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Let T be a time scale with 0, T € T. We give a global description of the branches of positive solutions
to the nonlinear boundary value problem of second-order dynamic equation on a time scale T,
ubA(t) + f(t,u®(t)) =0, t € [0, T]y, u(0) = u(c?(T)) = 0, which is not necessarily linearizable. Our
approaches are based on topological degree theory and global bifurcation techniques.

1. Introduction

Let T be a time scale with 0,T € T, we consider the existence of positive solutions, in this
paper, for a nonlinear boundary value problem of second-order dynamic equation on a time
scale T as follows:

utt(t) + f(tu’(t) =0, te[0,T]y,
(1.1)
u(0) = u(oZ(T)> - 0.

Research for the existence of solutions to the dynamic boundary value problem is rapidly
growing in recent years. A great many existence results of positive solutions have been
established for problem (1.1), see [1-5] and the references therein. The main tool used by
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them is the fixed point theorem in cones, and the key conditions in these papers do not
depend on the first eigenvalue, ;(a), of the following linear problem:

ub2(t) + ha()u°(t) =0, te[0,T]y,
(1.2)
u(0) = u<02(T)> =0,

and the corresponding existence conditions are not optimal.
In 2006, for 0,1 € T, 0(0) =0, p(1) =1, f € C(R) with sf(s) > 0 for s#0, Luo and Ma

[6] obtained the existence of at least one positive solution to problem:

utd(t) + fu? () =0, te 0,1y,

(1.3)
u(0) =u(l) =0,
under the condition
(H) if either fo < pt1 < fop OF foo < p1 < ]?0/ where

= e 2 L f() 14
fo_|£|lglo S 7 foo_|sl|1£>noo S 7 ()

and y; is the first eigenvalue of the linear problem:
ubA () + pul(t) = 0, u(0) = u(1) = 0. (1.5)

The approaches adopted by Luo and Ma [6] are based on global bifurcation techniques.
They obtained the existence of at least one positive solution by considering the branches
of solutions, which bifurcate from one point. The key conditions in [6] depend on the first
eigenvalue of the corresponding linear problem and the condition (H) is optimal!

In this paper, we will use the following assumptions.

(A1) f : [0,0(T)]y x [0,00) — [0,00) is continuous and there exist functions
aO(')/ ao(')/ boo(')/ boo() € C([OIG(T)]T/ (0/ OO))/ such that

ag(u & (t,u) < f(t,u) < a’(u+ & (tu) (1.6)

for some functions ¢ € C([0,0(T)] x [0, 00), R) with lim, o (&(t, u)/u) =0 (i =
1,2) uniformly for t € [0,0(T)]y, and

boo (Hu—Gi(t,u) < f(t,u) <b(H)u+ Gt u) (1.7)

for some functions ¢; € C([0,0(T)] x [0, 00), R) with limy, 40, (i (t,u) /u) =0 (i =
1,2) uniformly for t € [0,0(T)].
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(A2) f(t,u) > 0for (t,u) € [0,0(T)]r x (0, 00).

(A3) There exists a function ¢ € C([0,0(T)], (0, 00)) such that

ft,u)>c(t)u, (tu)el0,0(T)]rx[0,0). (1.8)

Obviously, (A1) means that f is not necessarily linearizable at 0 and +oco. We consider
the existence of positive solutions of problem (1.1) in this paper by using bifurcation
techniques. The difference from [6] is that the branches of positive solutions under
consideration now bifurcate from not one point, but an interval. Our main idea is from [7],
in which they considered positive solutions of fourth-order boundary value problems for
differential equations. The main tool we will use is the following global bifurcation theorem
for problems which is not necessarily linearizable.

