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We introduce new iterative algorithms with perturbations for finding a common element of the
set of solutions of the system of generalized equilibrium problems and the set of common fixed
points of two quasi-nonexpansive mappings in a Hilbert space. Under suitable conditions, strong
convergence theorems are obtained. Furthermore, we also consider the iterative algorithms with
perturbations for finding a common element of the solution set of the systems of generalized
equilibrium problems and the common fixed point set of the super hybrid mappings in Hilbert
spaces.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - || and C a nonempty closed
convex subset of H and let T be a mapping of C into H. Then, T : C — H is said to be nonex-
pansive if |Tx - Ty| < |lx — y|| for all x,y € C. A mapping T : C — H is said to be quasi-
nonexpansive if [Tx —y|| < ||x —y| forallx e Cand y € F(T) := {x € C : Tx = x}. It is well
known that the set F(T') of fixed points of a quasi-nonexpansive mapping T is closed and con-
vex; see Itoh and Takahashi [1]. A mapping T : C — H is called nonspreading [2] if

2 (1.1)

7

2||Tx = Ty||* < | T~ yI* + ||Ty - x

for all x, y € C. We remark that nonlinear every nonspreading mappings are quasi-nonexpan-
sive mappings if the set of fixed points is nonempty.
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Recall that a mapping ¥ : C — H is said to be py-inverse strongly monotone if there
exists a positive real number p such that

(¥x -¥y, x—y) > p||¥x - ¥y ?, Vx,y € C. (1.2)

If ¥ is a p-inverse strongly monotone mapping of C into H, then it is obvious that ¥ is 1/ u-
Lipschitz continuous.

Let G : C x C — Rbe a bifuction and ¥ : C — H be p-inverse strongly monotone
mapping. The generalized equilibrium problem (for short, GEP) for F and ¥is to find z € C
such that

G(z,y)+(¥z,y-z)>0, VyeC (1.3)

The problem (1.3) was studied by Moudafi [3]. The set of solutions for problem (1.3) is
denoted by GEP(F, ¥), that is,

GEP(F,¥)={z€C:G(z,y) +(¥z,y-z) >0, Yy € C}. (1.4)

If ¥ = 0in (1.3), then GEP reduces to the classical equilibrium problem and GEP(G,0) is
denoted by EP(G), that is,

EP(G) = {z€ C:G(z,y) >0, Vy € C}. (1.5)

If G = 0in (1.3), then GEP reduces to the classical variational inequality and GEP(0, ¥) is
denoted by VI(¥, C), that is,

VI(¥,C) = {ze€C: (¥z,y-z) >0, Yy eC}. (1.6)

The problem (1.3) is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, Min-Max problems, the Nash equilibrium problems in
noncooperative games, and others; see, for example, Blum and Oettli [4] and Moudafi [3].
In 2005, Combettes and Hirstoaga [5] introduced an iterative algorithm of finding the
best approximation to the initial data and proved a strong convergence theorem. In 2007,
by using the viscosity approximation method, S. Takahashi and W. Takahashi [6] introduced
another iterative scheme for finding a common element of the set of solutions of the equili-
brium problem and the set of fixed points of a nonexpansive mapping. Subsequently, algo-
rithms constructed for solving the equilibrium problems and fixed point problems have fur-
ther developed by some authors. In particular, Ceng and Yao [7] introduced an iterative
scheme for finding a common element of the set of solutions of the mixed equilibrium prob-
lem and the set of common fixed points of finitely many nonexpansive mappings. Mainge
and Moudafi [8] introduced an iterative algorithm for equilibrium problems and fixed point
problems. Wangkeeree [9] introduced a new iterative scheme for finding the common ele-
ment of the set of common fixed points of nonexpansive mappings, the set of solutions of an
equilibrium problem, and the set of solutions of the variational inequality. Wangkeeree and
Kamraksa [10] introduced an iterative algorithm for finding a common element of the set
of solutions of a mixed equilibrium problem, the set of fixed points of an infinite family of
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nonexpansive mappings and the set of solutions of a general system of variational inequal-
ities for a cocoercive mapping in a real Hilbert space. Their results extend and improve many
results in the literature.

In 1967, Wittmann [11] (see also [12]) proved the strong convergence theorem of
Halpern’s type [13] {x,} defined by, for any x; = x € C,

Xp1 =apx+ (1 —a,)Tx,, VYneN, (1.7)

where {a,} C (0,1) satisfies lim,_a, =0, > oq a, = 00, and > q [y — ays1| < co. In [14],
Kurokawa and Takahashi also studied the following Halpern’s type for nonspreading
mappings in a Hilbert space; see also Hojo and Takahashi [15]. Let T be a nonspreading map-
ping of C into itself. Let u € C and define two sequences {x,} and {z,} in C as follows: x; =
x € Cand

1 n-1
Xp1 = ayu+ (1 -ay)z,, where z, = —ZTkxn (1.8)
niso

foralln = 1,2,..., where {a,} c (0,1), lim,_ o, = 0and >, a, = oo. If F(T) is non-
empty, they proved that {x,} and {z,} converge strongly to Pr(r)u, where Pr(r) is the metric
projection of H onto F(T). Recently, Yao and Shahzad [16] gave the following iteration pro-
cess for nonexpansive mappings with perturbation: x; € C and

Xn+l = (1 - ﬂn)xn + PnPc(anuy, + (1 - a,)Tx,), VneN, (1.9)

where {a,} and {f,} are sequences in [0, 1], and the sequence {u,} C H is a small pertur-
bation for the n-step iteration satisfying ||u,|| — 0asn — oo. In fact, there are perturbations
always occurring in the iterative processes because the manipulations are inaccurate.

