be devoted to the
investigation of an approximation property of the Bessel functions.

Throughout this paper, we denote by [x] the largest integer not exceeding x for any
x € R, and we define I, = (-p,0) U (0, p) for any p > 0.

2. Inhomogeneous Bessel’s Differential Equation

A function is called a Bessel function (of fractional order) if it is a solution of the Bessel
differential equation (1.3), where v is a positive nonintegral number. The Bessel differential
equation plays a great role in physics and engineering. In particular, this equation is most
useful for treating the boundary value problems exhibiting cylindrical symmetries.
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The convergence of the power series > ;> a,,x™ seems not to guarantee the existence
of solutions to the inhomogeneous Bessel differential equation (1.4). Thus, we adopt an
additional condition to ensure the existence of solutions to the equation.

Theorem 2.1. Let v be a positive nonintegral number, and let p be a positive constant. Assume that
the radius of convergence of power series Y .m_ AmXx™ is at least p and there exists a constant ¢ > 0
satisfying the condition

m
|am+2| < _2|Cm|/ (21)
o
for all sufficiently large integers m, where
- ao; (for even m),
jei V- (2 )
Cm = 3 (2.2)
- a21+1 ———— (for odd m),
L - (2j+1)

forall m € Ny. Let po = min{p,c}. Then every solution y : I,, — C of the Bessel’s differential
equation (1.4) can be expressed by

Y(x) = ya(x) + D cmx™, (2.3)

m=0

for all x € I,,, where yy(x) is a solution of the homogeneous Bessel equation (1.3).

Proof. We assume that vy : I,, — C is a function given in the form (2.3), and we define
Yp(x) = y(x) = yn(x) = Xpo_o cmx™. Then, it follows from (2.1) and (2.2) that

<, 24)
(6}

Cm+2

Cm

Am+2 1
Cm

1
= lim
m*°°(m +2) -2

lim
m— oo

since we can deduce the relation cui = (amiz — ¢m)/((m + 2)* = v?) from (2.2) by some
manipulations. That is, the power series for y,(x) converges for all x € I,,. Hence, we see
that the domain of y(x) is well defined.
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We now prove that the function y,(x) satisfies the inhomogeneous equation (1.4).
Indeed, it follows from (2.2) that

xzy;;(x) +xy,(x) + <x2 - v2>yp (x)

[e/e] [ee) [ee) [ee)
= Zm(m - Depx™ + chmx’" + E:cmx””2 - szcmxm
m=2 m=1 m=0 m=0

(2.5)
= 1x —v2cy —Viax + Z [cm >+ (m2 - v2>cm]xm
m=2
[ee]
=ay+a1x+ Zamxm,
m=2
since we obtain
co = ——ao, €1 =—=a, Cm— + (m % >cm =a,, form>2, (2.6)
v 1-v

which proves that y,(x) is a particular solution of the inhomogeneous equation (1.4).

On the other hand, since every solution to (1.4) can be expressed as a sum of a solution
yn(x) of the homogeneous equation and a particular solution y,(x) of the inhomogeneous
equation, every solution of (1.4) is certainly of the form (2.3). O

3. Approximate Bessel’s Differential Equation

In this section, assume that v is a positive nonintegral number and p is a positive constant.
For a given K > 0, we denote by Ck the set of all functions y : I, — C with the properties (a)
and (b):

(a) y(x) is expressible by a power series >, b, x™ whose radius of convergence is at
least p;

(b) Sor_olamx™| < K| Xse_g amx™| for any x € I,, where a,, = by, + (m* — v?)b,, for all
méeNgandsetb,=b_1=0

For a positive nonintegral number v, define

M, (x) = max{f—[‘ (22)| 0<i Skfﬂ},
i ]

{k 2 } 3.1)
M, (x) = max H—zzosingﬂ ,

j=i |v2 -(2j+1) |

M (x) = max{Me(x), Mo(x),1},
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where p = [Vv? + x2/2] and

& 1
Lv = %m < 0. (32)

We remark that M(x) — las|x| — 0.
We will now solve the approximate Bessel differential equations in a special class of
analytic functions, Ck.

Theorem 3.1. Let v be a positive nonintegral number, and let p be a nonnegative integer with p <
v <p + 1. Assume that a function y € Cx satisfies the differential inequality

|x2y"(x) +xy'(x) + (xz - v2>y(x)| <eg, (3.3)
forall x € 1, and for some € > 0. If the sequence {b,, } satisfies the condition
by =0(by) asm— oo (3.4)

with a Landau constant C > 0, then there exists a solution yp(x) of the Bessel differential equation
(1.3) such that

ly(x) - yn(x)| < KLyM(x)e, (3.5)

for any x € I, where py = min{p,1/+/C*} and C* is a positive number larger than C. If C and p
are sufficiently small and large; respectively, then

|\x|+2 ||x|+2

|x

v - (p+1)°

|x
_ p2|IXI/2+1’ |

(3.6)

|x|/2+1

for all sufficiently large |x|.