Theorem A (Rabinowitz, [8]). Let V be a real reflexive Banach space. Let F : RxV — V be
completely continuous such that F(A,0) =0, forall A € R. Let a,b € R (a < b) be such that u = 0 is
an isolated solution of the equation

u-FALu)=0, uey, (1.9)

for X = a, and X = b, where (a,0), (b,0) are not bifurcation points of (1.9). Furthermore, assuming
that

deg(I — F(a,-),B,(0),0) # deg(I - F(b,-), B,(0),0), (1.10)

where B, (0) is an isolating neighborhood of the nontrivial solution, and deg(I — F, B,(0),0) denote
the degree of I — F on B, (0) with respect to 0. Let

S ={(Xu): (A u) is a solution of (1.9) with u#0} U ([a,b] x {0}). (1.11)

Then there exists a connected component C of S containing [a, b] x {0}, and either

(i) C is unbounded, or

(ii) CN[(R\ [a,b]) x {0}] #0.

The rest of the paper is organized as follows. In Section 2, we firstly introduce the
time scales concepts and notations that we will use in this paper. Next, Section 3 states
some notations and proves some necessary preliminary results, and Section 4 studies the
bifurcation from the trivial solution for a nonlinear problem which is not necessarily
linearizable and then establishes our main result.
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2. Introduction for Time Scales

A time scale T is a nonempty closed subset of R, assuming that T has the topology that it
inherits from the standard topology on R. Define the forward and backward jump operators
o,p:T — Thby

ot) =inf{r>t| T €T}, p(t) =sup{r <t|TeT}. (2.1)
Here, we put inf@ = sup T, sup @ = inf T. Let T which is derived from the time scale T be

T* := {t € T : t is nonmaximal or p(t) = t}, (2.2)

and T¥ := T, Define interval I on Tby Iy = INT.
Definition 2.1. If u : T — R is a function and t € T¥, then the A-derivative of u at the point ¢ is

defined to be the number u (t) (provided that it exists) with the property that for each & > 0,
there is a neighborhood U of t such that

|u(0(f)) —u(s) ~u® () (o(t) — 5)| < elo(t) — 5| (2.3)

for all s € U. The function u is called A-differentiable on T if u2 (t) exists for all t € T*.

The second A-derivative of u at t € TX, if it exists, is defined to be u®’(t) = u®2(t) :=
(1®)2 (£). We also define the function 4% := uoc and w” :==uo p-

Definition 2.2. If U = u holds on T, we define the Cauchy A-integral by

It u(t)Ar =U(t) -U(s), s,teTk (2.4)

s

Lemma 2.3 (see [2, Theorems 2.7 and 2.8]). Assume a,b € T, then
b —
f fAhgmat= f(Hgt)], —f fo(t)g™ (t)At. (2.5)

Furthermore, if a < b, f(t) is a continuous function on [a, b], then

p(b)

b
f foAat=|  feyat+[b-pm]f(p®)). (2.6)

a

Define the Banach space C(T,R) (denoted by C(T)) to be the set of continuous
functions u : T — R with the norm

l[ullo = sup{lu(t)| | t € T}. (2.7)
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For i = 1,2, we define the Banach space C!(T) to be the set of the ith A-differential functions
u: T — R for which u® € C(T*) with the norm

uA

Jall; = sup{ lull.. ) 28)

o

where

”uN”O = sup{|uN(t)' |t e ']Tkj}, j=0,1,...,1i (2.9)

3. Preliminaries and Necessary Lemmas

Assuming that a € C([0,0%(T)]y, (0, )), then from [9, Theorem 2.9], linear problem

ubA(t) + Aa(hu®(t) =0, te[0,T]y,

(3.1)
u(0) = u(oz(T)> -0
has a unique principal eigenvalue 1 (a), with a corresponding positive eigenfunction.
Let E = C?[0,T]y, X = C [0,T]y, and
_ 1 2 - 2 -
Y = {yeC [o,o (T)]T|y(0)—y<o (1)) _o}. (3.2)
We will work essentially in the Banach space Y with the norm

Iyl = max{ Il |2 } (3

where
lvllo =sup{lv®d 1t o.?@] },  |v*[, =sup{|v*®)] It 0.0} G4

By a positive solution of problem (1.1), we mean u is a solution of (1.1) with u > 0in (0, 0*(T))
and u#0.