On the other hand, very recently, Chuang et al. [17] considered the following iteration
process for finding a common element of the set of solutions of the equilibrium problem and
the set of common fixed points for a quasi-nonexpansive mapping T : C — H with perturba-
tion

qleH,

1
xn €C, such that G(x,,v) + —(yY —Xun, X»—qu) 20, Vye(,
(en, y) + 4 ) (110)

Yn = ,ﬁnxn + (1 - ,ﬁn)Txn/

Jn+1 = Ay + (1 - lxn)yn, Vn eN,

where C is a nonempty closed convex subset of H, G : CxC — Ris a function, {a,} and {f,}
are real sequences in (0,1), and {u,} C H is a convergent sequence and {r,} C [a, o) for some
a > 0. They obtained a strong convergence theorem for such iterations.

In this paper, inspired and motivated by Yao and Shahzad [16], S. Takahashi and
W. Takahashi [18] and Chuang et al. [17], we introduce a new iterative algorithms with
perturbations for finding a common element of the set of solutions of the system of gener-
alized equilibrium problems and the set of common fixed points of two quasi-nonexpansive
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mappings in a Hilbert space. Under suitable conditions, strong convergence theorems are
obtained. Furthermore, we also consider the iterative algorithms with perturbations for find-
ing a common element of the solution set of the system of generalized equilibrium problems
and the common fixed point set of the super hybrid mappings in a Hilbert space.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. We denote the strongly
convergence and the weak convergence of {x,} tox € Hby x, — xand x,, — x, respectively.
In a Hilbert space, it is known that

e + (1= Wy |* = Maxl? + A= Vly]* - ra-D|x -y, (2.1)

forall x,y € H and A € R; see [19]. Furthermore, we have that for any x, y,u,v € H
2x-y, u-v)=|lx- o> + |l - u||2 —lx = u| - ly - v||2. (2.2)

Let C be a nonempty closed convex subset of H and x € H. We know that there exists a
unique nearest point z € C such that || x—z|| = inf,cc|lx~y||. We denote such a correspondence
by z = Pcx. The mapping Pc is called the metric projection of H onto C. It is known that Pc
is nonexpansive and

(x = Pcx, Pex—u) >0; (2.3)

for all x € H and u € C; see [19, 20] for more details.

Let C be a nonempty, closed and convex subset of H andlet G : CxC — R be a
bifunction. For solving the generalized equilibrium problem, let us assume that the bifunction
G : C x C — R satisfies the following conditions:

(A1) G(x,x) =0forallx € C;
(A2) G is monotone, thatis, G(x,y) + G(y,x) <0 forany x,y € C;
(A3) foreach x,y,z€ C

1§f51c(tz +(1-tx,y) <G(x,y); (2.4)

(A4) for each x € C, G(x, -) is convex and lower semicontinuous.

We know the following lemma which appears implicitly in Blum and Oettli [4].

Lemma 2.1 (see [4]). Let C be a nonempty closed convex subset of H and let G be a bifunction of
C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists a unique z € C such that

G(z,y)+%<y—z, z-x)>0, VYyeC (2.5)

The following lemma was also given in Combettes and Hirstoaga [5].
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Lemma 2.2 (see [5]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
G : C x C — R bea bifunction which satisfies conditions (A1)—(A4). For r > 0and x € H, define a
mapping T, : H — C as follows:

Tr(x)={zeC:G(z,y)+%<y—z,z—x>20, VyeC} (2.6)

forall x € H. Then the following hold:
(i) T, is single-valued;

(ii) T, is firmly nonexpansive, that is, for any x,y € C,

|| T - Try”2 <(Tyx-Tyy, x-y); (2.7)
(iii) (EP) is a closed convex subset of C;
(iv) F(T,) = EP(G).

Remark 2.3. For any x € H and r > 0, by Lemma 2.2 (i), there exists u € H such that
1
G(u,y)+;<y—u,u—x>20, Yy € H. (2.8)
Replacing x with x —r¥x € H in (2.8), we have
1
G(u,y)+<‘Px,y—u>+;(y—u,u—x>20, Vy € H, (2.9)

where ¥ : H — H is an inverse strongly monotone mapping.

Lemma 2.4 (see [21]). Let {I',} be a sequence of real numbers that does not decrease at infinity in
the sense that there exists a subsequence {I',} of {I',} which satisfies I', < I'y.1 for all i € N. Define
the sequence {T(n)},,,, of integers as follows:

T(n) = max{k <n: Tk <Ti}, (2.10)

where ng € N such that {k <ng : Tx < Tis1} # 0. Then, the following hold:
) r(1)<Tt(2) < and t(n) — oo;

(11) I‘T(n) < IﬂT(n)+1 and I, < Iﬁ”r(n)-%—lr Vn e N.

