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This paper is concerned with a class of fractional differential inclusions whose multivalued term
depends on lower-order fractional derivative with fractional (non)separated boundary conditions.
The cases of convex-valued and non-convex-valued right-hand sides are considered. Some
existence results are obtained by using standard fixed point theorems. A possible generalization
for the inclusion problem with integral boundary conditions is also discussed. Examples are given
to illustrate the results.

1. Introduction

Recently, the subject of fractional differential equations has emerged as an important area
of investigation. Indeed, we can find numerous applications of fractional-order derivatives
in the mathematical modeling of physical and biological phenomena in various fields of
science and engineering [1-3]. A variety of results on initial and boundary value problems
of fractional differential equations and inclusions can easily be found in the literature on
this topic. For some recent results, we can refer to, for instance, [4-20] (equations) [21-27]
(inclusions) and the references therein.

Ahmad and Ntouyas [22] considered a boundary value problem of fractional
differential inclusions with fractional separated boundary conditions given by

“Dix(t) € F(t,x(t)), te[0,1], 1<q<2,

(1.1)
a1x(0) + B1(°DPx(0)) = 11, arx(1) + B (‘DPx(1)) =12, O<p<1,
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where ¢D denotes the Caputo fractional derivative of order g, F : [0,1] x R — 2% is a
multivalued map, and a;, f;, yi (i = 1,2) are real constants, with a; #0.

In Cernea [24], the following multipoint boundary value problem for a fractional-
order differential inclusion was studied

D%x(t) € F(t, x(t),x'(t)) ae. te[0,1], 2<a<3,

m (1.2)
x(0)=x'(0)=0,  x(1) - Dax(@) =1,
i=1

where D“ is the standard Riemann-Liouville fractional derivative, m > 1,0 <¢; < ¢ < --- <
én<1, 3 aid ' <1,1>0,4;>0,i=1,2,...,mand F : [0,1]xRxR — 2% is a multivalued
map.

In Khan et al. [11], the authors studied the existence and uniqueness results of
nonlinear fractional differential equation of the type

‘Dix(t) = f(t, x(t),°D’x(t)), te[0,T],

T (1.3)

T
ax(0) - px'(0) = 4[0 g(s, x)ds, yx(T) + 6x'(T) = Io h(s, x)ds,

where0<o<1,1<g<2,a,6>0,8y>0(ora,6>0,0,y>0)and ‘DY, °D? are the Caputo
fractional derivatives. The results in [11, 22, 24] are obtained by using appropriate standard

fixed point theorems.
Motivated by the papers cited above, in this paper, we consider the existence results

for a new class of fractional differential inclusions of the form

‘D (t) € P(t,x(t),CDﬂx(t)>, ae. te0,T], (1.4)

where °D* denotes the Caputo fractional derivative of order a, F : [0,1] x R xR — 2% isa
multivalued map, 1 <a <2,0 < <1,and T > 0. We study (1.4) subject to two families of
boundary conditions:

(1) separated boundary conditions

a1x(0) + by (°D"x(0)) = c1, ax(T) + b (‘D'x(T)) = ¢, (1.5)

(2) Nonseparated boundary conditions

a1x(0) + b1x(T) = c1, a>(“D"x(0)) + by (‘D"x(T)) = ca, (1.6)

where a;, bj, ¢;, i = 1,2 are real constants and 0 < y < 1.
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The results of this paper can easily to be generalized to the boundary value problems
of fractional differential inclusions (1.4) with the following integral boundary conditions:

a1x(0) + b1 (‘D" x(0)) = 1 I()T g(s,x(s))ds,

; (17)
ax(T) + by (‘D'x(T)) = CZ,[ h(s,x(s))ds,

0

a1x(0) + b1x(T) = c1 J‘T 8(s,x(s))ds,
0

. (1.8)

a>(“D"x(0)) + b2 (°D'x(T)) = c» L h(s,x(s))ds,

where g, h: [0,T] x R — R are given functions.