Lemma 3.1. For y € Y, we have

1
lylly <om|lv*] max{l,ﬁ}”yno <yl <max(Lom)yd],. 3
Proof. By y(0) = 0, we have that

t
vt = [ yAeas, re0om): (3.6)
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and so

lyllo <o |2 (37)

Therefore,

Iyl = max{ 1y lly, 2], } < max(1, o0} |2

) ) ' (3.8)
ol > max{ vl 5 ol | = max{ 1, = Hw .
Define the linear operator L : D(L) CE — X,
Lu=-u*®, ueD(L) (3.9)
with
D(L) = {u € E| u(0) = u(o2(T)) = o}. (3.10)

Then L is a closed operator, and L™! : X — Y is completely continuous, see [10, Lemma 3.7].
Let X C R* x Y be the closure of the set of positive solutions to the problem

Lu(t) = Af(t,u’(t)), t€[0,0(T)]y. (3.11)

We extend the function f to a continuous function ? defined on [0,0(T)]; x R by

Fitu) = {f(t,u), (t,u) € [0,0(T)]; x [0,00), (312)

F(40), (t,u) €[0,0(T)]p % (—0,0).

Then 7(1‘, u) > 0on [0,0(T)]pxR. For A > 0, the arbitrary solution u to the eigenvalue problem

() + Af(Lu(t) =0, te[0,T]y,
(3.13)
u(0) = u<02(T)> =0

satisfies that u®2(t) < 0 on [0,T]y, and consequently, the graph of u is concave down on
[0,02(T)]y. This together with the boundary conditions ©(0) = u(c?(T)) = 0 imply that

u(t) >0, te [o, 02(T)]T. (3.14)

Thus, (3.14) implies that u is a nonnegative solution of problem (3.13), and the closure of the
set of nontrivial solutions (A, u) of (3.13) in R* x Y is exactly X.
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Let g € C([0,0(T)]t x R,R), and let N:Y — X be the Nemytskii operator associated
with the function g:

N(u)(t) = g(t,u®(t)), ueYy. (3.15)

Lemma 3.2. Let g(t,u) > 0on [0,0(T)]r x R. Let u € D(L) be such that Lu > )dv(u) in [0, T]y,
A >0. Then

ult) >0, te [0, GZ(T)]T. (3.16)

Moreover,

u(t)>0, te (o,&(r))T, (3.17)

whenever u#0.

Let N:Y — X be the Nemytskii operator associated with the function f
N(u)(t) = f(t,u°(t)), uey. (3.18)
Then (3.13), with A > 0, is equivalent to the operator equation
u=A"'N®@u), uey. (3.19)

In the following we will apply the Brouwer degree theory, mainly to the mapping @, : ¥ —
Y,

@, (1) = u— AL N (u). (3.20)

For R>0,let Bg={u €Y :|u|| < R}.

Lemma 3.3. Let A C R* be a compact interval with [A1(a®), A1 (ao)] N A = @. Then there exists a
number 61 > 0 with the property

@y (u)#0, YueY:0< |Jul| <8y, ¥A€A. (3.21)

Proof. Suppose to the contrary that there exist sequences {y, } in Aand {u,} inY : p, — p* €
A, |lugll > 0and u, — 0 (n — o) in Y, such that ®,, (u,) = 0 for all n € N. By Lemma 3.2,
u,(t) >0 for t € [0,0%(T)] -