Lemma 2.5 (see [22]). Let {a},cy be a sequence of nonnegative real numbers, {a,} a sequence
of real numbers in [0,1] with >,77  an = oo, {u,} a sequence of nonnegative real numbers with
> Up < oo, {t,} asequence of real numbers with lim sup t, < 0. Suppose that

a1 < (1 -ay)a, +ayt, +u,, VYneN. (2.11)

Then lim,, _, ,a, = 0.
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3. Main Results

Let C be a nonempty closed convex subset of a Hilbert space H. For eachi = 1,2,...,k, let
G; : C x C — Rbe a bifunction satisfying (A1)-(A4) and ¥; a y;-inverse strongly monotone
mapping. For each j = 1,2, let T; : C — H be two mappings. Let {x,} be a sequence
generated in the following manner:

x1 € H,

1
Gi(un1,y) + (P1Xn, Y —tn1) + r—(y —Up1, Ui —Xn) 20, VyeC,

1
Go(un2, y) + (WoXn, Y —tnp) + T—(y —Unp, Unp—Xn) 20, VyeC,
n

1 (3.1)
Gk (e, y) + (PiXn, ¥ — Uni) + r—(y —Unk, Unk—Xn) 20, YyeC,
1k
= %Zun,i/
i=1
Yn = YnWn + (1 - Yn)lenz
Zp = ﬂnyn + (1 - pn)T2wnr
Xp1 = auity + (1 —ay)z,, VneN,
where {a,}, {Bn}, {yn]} are sequences in (0, 1) and {u,} C H is a sequence and {r,,} C [a,2u;)
for some a > 0 and for all i E { 1,2,...,k}. Under certain appropriate assumptions imposed
on the sequences {a,}, {f}, the strong convergence theorem of {x,} defined by (3.1) is

studied in the following theorem

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Foreachi=1,2,...,k,
let G; : C x C — R be a bifunction satisfying (Al)—(A4) and ¥; a p;-inverse strongly monotone
mapping. For each j =1,2,let T; : C — H be two quasi-nonexpansive mappings such that I —T; are
demiclosed at zero with Q := F (Tl)ﬂF (Tz)ﬂ(m 1 GEP(G;, ¥;)) #0. Let the sequences {x,},{yn}, and
{zn} be defined by (3.1), where {a,}, {Pn}, {yn}, and {u,} satisfy the following conditions:

(C1) limy—, oty = 0 and 3774 oty = o0;
(C2) liminf, fu(1 - Bn) > 0;
(C3) liminf, Lo yu(1—7y5) > 0;

(C4) limy, _, o uy, = u for some u € H.

Then {x,} converges strongly to x*, where x* = Pqu.
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Proof. We first have that foralli=1,2,...,k, I - r,¥; is a nonexpansive mapping. Indeed, for

all x,y € C, we obtain

(T = ®)x = (T = r ¥y || = [|(x - y) = 1 (¥ = ¥iy) |

= lx - y||* - 2ru(¥ix - Wiy, x — y) + r2||Wix - By

<l = yll* = 7 (2pps = ra) | ¥ Wiy |
< Jlx-yll*

(3.2)

Thus I - r,,¥; is nonexpansive for each i € {1,2,...,k}. Now, let w € Q be arbitrary. By (C4),

{u,} is a bounded sequence, there exists M < 0 such that

sup|lu, —wl| < M.
neN

Foreachi=1,2,...,kand n € N, we have from u,; = T}, , (x,, — r,¥ix,) that
luni — w|| = ||Tr,, (xn — 12 ¥ixn) = Ty, (w — r,Piw) ||
<[Gen = ¥ixn) — (w - r¥iw) ||
< lxn —wl],

which gives also that
k

1
llwn = wl| < EZIIMn,i —w| < flxn —wl| Vo € Q.
i=1

Since T; is quasi-nonexpansive, we have

llyn = wl| = lyaewn + (1 = ) Tiwn — ||
= ”Yn(wn —w) + (1 - Yn)(len -w) ”
< Yallwn = wll + (1 = y2) I Tiwy — w|

< lwn - wl|.

So, we have from (3.5) and (3.6) and the quasi-nonexpansiveness of T, that

llxne1 = wl| = llan(un — w) + (1 - ay) (zn — w)||

< apllun —wl[ + (1 - an)|zn - w]|

S an“un - ’LUH + (1 - an){ﬁn”yn - ’LU” + (1 _ﬂn)“TZWn - w”}

< an“un - w“ + (1 - “n){ﬂn“wn - w“ + (1 _pn)”wn - w”}

< anllun —w| + (1 - an)|jwn —w||
< aylluy —w| + (1= an)||x, — wl|

<max{M, ||x, - wl||}.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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By Induction, we have that

[|[x, — wl|| < max{||x; —w|, M}, VneN. (3.8)

Thus we obtain that {||x, —w||} is bounded, so also {x,}, {v.}, {zx}, {wn}, {T1w,}, and {Trw,}
are bounded. Since Q is closed and convex, we can take x* = Pou. It follows that

[y = %11 = [lyn(eon = x) + (1 =) (Trewn = x) |
= Yn”wn - x*“2 + (1 - Yn) IThw, — x*”z - Yn(l - Yn) llewn = len”2
< Yallwn — x*“2 + (1 - Yn) l|lcwn — x*||2 - Yn(l - Yn)”wn - Tl(/‘)n”2 (3.9)

= Nlwn = x*I* = ¥ (1 = yu) lwn — Tycon?