Proof. Since y belongs to Ck, it follows from (a) and (b) that
2y (x) + xy' (x) + (x2 - v2>y(x) = Z [bm,g + <m2 - v2> bm]xm = Z amx™, (3.7)
m=0 m=0
for all x € I,. By considering (3.3) and (3.7), we get

<eg, (3.8)

[ee)
S
m=0
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for any x € I,. This inequality, together with (b), yields

Z|amx”‘| <K Zamxm < Kg, (3.9)
m=0 m=0
for each x € I,..
Now, it follows from (b) that
n n n n n n 1
Z H :ZbZi—z ﬁ_zbz S a2
<2> Sy 8 R )
_Z I_I sz. ;
=1 i —(2) 0 - (2)) (3.10)
= 1 b2n
j=0 v* - (2])

- _b2n,

since b_, = 0. Similarly, we obtain

Za2’+1n = —by1, (3-11)

Siv2 - (2] +1)°

for all n € Ny, that is,

(for even m),

b, = 4 (3.12)
[m/2] [m/2] 1
- Z agis H —2 (for odd m),
i=0 Siv2- (25 +

for all m € Ny.
On the other hand, by (b) and (3.4), we have

|@sa| = |bm + [(m +2)2 - vz] by

< by + (m + 2)2|bm+2| (3.13)

m?

<" b,
(1/vC¥)

for all sufficiently large integers m, where C* is a positive number larger than C. Hence,
in view of (3.12) and (3.13), the condition (2.1) is satisfied with o = 1/+/C*. Moreover, we
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know that the radius of convergence of power series > ) a,Xx™ is at least p because the
convergence radius of the power series expression for y(x) is at least p (see (a) and (3.7)).

According to (3.7) and Theorem 2.1, there exists a solution yj(x) of the homogeneous
Bessel differential equation (1.3) satistying (2.3) for all x € I,,,. Thus, it follows from (2.2) and
(3.12) that

|y (x) = yn(x)|

(o) oo
2n 2n+1
DX + D connx
n=0 n=0

[oe] n n
—|_ x2n x2n+1 hisl
2 s gy <z> nZO % H (z]+1>
(3.14)
~ w0 n ” n-1 xz
- Z o 2 2492 N2
n=0"V TL) i=0 j=i v — (2])
< 21 1
i (zn+1)ZZ 2 1;_1[172
for any x € I,,. Moreover, we have
| <3 ST
y(@) —yn()| < ) 2 ||| | T————
=0 |v2 - (2n)*| = l j=i |v2 - (2j)2|
[e'e) 1 H 0 n-1 xZ
+ aji
n:Z;u—Z v2 — (2n)* g(;| l j=i |v2 - (2])2|
[e’e] 1 n . n-1 x2
+ Z Z 2
n=p+2 [ V2 (2n)2' i+l j=i |v2 - (2j)2| (3.15)
p+l n n-1 2
+2 : A X7 X 5
n=0 |v2 (2n+1)*|= j=i |v2 -(2j+1) |
< 1 : 2i+1 - x?
+ ani+1X
n:zmz v2—(2n+1)>2 ;‘ " j=i |v2 -(2j+ 1)2|
£l S
+ Y Az X" — 1/
a2 [v2 = (2n + 1)?| iSm " j=i |v2 -(2j+ 1)2'

for all x € I, where p = [Vv? + x2/2].
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We know that x2/|v?—(2j)?| < 1and x2/|v?—(2j + 1)*| < 1for j > p+1 and x2/|v?*~(2j)?|
or x2/[v? = (2j + 1)?| is not perhaps less than 1 for j < y. Then, we have

n-1 ’ 2 ol x? < M,(x) < M(x), (3.16)
HI - @) <H| 2 - <zj>2|> <H - (@)’ |> T

foralln>pu+2andi=0,1,...,u. Similarly, we get

n-1

< M(x), (3.17)
[ 27+ 1) (z] +1)%|

forallm>pu+2andi=0,1,..., 4.
Thus, it follows from (3.9) and (3.15) that

| + Zl | 22nx?"|
n=0 |v? — (2n)2|

n=0 —(n

p+l n—
ly(x) —yn(x)] < 3, M) |Z
0

© M(x) H

+ Z Z | aZixZi‘

- 2n?| 5
+ S —1(211) |1§1|a21x21'
. ol M(x) ’S sl 4 | @zns1 2241 |
-y |v2 2n+1)*| 5 =0 |[v2 — (2n + 1)?