Set v, = u,/||uy|. Then from Lu, = pu,N(u,), we have Lv, = yn||un||_1N(un). Since
llunll ™" N (4,) is bounded in X, we infer that {v,) is relatively compact in Y, hence (for a
subsequence) v, — T(n — o) witho > 0in Y, 7] = 1. Let I° : Cy[0,0%(T)]y —
C4[0,0(T)]y be defined as I°(y) = y°. Then I° is linear. For u € Y, |[ullp =
Supte[o,g(T)]T|ug(t)| = [Jullo-
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Now, from condition (A1), we have that

ao(OuS(E) — & (L uS (1) < F(EuS() < (U (1) + Ealt, uS(1)). (3.22)
According to
ui(t) _Ia(un) _1of Un 10 &
Taall = Toeall = (nunn)‘I (©n) = 0, (3.23)
we get
o BEEWO)\ _ f ) S ntus)
“"(”0(””"(” Tl >5 " S”"(“ Oon® + = > (3.24)

Let ¢° and ¢y denote the eigenfunctions corresponding to A1 (a’) and A4 (ao), respec-
tively. Denote &(y) := maXs)eo,0(m).x0y]lé1(t s)|. Then & (y) is nondecreasing. From
limy, _, o+ (&1 (t, u) /u) = 0 uniformly for t € [0, 0(T)]}, we have

lim §1(_y) =0. (3.25)
y—=0 v

According to Lu, = ‘u,j(t, ug (1)) and u,(t) > 0, we have from the first inequality in (3.24) that

llwn | o lluall
(3.26)
Notice that
&t ug(h) & (1ually) & (1uully)
= < < —0 (n— oo (3.27)
Tl < max(L, /o)) Tanly = [l (=)
by Lemma 3.1. Let n — oo, by integration by parts (2.5), we have
o*(T) o*(T)
[T agmars [ oo
0 0
o*(T)
= f Lepo (£)7° (t) At (3.28)
0

o?(T)
- jo A1 (a0)ao(t)gl (HT° (DAL,
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and consequently

W < A (ao), (3.29)
Similarly, we deduce from the second inequality in (3.24) that

)q(a°> <y (3.30)

Thus, A1 (a®) < p* < A1(ap). This contradicts p* € A. O

Remark 3.4. 1f o(T) < 0*(T), then the value of 0?(T) do not contribute to the value of (3.28).
Thus we can discuss the integral from 0 to o*(T). For LT and L, are not defined at o(T), we
may define the values of (Lv)¢J and (Lgg)v” to be zero at o(T), since the functions ¢ and
v are zero at o(T). The details of the discussion can be found in [9, Page 497].

Corollary 3.5. For A € (0, )Ll(ao)) and 6 € (0,61), deg(®,, Bs,0) = 1.

Proof. Lemma 3.3, applied to the interval A = [0, 1], guarantees the existence of 6; > 0 such
that for 6 € (0,67)

u—-TAL'N(u)#0, YueY:0<|ul|<6 7e€[0,1]. (3.31)

Hence, for any 6 € (0, 61),
deg(®,, Bs,0) = deg(I,Bs,0) =1, (3.32)
which implies the assertion. O

On the other hand, we have the following.

Lemma 3.6. Suppose A > Ai(ag). Then there exists 63 > 0 such that for all u € Y with 0 < ||u|| < 6,,
forall T >0,

@, (1) # 7o, (3.33)

where (g is the positive eigenfunction corresponding to A1 (ap).

Proof. We assume again to the contrary that there exist 7, > 0 and a sequence {u,} with
llunl] > 0and u, — 0in Y such that @, (u,) = T, for all n € N. As

Lty = AN () + Ths (a0) a0 ()95 (¢) (3:34)

and 7,41 (ap)ao(t)eg(t) > 0 in [0,T]y, we can conclude from Lemma 3.2 that u,(t) > 0 for
t € [0,0%(T)].
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Notice that u,, € D(L) has a unique orthogonal decomposition