< Jlwn = x*|1%.
From (3.9), we have

1Zn = I = (| (yn = x) + (1= ) (Towr = x7)||*
= Ballyn = x*|* + (1 = Bu) I Tawn = 1P = Bu(1 = Bu) |y — Tatwu ||
< Bullwn = x| + (1 = Bu)llewn = x*1 = Bu(1 = B) [[yn = Totwon|” (3.10)
= [lwn = 2*|* = Bu (1 = Bu) |y = Taton]|?

< Jlewn — x|
Hence we have from (3.5), (3.9), and (3.10) that

lwner = x*|* < llxner = x*|>
= (= %) + (1= a2) (20 = %) I°
_ *(12 *112 2
= apllun — X7+ (1= an)l|zn — X" = an(1 — an) ||ty — 24|
*112 %12
<l = X7+ (1 = ap) ||z — X7

24 (1= B Tawy — x°|2

= it = P + (1= @) { Bullym - x°
a1 o)l = Toonl*}
< aylluy — x| + ﬂn{ynllwn ~x*|P+ (1 - y) IThwn - x*|?
~ (1 =yl = TaeonlP } + (1= o) [ Tocon = °I1

= Pu (1= o) llyn ~ Town
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< @l = x|+ Bu(pulleon = %71+ (1= y) oo = x|

~ (1= Ya)lleon = Tiewnl?) + (1= o) llwn = x|
2
= (1= Bu) [|yn — Towu |
= ttyl|tin — X7+ lwn = X1 = ¥ (1 = y) lwn — Trewn )

= Pu(1 =) |y = Totwn.

(3.11)
We also have that
¥u (1 = Yu) llon = Treon|® < anlln = x*|* + llwn = x*|* = llwnir = x|, (312)
Bn(1= Bu) |y — Town|® < aullitn — x* I + lwn = x*|* = l|consn — x| (3.13)
Furthemore, we have from y, = y,wy + (1 - y,) 1w, that
llwn = Townll < [|wn = ynl| + [|yn = Tocon]|
= [lwn = Yawn = (1 = Yu) Tawn || + || yn = Toxu| (3.14)
= (1= yn) llwn — Trwnl| + ||y — Town||-
On the other hand, since x,,1 — x* = a, (u, — x*) + (1 — a,) (z,, — x*), we have
lleoner = 2|17 < [l20e1 = x°|1°
< (1= )|z = x| + 200 (1 — x*, Xps1 — x*)
< (1-ay)|ew, - x*||2 + 2, (U — X, Xp41 — X¥)
=(1-ay)|w, - x"||2 + 20, Uy — U, Xp41 — XT) (3.15)
+ 20, (U — X%, xp1 — XT)
=(1-ay)|w, - x"||2 + 2, Uy — U, Xpy1 — X¥)
+ 20, (U — X*, Xpy1 — Wy) + 20, (U — X, Wy, — X¥).
We also have that
||xn+1 - wn” < ||xn+1 - ]/n” + ”yn - wn”
= [lan (un = yu) + (1 = ) (zn = yu) | + [| (1 = ¥1) (wn = Taewn) |
< at||un = yul| + (1= ) || Buyn + (1= Pu) Town = yu|
(3.16)

+ (1= yn)llwn = Trewnl|
= aty [|1n = yn| + (1= ) (1 = Bu) | yn — Town |
+ (1 =) llwn = Trwn|-
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Moreover, forany i € {1,2,...,k}, we have from u,; = T,, ,(x, — r,¥ix,) that

[, = 21> < | (en = x°) = 1 (Wi — ¥ix®) ||
= ||lx, — x”‘||2 =21 (X, — X*, Wix, — ¥ix*) + rﬁ||‘1’,-xn - 1P’,-x*||2 (3.17)

2 2
< e = X717 = 7 (2 = 1) [[Wixen = Wix™||".

It follows that

k 1 2
* 2 — _ A *
llewn = x*|I” = glk(un,z x")
1 s * (12 1
< 2 Dlluni = x| (3.18)
i=1

* 1 d *
<l —x ”2 - %Zrn (2/41' - rn)”lpixn - W¥ix ”2
i=1

This implies that
%01 = x°]* = [|atn (14 — x*) + (1 = @) (2 — x*)||?
< [ty — x| + (1 = ) [Jwn, — X"
< ttyl[itn — x| + (1 = o) 2, — x| (3.19)
1 k *112
-(1- an)EZrn (2[41‘ - 7"n)”q“ixn =¥,
i=1
and hence

1 . * * * *
(1= tn) 2 D7 pti = 1) [Wit = Wi |* < ety = 2|+ [0 = 2*[” = [l = |2 (3.20)
i=1

Furthermore, we have from Lemma 2.2 that for anyi € 1,2, ..., k, we have

2
[t — x*||° < ((x = 1 Wixy) — (X" = 1, ¥ix™), 1y — x™)