We remark that when the third variable of the multifunction F in (1.4) vanishes, the
problem (1.4), (1.5) reduces to the case considered in [22]. When a; =b; =1, a, = by =1,
and ¢; = ¢ = 0, the problem (1.4), (1.6) reduces to an antiperiodic fractional boundary value
problem (the case of F = f a given continuous function was studied in [4, 15]). Our results
generalize some results from the literature cited above and constitute a contribution to this
emerging field of research.

The rest of the paper is organized as follows: in Section 2 we present the notations
and definitions and give some preliminary results that we need in the sequel, Section 3 is
dedicated to the existence results of the fractional differential inclusion (1.4) with boundary
conditions (1.5) and (1.6), in Section 4 we indicate a possible generalization for the inclusion
problem (1.4) with integral boundary conditions (1.7) and (1.8), and two illustrative
examples are given in Section 5.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that will be used in
the remainder of this paper.

Let (X, - ||) be a normed space. We use the notations P(X) = {Y C X : Y #0}, Py(X) =
{Y € P(X) : Y closed}, P,(X) = {Y € P(X) : Y bounded}, P, (X) = {Y € P(X) : Y compact},
Pepo(X) = {Y € P(X) : Y compact, convex}, and so on.

Let A, B € Py(X); the Pompeiu-Hausdorff distance of A, B is defined as

h(A,B) = max{sup d(a,B),supd(b, A)}. (2.1)
acA beB

A multivalued map F : X — P(X) is convex (closed) valued if F(x) is convex (closed)
for all x € X. F is said to be completely continuous if F(B) is relatively compact for every
B € Py(X). F is called upper semicontinuous on X, if for every xo € X, the set F(xo) is a
nonempty closed subset of X, and for every open set O of X containing F(xg), there exists an
open neighborhood Uy of xg such that F(Uy) € O. Equivalently, F is upper semicontinuous if
the set {x € X : F(x) C O} is open for any open set O of X. F is called lower semicontinuous
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if the set {x € X : F(x) N O #0} is open for each open set O in X. If a multivalued map F
is completely continuous with nonempty compact values, then F is upper semicontinuous if
and only if F has a closed graph, that is, if x, — x, and y, — y,, then y, € F(x,) implies
Y« € F(x.) [28].

A multivalued map F : [0,T] — Pa(X) is said to be measurable if, for every x € X,
the function t — d(x, F(t)) = inf{d(x,y) : y € F(t)} is a measurable function.

Definition 2.1. A multivalued map F : X — Py(X) is called

(1) y-Lipschitz if there exists y > 0 such that

h(F(x),F(y)) <yd(x,y), foreachx,yeX, (2.2)

(2) a contraction if it is y-Lipschitz with y < 1.
Definition 2.2. A multivalued map F : [0,T] x R x R — P(R) is said to be Carathéodory if

(1) t — F(t,x,y) is measurable for each x,y € R;

(2) (x,y) — F(t,x,y) is upper semicontinuous for a.e. t € [0, T].
Further, a Carathéodory function F is said to be L!- Carathéodory if

(3) for each [ > 0, there exists ¢; € L*([0,T], R*) such that

|E(t,x,y)|| =sup{lo]: v € F(t,x,y) } < gu(t) (2.3)

forall |x| <1, |y|<land ae.t € [0,T].

Lemma 2.3 (see [29]). Let X be a Banach space. Let G : [0,T] x X — Py (X) be an L'-
Carathéodory multivalued map and T a linear continuous map from L'([0,T], X) to C([0,T],X),
then the operator

I'oSc:C([0,T],X) — Pye(C([0,T], X)),  y+— (ToSc)(y) =T (Scy) (2.4)

is a closed graph operator in C([0,T], X) x C([0,T], X).
Here S¢,, = {v € L'([0,T],X) : v(t) € G(t,y(t)) fora.e. t € [0,T]}.

Definition 2.4 (see [30]). The Riemann-Liouville fractional integral of order g for a function f
is defined as

1 (" fG)

If(t) = RO AT

ds, q>0, (2.5)

provided the integral exists.
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Definition 2.5 (see [30]). For at least n-times differentiable function f, the Caputo derivative

of order g is defined as

‘DIf(t) = t—s)" 1 fW(s)ds, n-1<g<n n=[q]+1, (2.6)

o b

where [q] denotes the integer part of the real number g.