Uy = Wn + SulPo, (335)

with s, € R. Since u, > 0 on [0,0%(T)] and |lu,|| > 0, we have from (3.35) that s,, > 0.
Choose ¢ > 0 such that

g Az hion) .
By (A1), there exists r4 > 0, such that
ftu) 2 (1 -0)ao(Hu, V(t,u) €[0,0(T)]p x [0,74]. (3.37)
Since ||lu,|| — 0, there exists N* > 0, such that
0<u,<ry, Vn>N~, (3.38)
and consequently
Fug(®) = (1 - 0)agBul(t), Yn> N* (339)

Applying (3.35) and (3.39), it follows that
o2(T) ) o2(T)
snxl(awf ao() [g5 ()] At = f [w3 (1) + sug (O] Lo (1) At
0 0
o*(T)
- f () Lipo (£) At
0

o*(T)
= f ¢y (1) Lu, (t) At
0

o*(T) o2(T) )
= )LJ‘ N (un) g (t) At + 7,11 (ao) f ap(t) [(poa(t)] At
0 0

o*(T)
>3 N
0
o*(T)
>21-0) [ mugweg @A
0

o*(T)
=A(1- cr)s,,f ao(t) [9 (] At.

0
(3.40)



Abstract and Applied Analysis 11

Thus,
A1 (ag) > M1 -o0). (3.41)
This contradicts (3.36). O

Corollary 3.7. For A > \i(ag) and 6 € (0,6,), deg (®,, Bs,0) = 0.

Proof. Let 0 < € < 6, where 6, is the number asserted in Lemma 3.6. As @, is bounded in B.,
there exists ¢ > 0 such that @, (1) # cyy, for all u € B.. By Lemma 3.6,

@, (u) #tcpo, u€ 0B, te[0,1]. (3.42)

Hence,
deg(®,, B, 0) = deg(®, - cyo, B, 0) = 0. (3.43)
O

Now, using Theorem A, we may prove the following.

Lemma 3.8. [\1(a%), A1 (ag)] is a bifurcation interval from the trivial solution for (3.19). There
exists an unbounded component C of positive solutions of (3.19) which meets [A1(a®), M1 (ao)] x {0}.
Moreover,

cn [(R\ [A1<a0),)q(a0)]> x {0}] = 0. (3.44)

Proof. For fixed n € Nwith A1 (a%)—-1/n >0, set a, = 11(a®)-1/n < 11(a°), b, = My (ap)+1/n >
A1(ap) and 5= min{61,6,}. It is easy to check that for 0 < 6 < 5, all of the conditions of
Theorem A are satisfied. So there exists a connected component C, of solutions of (3.19)
containing [a,, b,] x {0}, and either

(i) C, is unbounded, or
(ii) Cu N [(R\ [an, bn]) x {0}] £ 0.

By Lemma 3.3, the case (ii) cannot occur. Thus, C, is unbounded bifurcated from [a,, b,,] x {0}
in R x Y. Furthermore, we have also from Lemma 3.3 that for any closed interval I C [a,, b,] \
[A1(a%), A (ag)], if u € {y € Y| (Ly) € Cy, A € I}, then the fact that ||u|| — 0in Y is
impossible. So C,, must be bifurcated from [A;(a’), A1(ag)] x {0} inR x Y. O

4. The Main Result

We obtain the following main result in this paper.

Theorem 4.1. Let (A1), (A2), and (A3) hold. Assuming that either

Mi(be) <1< )Ll(ao) (4.1)
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or

Mi(ag) <1< A (b%). (4.2)

Then problem (1.1) has at least one positive solution.