+ e . i+1
n;ﬂ v - (2n+ 1)2| izt s |
[ee] n [ee]
<M vl I N 20t
* <§(:) - (2n) |§(; | B - @n+1) |Z e >
1
< M(x)Ksmz::O—lv2 ey

S KL'I)M(x)E/
(3.18)

for x € I,,.
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Finally, assume that C is sufficiently small and p is sufficiently large. Then py is

sufficiently large. For any j > 0 and x € I,;, we have

X

2 2 2
2 - (2))%| SmaX{|vz—r’2|' |v2—(P+1)2'}' (19

If |x| is so large that

p= E\/m = [%] < % (3.20)

then it follows from the definition of M (x) that

[x|+2 |x|+2
x x
M (x) < max 1x] x|

, , (3.21)
|v2 _ P2|Ix|/2+1 |v2 ~ (p R 1)2 || /2+1

for all sufficiently large |x|. O

If v is large enough, then we can prove the (local) Hyers-Ulam stability of the Bessel
differential equation (1.3) as we see in the following corollary.

Corollary 3.2. Let v be a positive nonintegral number and let p be a nonnegative integer with p <
v < p + 1. Assume that a function y € Cx satisfies the differential inequality (3.3) for all x € I, and
for some € > 0. Suppose the sequence{by,} satisfies the condition (3.4) with a Landau constant C > 0
and define py = min{p, 1/+/C*} for a positive number C* > C. If

2 2
X
— - <1

[v2—p?| ~

X

|v2 ~(p+ 1)2| b o

7

forall x € 1,,,, then there exists a solution yy(x) of the Bessel differential equation (1.3) such that

ly(x) - yn(x)| < KLye, (3.23)

forany x € 1,,.

Proof. For any j > 0 and x € I,,, we have

x?2 22 2 2
maX{|"2—(2j)2|' |v2—(2j+1)2|}Smax{lvz—p2|' |v2_(p+1)2'}sl' (3.24)
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Thus, we get

2 2
M(x) < max{ ——, . 1p=1, (3.25)
[v2 - p?| 'vz—(p+l)|

and the assertion is true due to Theorem 3.1. O

4. Examples

We will show that there exist functions y(x) which satisfy all the conditions given in
Theorem 3.1 and Corollary 3.2. Let us define a function y : I;p — R by

y(x) = Jios(x) + ex” = Y bux™, (4.1)

m=0

where J1005(x) is the Bessel function of the first kind of order 100.5, n is a positive integer,
and c is a constant satisfying

£

€= 999625’ (4.2)

for some ¢ > 0. It is obvious that the convergence radius of the power series >,>_, b, x™ is
infinity. (So we can set p = 10.) In fact, the infinite series ..., b,,11™ converges. So we have

11m+1b 11m+2b
li — Tmll g, —m2 o, 43
| 1D, |7 o | T | = (3)
Thus, it holds true that
. bm+2 . bm+2 . bm+1 1
1 iy ey | 1 < — 44
|5, | =My, s, < a0

which implies that the sequence {b,,} satisfies the condition (3.4) with a Landau constant
C = 1/121. If we take C* = 1/100, then py = min{p,1/+/C*} = 10.

Since J1005(x) is a particular solution of the Bessel differential equation (1.3) with v =
100.5, it follows from (4.1) that

x*y" (x) + xy' (x) + <x2 - @)y(x) = —40i85 cx’® + ext, (4.5)

for any x € L.
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If we set

40385
———©¢c form=2,
4
am=13c for m =4, (4.6)
0 otherwise,

then we have

% "(x)+xy<x>+(x2—%) (x )—Zamx

X2y (x) + xy' (x) + <x2 - %> (x )‘ x™| = c(@x2 - x4> < 999625¢ = ¢,
” 4.7)
for all x € Ig.
Moreover, we have
|20 @amXx™|  (40385/4) cx? — cx* . 39985 (48)
>% lamxm|  (40385/4)cx? + cxt ~ 40785 :
and hence, we get
- 8157
lamx™| < amx"™ (4.9)
1;::6 7997 Z
for all x € Ijp. Thatis, {a,,} satisfies the property (b) with K = 8157/7997.
It holds true that
x? x?
o <Y L o<l 410
e | —(p+1)2| (4.10)
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for all x € Iy, and since

= 1
Ligs=> —
1002 mz;z)(m —100.5)?
1 1 1 1
= 2t 2t I —}
(-100.5)2  (-99.5)%  (~98.5) (~0.5)

1 1 1 1

t——t—S+-——=+=—=+-
05* 152 252 352 (4.11)
<1+1+1+ +1+<1+1>
1002 992 982 12 0.5 0.5%
1 1 1
+ﬁ+§+§+”'

2
§2§(2)+8:%+8,

it follows from Corollary 3.2 that there exists a solution yj(x) of the Bessel differential
equation (1.3) such that

8157 8157 [ x?
- <L (2 .
Y60 = yn(0)] < Zog7Liomse < 7997< 3 +8> & (412)
for any x € .
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