Lemma 2.6 (see [20]). Let a > O; then the differential equation
°D*h(t) = 0 (2.7)
has solutions h(t) = co + cit + cot®> + -+ + ¢t and
I%D*h(t) = h(t) + co + c1t + Cot* + - + cuq ™ (2.8)

herec;ieR,i=0,1,2,...,n—-1,n=[a] +1
The following lemma obtained in [6] is useful in the rest of the paper.

Lemma 2.7 (see [6]). For a given y € C([0,T],R), the unique solution of the fractional separated
boundary value problem

‘Dx(t)=y(t), tel0,T], 1<a<2,
2.9
a1x(0) + by (°D"x(0)) = c1, ax(T) +by(‘D'x(T)) =c2, 0<y<]1, 29

is given by
t a-1
_( t-5s)
x(t) = —F(a) y(s)ds
oyl a-y-1
( f (TF(S)) y(s)ds + bzf % s)ds> + oot + %, (2.10)
where
TT(2 - b, Tr -
LR Gt O L A U St T2} @2.11)
r2-vy) a0

We notice that the solution (2.10) of the problem (2.9) does not depend on the
parameter by, that is to say, the parameter b; is of arbitrary nature for this problem. And
by (2.10), we should assume that a; #0 and a;T"T'(2 - y) # — bs.
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Lemma 2.8. For any y € C([0,T], R), the unique solution of the fractional nonseparated boundary
value problem

‘Dx(t)=y(t), te[0,T], 1<a<2,
2.12
a1x(0) + b1x(T) = ¢, a(‘D"x(0)) + b (‘D'x(T)) =, 0<y<1, 212

is given by

~ t (i’ _ S)a—l tr(z _ Y) T (T _ S)a—y—l tF(Z _ Y)CZ
(t) - J F(IX) ( )ds - T-r 0 F(a - Y) y( )dS " Tl_sz

a-1 -yl
- bl <J (Tr(s)) y(s)ds-T'T(2-7y) f ¢y(s)ds> (2.13)

Y)
1 blczTYF(Z — y‘)
B a + bl bz )

Proof. For 1 < a < 2, by Lemma 2.6, we know that the general solution of the equation
°D”x(t) = y(t) can be written as

t— )al

x(t) = Iy (t) — ky — kzt—f (=9 o

y(s)ds — ki — kaot, (2.14)

where k, k, € R are arbitrary constants. Since °D"k = 0 (k is a constant), ° D't = 177 /T(2—y),
cDI*y(t) = I“Vy(t) (see [30]), from (2.14), we have

1—}/ t _ Dl—y—l 17)/
DVx(t) =I"Ty(t) - kat = &y(s)ds - L (2.15)
F@-y) Jo I(a-y) [2-y)
Using the boundary conditions, we obtain
(T _ S)a 1
ai(—ki) + by @) ———y(s)ds—ki — kT ) =cy,
(2.16)

T _ a-y-1 1-y
a ><0+b2< &y(s)ds— L) = Cp.
o T(a-y) r2-y)
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Therefore, we have

1 blczTYl"(Z - Y)
kl = —C1
a + b1 bz

(T - S)gﬁ1 T (T - S)afy—l
+ a + bl <f T(a) y(s)ds-T'T(2-y) fo r(a—_y(s)ds>, (2.17)

Y)
r@-y) ((fT-9" o
ko = ds—=).
2 Tl_Y < 0 r(d—)’) y(s) S bz
Substituting the values of ki, k; in (2.14), we obtain (2.13). This completes the proof. O

From the proof of the above lemma, we notice that the solution (2.13) of the problem
(2.12) does not depend on the parameter a,, that is to say, the parameter a, is of arbitrary
nature for this problem. In this situation, we need to assume that a; + b; #0 and b, #0.

Let us define what we mean by a solution of the problem (1.4), (1.5) and the problem
(1.4), (1.6).