1 * * *
= > { e = i) — (2" = 1 Wi )| + s — x|

2
1o = 1) = (¢ = 1 ") = (14 = x°)
1 . . . (3.21)
< 5 { e = 1P o s = 1P = 11 G = 1as) = 1 (B = i)}
1 % * *
= 5 { e = X ot = "1 = e = 0l = 72| = Wi

+ 21 (xy — Ui, Pix, — ¥ix™) }
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This implies that

lltti = x*[% < (1200 = 2517 = 1|30 = thil|* + 27|00 — 1| | Wi — Wi

Then we have from (3.22) that
1k
leom = x*1* < £ 3l = ")
i=1
1k
< ln = 21 = 2 Dolttni =
i=1

1 k
+ %ern”xn - un,i””lpixn - IIIix*”'
i=1

Hence we have from (3.23) that

2 2 2
[[on1 = X7 < anllun = x7(|7 + (1 = @) leon — 7|

1 k

2 2 2

< aplluy — X7+ (1 - ay) <||xn e EZ”un,i = Xn|| >
i=1

1< .
+(1-ay) <EZZT"”x" — Uil Wix, — ¥ix ||>

i=1

It follows that

1 k

(1- an)EZIIMn,i = xull® < aullttn = x| + [l = 27 = [[2p1 — 277
i=1

1 .
+(1-ay) <E22rn||xn — 1ty ||| Wi — Wix ||>.
i=1

Next, we will consider the following two cases.

11

(3.22)

(3.23)

(3.24)

(3.25)

Case A. Put T, = |w, — x*||* for all n € N. Suppose that I';;; < T, for all n € N. In this case

lim,, _, ,,I';, exists and then lim,, _, o, (I'y+1 — ') = 0. By (C1), (C3), and (3.12), we have

lim ||wy, — Tyw,|| = 0.
n—oo

Similarly by (C1), (C2), and (3.13), we also have

1im [~ Too | = .

(3.26)

(3.27)



12 Abstract and Applied Analysis

So, we have from (3.14), (3.26), and (3.27) that

lim [|w,, = Town]| = 0. (3.28)

Since lim,, _, o ||w;, — x*|| exists, we have from (3.11) and (3.26)

Iim [lw, — x| = lim [loc, — x7]]. (3.29)

We also have from (C1), (3.16), (3.26), and (3.27) that

Jim flxps1 = wall = 0. (3.30)

Since lim,, , oo ||x, — x*|| exists we have from (C1) and (3.20) that

lim ||[¥;x, - ¥ix*||=0, Vi=1,2,..., k. (3.31)
n—oo

This together with (3.25) and the existence of lim, _, .|| x,, — x*|| implies that

Hm [[un; = xa[| =0, Vi=1,2,... k, (3.32)
which gives that
1k
lleon = xull < EZ”un,i — x| — 0 asn— co. (3.33)

i=1

So, from (3.30), lim,, , o ||xp+1 — X5|| = 0. Furthermore, we have from (3.33) that

llwns1 = wnll < lwns1 = xuaall + 1Xne1 = Xnll + |0 — wsn|| — 0 as n — oo; (3.34)
that is
lim [|wps1 — wyl| = 0. (3.35)
n— oo

Now, since {w, } is a bounded sequence, there exists a subsequence {wy, } of {w,} such that

limsup(u - x*, w, — x*) = im <u - X, Wy, — X" > (3.36)

n—oo J—
Without loss of generality, we may assume that w,, — v. Since T is demiclosed at zero and
by (3.26), we conclude that v € F(T1). Similarly, since T; is demiclosed at zero and by (3.28),
we have v € F(T,). Therefore, we get that

v € F(Ty) NF(T). (3.37)
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Next, we show that v € ﬂ;‘:l GEP(G;, ¥;). For each i € {1,2,...,k}, since u,; = T;, (x, —
r,¥ix,), we have

1
Gi(uni, y) + (Pixn, Y —ni) + r—(y —Upnj, Uni—Xn) >0, VyeC. (3.38)

From (A2), we also have

(Wixxn, y — Uni) + %(y = Uni, Uni — Xn) > Gi (Y, Un). (3.39)
n
Replacing n by n;, we have
Uy i— Xn;
<‘Pixn]-, y- un]-,i> + <y — Un, i, #> > G; <y, un,-,i>- (3.40)

Puty, =ty + (1 -t)vforallt € (0,1] and y € C. Since v € C, then y; € C and
<yt - unj,i/lpi]/t> > <]/t - unj,i,‘Piyt> - <yt - un,.,i,‘l'ixnj>
- <yt = Unj i, u> +G; (yt/unf,i>
nj
= <yt = Uni, Vi — 1IIiun,-,i> + <yt = Unj,i, Cithn; i — 11’ixnj>

Uy. i — Xy,
17 ]
- <]/t ~Umiy——— )+ Gi <]/t/unj,i>-
nj

Since ||un;,i—xn;|| — 0asj — oo, we obtain that || ¥;u,, ;—¥;x, || — 0asj — co. Furthermore,
by the monotonicity of ¥;, we obtain that

(3.41)