Proof. 1t is clear that any solution to (3.19) of the form (1,u) yields a solution u of problem
(1.1). We will show that C crosses the hyperplane {1} x Y in R x Y. To do this, it is enough to
show that Cjoins [A1(a%), A1(ag)] x {0} to [A1(b*), A1 (bes)] x {oo}. Let (174, yu) € C satisfy

N + ||y || — 0. (4.3)

We note that 7, > 0 for all n € N since (0,0) is the only solution to (3.19) for A = 0, and
Cn ({0} xY)=0.
Case 1 (A (bs) <1 < A1(a%)). In this case, we show that the interval

<A1(bw),)q<a0>> CLeR| (L u)ecC). (4.4)

We divide the proof into two steps.
Step 1. We show that {7, } is bounded.
Since (f1n, Yu) € C, Lyn = 1 f (£, y5 (t)). From (A3), we have

Lyn > nuc(t)y, (). (4.5)

Let p denote the nonnegative eigenfunction corresponding to A;(c). From (4.5), by
integration by parts formula (2.5), we have

2(T) o?(T)
AuaL ﬁaxmwamw=k (L7) (B3 () At
o*(T)
_ f (Lya) (D7 () At (4.6)
0

o*(T)
ZmL c(t)yS (7" (1) AL,

Thus,

n < A1(c). (4.7)

Step 2. We show that C joins [A;(a®), 11(ag)] x {0} to [A1(b%), A1 (be)] x {o0}.
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From (4.3) and (4.7), we have that ||y,|| — oo. Notice that (3.19) is equivalent to the
equation

o*(T)
Yu(t) = 1 fo H(t,5)f(s,y5(s))As, (4.8)

where H (t, s) is the Green’s function for problem —u*2 = 0, u(0) = u(c*(T)) = 0. So we have
from (Al),

o2(T)
o fo H(t,5)[6% (5)y5(5) + &a(5, 42 (5))] As

> ya(t) (4.9)

o?(T)
> 1 fo H(t,5) [bas (5)Y5(5) + 1 (5,45(5))] As.

We divide the both sides of (4.9) by |ly.|| and set v, = y,/||y.||- Since v, is bounded in Y,
choosing a subsequence and relabelling if necessary, we see that v, — o (n — oo) for some
€Y witho>0inY, ||9|| =1and #, — 1* (n — o0). Similar to the proof of Lemma 3.3, we
have that

Gi(s,yn(s) _

lim =0, i=1,2, (4.10)

eyl

and n — oo, it is easy to verify that

o2(T) o*(T)
q*f H(t,s)b*(s)v°(s)As > D(t) > q*f H{(t,8)by(5)0° (s)As, (4.11)
0 0

which implies that
b (DT° (1) < LB < b ()5 (1), (4.12)

Let ¢ and ¢,, denote the nonnegative eigenfunctions corresponding to A;(b*) and
A1 (by), respectively. Then we have from the first inequality in (4.12) that

o*(T)

o*(T)
j 1"bo ()07 (1), (1) At < f Lo(t)gS () At. (4.13)
0 0
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By integration by parts formula (2.5), we obtain that

2(T) o?(T)
n*f oo (D9 (1)5° (1) At < f L (5 (£) At
0 0

(4.14)
o*(T)
“hiba) [ baeE 0T @A,
0
and consequently
1" < (b)) (4.15)
Similarly, we deduce from the second inequality in (4.12) that
M) <. (4.16)
Thus,
L (B®) < 1" < A (bao). (4.17)
So Cjoins [A1(a”), M1 (a)] x {0} to [A1(6%), L1 (be)] x {o0}.
Case 2 (M1(ap) <1 < Aq(b*)). In this case, if (1, y») € C is such that
lim (17, + yu) = oo,
(4.18)
lim 77, = oo,
then
(A1(a0), (b)) € {A € (0,00) | (A, u) € C} (4.19)
and, moreover,
({1} xY)nC=#0. (4.20)

Assuming that {7, } is bounded, applying a similar argument to that used in Step 2 of
Case 1, after taking a subsequence and relabelling if necessary, it follows that

n — 1" € [M(a0), M (b%)], yn —> o0, asn— oo. (4.21)

Again Cjoins [A1(a%), A1 (ag)] x {0} to [A1(b*®), A1 (bs)] x {oo} and the result follows. O
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