Definition 2.9. A function x € AC!([0,T],R) is a solution of the problem (1.4), (1.5) if it
satisfies the boundary conditions (1.5) and there exists a function f € L!([0,T],R) such that
f(t) e F(t,x(t),“DPx(t)) a.e.on t € [0,T] and

a-1
f (tr(S)) fls)ds

t T(T-s)""! T(T-s)7! 1 (2.18)
— v—l <a2 fo Wf(s)ds + bz fo Wf(s)ds + Uzt + (1_1

Definition 2.10. A function x € AC([0,T],R) is a solution of the problem (1.4), (1.6) if it
satisfies the boundary conditions (1.6) and there exists a function f € L'([0, T], R) such that
f(t) e F(t,x(t),°DPx(t)) a.e. on t € [0,T] and

r@-y) (T (-9
= Jo T(a-y)

tr(2-y)e
T-Yb,

@) f(s)ds +

a-1 a-y-1
al - bl <’[ (TF(S)) f( s)ds — TYF(Z Y) I %]r(s)ds> (2.19)

)
1 b1C2TYr(2 - Y)
a) + bl b2 )

Let C([0,T], R) be the space of all continuous functions defined on [0, T]. Define the
space X = {x : x and ‘DPx € C([0,T],R)} (0 < B < 1) endowed with the norm x| =
maxefo,]|x (t)| + maxe[o,r] [°DPx(t)|. We know that (X, || - ||) is a Banach space (see [14]).

We end this section with two fixed point theorems, which will be used in the sequel.

t Y.t
x<t>=f0( ) fs)ds -
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Theorem 2.11 (nonlinear alternative of Leray-Schauder type [31]). Let X be a Banach space, C
a closed convex subset of X, U an open subset of C with 0 € U. Suppose that F : U — Py, (C) is an

upper semicontinuous compact map. Then either (1) F has a fixed point in U, or (2) thereis a x € OU
and A € (0,1) such that x € AF(x).

Theorem 2.12 (Covitz and Nadler Jr. [32]). Let (X, d) be a complete metric space. If F : X —
P.(X) is a contraction, then F has a fixed point.

3. Existence Results
In this section, we will give some existence results for the problems (1.4), (1.5) and (1.4), (1.6).
For each x € X, define the set of selections of F by

Spx = {v e L'([0,T],R) : v(t) € P(t,x(t),CDf’x(t)> for a.e. t € [0,T] } (3.1)

In view of Lemmas 2.7 and 2.8, we define operators N, M : X — P(X) as

N(x) = (he€ X : h(t) = (Su)(t), u € Sr.), (32)
M(x)={heX:h(t) = (Ku)(t), u € Sgy} (3.3)
with
t (t— S)u—l

(Su)(t) = . Wu(s)ds

T _oya1 T _ayar-l
_ b <a2 j (T-s) u(s)ds + by ’[ (TS—)u(s)ds> + Ut + ﬂ,
D1 0 a

I'(a) o I(a-vy)
toy a1 (2 - T _ o)l tr(2 -
(Ku)(t) = fo %u(s)ds - (T1—yY) . (11:(:1 - u(s)ds + (T1——y1};2)cz (3.4)

bl T (T _ S)a—l T (T— S)u—y—l
- a + bl <J‘0 F(“) u(S)dS - TYr(z - Y) fO —u(S)dS>

T(a-y)
1 b1C2TYr(2 - Y)
B a) + b1 bz a)

It is clear that if x € X is a fixed point of the operator N (the operator M), then x is a solution
of the problem (1.4), (1.5) (the problem (1.4), (1.6)).

Now we are in a position to present our main results. The methods used to prove the
existence results are standard; however, their exposition in the framework of problems (1.4),
(1.5) and (1.4), (1.6) is new.
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3.1. Convex Case

We consider first the case when F is convex valued.

(H1): (1) F: [0,T]xRxR — Pep(R) is a Carathéodory multivalued map; (2) there exist
m e L*([0,T],R*) and ¢, ¢ : [0,00) — (0, 00) continuous, nondecreasing such that

IF(tx,y)|| =supflo|: v € F(t,x,y) } <m(t)(olx]) + ¢ (|y])) (3.5)

forx,y e Randae.t € [0,T].