(Yr = i Wiys = Witk ) 2 0. (3.42)
Taking j — oo in (3.41), we have from (A4) that
(vi—v,¥iy1) 2 Gi(yi,v). (3.43)
Now, from (A1), (A4), and (3.43), we also have

0=Gi(y, vi) <tGi(y,y) + (1 - )Gi(ye, v)
<tGi(yr,y) + 1 - t){y: — v, ¥iys) (3.44)
=tGi(yr,y) + 1 -Ht(y —v, ¥iy),
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which yields that
Gi(yey) + (1 -t)(y —v,¥iy:) > 0. (3.45)
Taking t — 0, we have, for each y € C

Gi(v,y)+{y-v, ¥w)>0, Vie{l2,... k}. (3.46)

This shows v € GEP(G;, ¥;), foralli=1,2,...,k. Then, v € ﬁle GEP(G;, ¥;). Hence we have
v € F(Ty) N F(T>) N (N5, GEP(G;, ¥))) = Q. So, we have from (3.36) that

lim sup(u - x*, wy —x") = (u—-x", v-x") <0. (3.47)

n—oo

By (C1), (C4), (3.15), (3.30), (3.47), and Lemma 2.5, we obtain that lim, _, o ||w, — x*|| = 0.
Hence we have from (3.29) that {x,} converges to x*, where x* = Pou.

Case B. Assume that there exists a subsequence {I';, };5 of {I';},5 such that I',, < T, ;1 for all
i € N. In this case, it follows from Lemma 2.4 that there exists a subsequence {I'z(»)} of {I';}
such that I'z(4)+1 > I'z(n), where 7 : N — N is defined by

T(n) =max{k <n: Iy <[k}, VnelN. (3.48)
So, from (3.12), that

l|wrmysr = x| = ety = |17 + Frn) (1 = Yoo ) [|wrny = Tiwein||* < i ||ty = x|

(3.49)
Since [lwrm) — x*|1> == Trn) < Trmys1 = |We@my+1 — x*||%, we have
Feny (1= Yee) |0eny = Taewrny | < ey ||ty — || (3.50)
By (C1) and (C3), we have
Jim |wr () = Trworn || = 0. (3.51)

By (3.15), we have

l[wrmyt = x||* < (1= e |wrny = x| + 200y (e = X, Xrguyer = x°). (3.52)
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Now, in view of I'z(sy < I'r(n)+1, We see that

”wT(Tl) - X*llz < 2<”T(n) = X", Xp(mys1 = x*>
= 2(Ur(ny — U, Xrmyst — X°) +2(U = X*, Xr(nys1 — Wr(n))

+2(u—x*, Wrmy - x*).
Furthermore, we also have from (3.13) that

Brin) (1= Pri) [[Yetn) = Towrin|I” < ey |trny = x*||* + [|wriy — x|
%112
— lwr (1 = x|

< [tz =

Applying (C1) and (C2) to the last inequality, we get that

Jim [[yr(m) = Towr (|| = 0.

By (C1), (3.16), (3.51), and (3.55), we have

nli_r)r;“xT(n)ﬂ —wr(w]| =0.
By (3.33), we have
nlijr;o||wT(n)+1 = Xz =0.

It follows from (3.56) and (3.57) that

Jim [|ewr(uy 1 = wrin|| = 0.

Since {wr(n) } is a bounded sequence, there exists a subsequence {w-(,) } such that

lim sup(u — x*, Wy — x*) = lim <u — X", Wr () = X° >

n— oo ] — o
Following the same argument as the proof of Case A for {w;(,,) }, we have that

limsup(u — x*, wr@m —x*) <0.
n— oo

Using (C4), (3.53), (3.56), and (3.60), we have that

lim [lwry = ]| = 0.
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(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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By (3.58) and (3.61), we have that

lim ||wT(n)+1 - x*|| =0. (3.62)

n—oo
By Lemma 2.4 (ii), we get lim,, I, = 0; that is lim,, _, ||w, — x*|| = 0. We observe that

%01 = x*]* < @nllttn — x> + (1 = @) wn — x*|1* (3.63)

Applying (C1), (C4), and lim,,, o ||w, — x*|* = 0, we have immediately

Jim [|x, — x| = 0; (3.64)

thatis, {x,} converges strongly to x*, where x* = Pqu. This completes the proof. O
Setting ¥; =0foralli=1,2,...,k in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let C be a nonempty closed convex subset of a Hilbert space H. Foreachi=1,2,...,k,
let G; : Cx C — R be a bifunction satisfying (A1)—(A4). For each j = 1,2, let T; : C — H be
two quasi-nonexpansive mappings such that 1 — T; are demiclosed at zero with Q := F(T1) N F(Tz) N
(r\f:lEP(Gi)) #0. Let the sequences {x,}, {y,}, and {z,} be defined by

x1 € H,

Gl (un,lr y) + rl<y - un,ll Up1 — x‘r‘l> 2 0/ Vy € C/

Go(un2,y) + %(y —Upp, Unp —Xn) 20, VyeC,

1
Gk (un,k, y) + r—<y —Upk, Unk — xn> >0, Vy eC, (365)

1 k
wy = _Zun,i/
k i=1

Yn = Ynton + (1 - Yn)len/
Zp = ,ﬁnyn + (1 - ﬁn)Tzwn/

Xn+l = AUy + (1 - (Xn)Zn, VneN,

where {a,}, {Pn}, (v} satisfy the following conditions.
(C1) limy—, oty = 0and 3,774 oty = o0;
(C2) liminf, o pu(1 - pn) > 0;
(C3) liminf, Lo yu(1 = y5) > 0;

(C4) limy, —, o uy, = u for some u € H.
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Then {x,} converges strongly to x*, where x* = Pqu.

In the next results, using Theorem 3.1, we have new strong convergence theorems for
two nonexpansive mappings in a Hilbert space.

Corollary 3.3. Let C be a nonempty closed convex subset of a Hilbert space H. Foreachi=1,2,...,k,
let G; : C x C — R be a bifunction satisfying (A1)—(A4) and ¥; a p;-inverse strongly monotone
mapping. For each j = 1,2, let T; : C — H be two nonexpansive mappings such that Q := F(Ty) N
F(Ty) N (ﬂleGEP(Gi,‘I‘i)) #0. Let the sequences {x,}, {yn}, and {z,} be defined by (3.1), where
{an}, {Bn}, {yn) satisfy the following conditions.

(C1) limy—, oty = 0and 3,774 oty = o0;
(C2) liminf, opn(1 - pn) > 0;
(C3) liminf, Lo yu (1 —yn) > 0;

(C4) limy, —, o uy, = u for some u € H.

Then {x,} converges strongly to x*, where x* = Pqu.

4. Applications

In this section, we present some convergence theorems deduced from the results in the pre-
vious section. Recall that a mapping T : C — H is said to be nonspreading [2] if

2||Toc = Ty||” < | Tx =y ||* + | Ty - x| (41)
for all x, y € C. Further, a mapping T : C — H is said to be hybrid [23] if
2 2 2 2
B Tx =Ty|l" < [lx ~y[I" + I T~ y]" + Ty — ]| (4.2)

for all x, y € C. These mappings are deduced from a firmly nonexpansive mapping in a Hil-
bert space.
A mapping F : C — H is said to be firmly nonexpansive if

|Fx - Fy||> < (x -y, Fx - Fy) (4.3)

for all x, y € C; see, for instance, Browder [24] and Goebel and Kirk [25]. We also know that
a firmly nonexpansive mapping F can be deduced from an equilibrium problem in a Hilbert
space.

Recently, Kocourek et al. [26] introduced a more broad class of nonlinear mappings
call generalized hybrid if there are a, § € R such that

al[Tx - Ty | + (- a)lx - Ty[* < pITx —y|* + (1- p)flx -y @4
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for all x, y € C. Very recently, they defined a more broad class of mappings than the class of
generalized hybrid mappings in a Hilbert space. A mapping S : C — H is called super hybrid
if there are a, 8, y € R such that

a||Sx=Sy|[*+ (1-a+y)[|x=Sy|* < (B+(B-a)y)[|Sx-y||*+ (1-p-(B-a=1)y) | x-y]|*

+ (a=B)ylx - SxlI* +ylly - Sy’
(4.5)

for all x,y € C. We call such a mapping an (a, 3, y)-super hybrid mapping. We notice that an
(a, B, 0)-super hybrid mapping is («a, f)-generalized hybrid. So, the class of super hybrid map-
pings contains the class of generalized hybrid mappings. A super hybrid mapping is not
quasi-nonexpansive generally. For more details, see [27]. Before proving, we need the
following lemmas.

Lemma 4.1 (see [27]). Let C be a nonempty subset of a Hilbert space H and let a, f and y be real num-
bers withy # —1. Let S and T be mappings of C into H such that S = (1/(1+y))T+(y/ (1+y))1. Then,
T is (a, B, y)-super hybrid if and only if S is (a, f)-generalized hybrid. In this case, F(S) = F(T).

Lemma 4.2 (see [27]). Let H be a Hilbert space and let C be a nonempty closed convex subset of H.
Let S : C — H be a generalized hybrid mapping. Then S is demiclosed on C.

Setting Sj == (1/(1+Y;))T;+(y;/ (1+Y;))I in Theorem 3.1, where T; is a super hybrid mapping
and y; is a real number, we obtain the following result.

Theorem 4.3. Let C be a nonempty closed convex subset of a Hilbert space H. Foreachi=1,2,...,k,
let G; : C x C — R be a bifunction satisfying (Al)-(A4) and ¥; a p;-inverse strongly monotone

mapping. For each j = 1,2, let Tj : C — H be (aj, B, yj)-super hybrid mappings such that Q :=
F(T1) nF(Tz) N (ﬁf.‘:lGEP(Gi,‘Pi)) #0. Let the sequences {x,},{yn}, and {z,} be defined by

x1 € H,

1
Gi1(un1,y) + (P1Xn, Y — tn) + r—(y —Up1,Ung —Xn) 20, VyeC,
n

1
Ga(tn2,y) + (Poxn, Y — Unp) + r—(y —Unp, Unp —Xn) 20, VyeC,

1
G n,ks + IP nrs ) + — “Unk,Ynk — An 20/ V GCI
k(tnie, ) + (PkXn, Y — Uni) rﬂ(y Un ) Unk — Xn) v (46)

1 k
wy = %;un,h
Yn = YnWn + (1 - YTl)( ! le'rl + n wn)
1+ Y1 1+ Y1 !

1 Y2
Zn = ﬂnl‘/n + (1 _ﬁn) (ﬂTzwn + ﬂwn)/

Xni1 = Apty + (1= ay)z,, Vn €N,
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where {an}, {Pn}, {yn) are sequences in (0,1) and {u,} C H is a sequence and {r,} C [a,2u;) for
some a > 0and foralli e {1,2,...,k}. Suppose the following conditions are satisfied.

(C1) limy—, oty = 0and 3,774 oty = o0;

(C2) liminf, o fu(1 - pn) > 0;

(C3) liminf, o yn(1 = 7y5) > 0;

(C4) limy, —, o uy, = u for some u € H.
Then {x,} converges strongly to x*, where x* = Pqu.
Proof. For each j = 1,2, setting

LS ]

=1+Y]‘ j+1+Y]‘I, (47)

5j

we have from Lemma 4.1 that each S; is a generalized hybrid mapping and F(S;) =
F(Tj). Since F(S;)#0, we have that each S; is quasi-nonexpansive. Following the proof
of Theorem 3.1 and applying Lemma 4.2, we have the desired result. This completes the
proof. O

Setting ¥ = 0 in Theorem 4.3, we obtains the following result.

Corollary 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Foreachi=1,2,...,k,
let G; : Cx C — R be a bifunction satisfying (Al)—(A4). For each j = 1,2, let T; : C — H be
(aj, Bj, vj)-super hybrid mappings such that Q := F(T;)NF(T2)N (ﬁf.‘:lEP(Gi)) #0. Let the sequences
{xn} Ayn}, and {z,} be defined by

x1 € H,

G1(una1, y) + %(y = U1, Ung —Xn) 20, VyeC,

Go(Unp, v) + %(y —Unp, Unp — Xn) 20, VyeC(,

Gk (Uni, y) + %(y —Upj, Uni —Xn) 20, Yy eC,

1 k
Wy = _Zun,i/
k i=1

(4.8)

1 Y1
Yn = YnWn + (1 - Yn) (TYllen + TYlwn>,

1 12
Zn = ﬁnyn + (1 —ﬂn) <mTzwn + mwn),

Xpi1 = auity + (1 —ay)z,, VneN,
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where {an}, {Pn}, {yn} are sequences in (0, 1) and {u,} C H is a sequence and {r,} C [a, o) for
some a > 0. Suppose the following conditions are satisfied.

(C1) limy—, oy, = 0and 3,774 oty = o0;
(C2) liminf, oPfn(1 - pn) > 0;

(C3) liminf, o yn(1—7yn) > 0;

(C4) limy, _, o uy, = u for some u € H.

Then {x,} converges strongly to x*, where x* = Pqu.

In Corollary 4.4, put G;(x,y) = 0forall x,y € C and r, = 1 for all n € N. Then we have
that u,; = x, foralli =1,2,..., k, which gives that w, = (1/k) Zle Uy; = X,. Thus we obtain

the following results from Corollary 4.4.
Corollary 4.5. Let C be a nonempty closed convex subset of a Hilbert space H. For each j = 1,2, let

T; : C — H be (aj,pj,yj)-super hybrid mappings such that F(Ty) N F(T2) #0. Let the sequences
{xn} {yn}, and {z,} be defined by

x1 € H,

1
yn:Ynxn+(1—Yn)<1+YlT1xn+ n xn>,

(4.9)

1
Z":ﬂ"y"+(1_ﬂ")<1+Y2T2xn+ 12 xn)r

Xpi1 = auity + (1 —ay)z,, VneN,

where {ay}, {Bn}, {yn} are sequences in (0,1) and {u,} C H is a sequence. Suppose the following
conditions are satisfied.

(C1) lim,—, oy, = 0and X774 oty = 00;
(C2) iminf, o fn(1 - Bn) > 0;
(C3) liminf, Lo yn(1 = 7y5) > 0;

(C4) limy, —, o uy, = u for some u € H.

Then {x,} converges strongly to x*, where x* = Pr(r,)np(r,) U-

In Corollary 4.5, put T = I, the identity mapping, and T, := T, an (a, , y)-super hybrid
mapping. Thus we obtain the following results.

Corollary 4.6. Let C be a nonempty closed convex subset of a Hilbert space H. Let T be an (a, B, v)-
super hybrid mapping such that F(T) # Q. Let the sequences {x,}, {yn}, and {z,} be defined by

x1 € H, (4.10)

1
Zn = Puxn + (1= PBn) (men + %xn) (4.11)

Xpi1 = auity + (1 —ay)z,, VneN, (4.12)
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where {a,} and {p,} are sequences in (0,1) and {u,} C H is a sequence. Suppose the following con-
ditions are satisfied.

(C1) limy,— oty = 0 and 32, a, = oo;
(C2) liminfy oo (1 = ) > 0;

(C3) limy, -, Uy, = u for some u € H.

Then {x,} converges strongly to x*, where x* = Pr)u.
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