Theorem 3.1. Assume that (H1) is satisfied and there exists L > 0 such that

L

>1, 3.6
P+ (p(D) + ¢ (D)) - Q (36)
where
1-p
P = |v|T + M + [2| T ,
@] " T2 p)

(3.7)

T”"ﬁ T= T T*ﬁ |a2|Ta |b2|Ta7Y
Q = + +—( 1+ + .
F(a-p+1) T(a+1) o r2-p) Ta+1) T(a-y+1)
Then the problem (1.4), (1.5) has at least one solution on [0, T].

Proof. Consider the operator N : X — P(X) defined by (3.2). From (H1), we have for each
x € X, the set Sg is nonempty [29]. For x € X, let u € Sg, and h = Su, thatis, h € N(x), we
have

t _ o\a-p-1 1-p
‘DPh(t) = f %u(s)ds - kt—, (3.8)
o T(a-p) r'(2-p)
where k is a constant given by
1 T (T— S)lx—l T (T_ S)D{—Y—l
k=— —_— ds+b e ds ) —v,. 39
o <a2 Io T(a) u(s)ds + by ) T(@-7) u(s)ds v (3.9)
Hence we know that the operator N : X — P(X) is well defined.
We put Su = Sju + Su where
(S1u)(t) = tﬂu(s)ds (Sau)(t) = =kt + a (3.10)
1 = () , 2 = hubr o .

Here k, means that the constant k defined by (3.9) is related to u.



10 Abstract and Applied Analysis

We will show that N satisfies the requirements of the nonlinear alternative of Leray-
Schauder type. The proof will be given in five steps.

Step 1 (N (x) is convex valued). Since F is convex valued, we know that Sr, is convex and
therefore it is obvious that N (x) is convex for each x € X.

Step 2 (N maps bounded sets into bounded sets in X). Let B, be a bounded subset of X such
that for any x € B,, ||x|| < r, r > 0. We prove that there exists a constant / > 0 such that for
each x € B,, one has ||h|| <[ for each h € N(x). Let x € B, and h € N(x), then there exists
u € Sy such that

h(t) = (Su)(t) forte[0,T]. (3.11)
By simple calculations, we have

s)*! T*

Sm01< [ T ol < (o) + o) Il s

(o) + @) mll =T [ |as|T* |bp| T*Y |c1]
(Sa) (1) < o <W+1) +r(a_y+1)>+| o+ 121
P (t-s)* ! ke [T
D h(t)| f 5 LY u(s)|ds + 05 (3.12)
T [0 |T'F

< GO+ Ot * T

, oM +¢O)Iml T [ ayT* | [oof T
[01|T(2 - B) Ta+1) T(a-y+1) )

Hence we obtain

”h” < |'U |T+ |C1| |Uz|T
al T2 P

y TP Lo (T T'-# |a| T .\ |by|T&Y
F(a-p+1) T(a+1) [o1] 01T (2 - B) Fla+1) T(a-y+1)

<P+ (o) +¢(r))lml-Q=1 (aconstant).

+ (p(r) + ¢(r) Im

(3.13)

Step 3 (N maps bounded sets into equicontinuous sets in X). Let B, be a bounded set of X as
in Step 2. Let 0 < t; < t, < T and x € B,. For each h € N(x), then there is u € Sg, such that
h(t) = (Su)(t). Since
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tr (t2 _ S)a—l t (t2 _ S)a—l _ (tl _ S)a—l
L T M©dst ] (@)

((P(r + () lmllp

[(S1) (£2) = (S1u)(h)] =

u(s)ds

(2 =t)" + |5 = (2 = 01)" = £])

Ia+1)
_ (o) + ()l (5 - 1)
- T(a+1) ’
(Sa0)(t2) = (Saw)(t)| = |kt + & 4ty =
(p(r) + () Imll e [ |ao|T* |bo|T*Y
: ( |v1] <F(a+1) +F(¢x—y+1)> +|v2|>(t2—t1),
p p 5 Kty oy uty "
DPh(t,) - °D h(t1)| 1% Pu(ty) - e ~ 1 Put) + e
< (p(r) + () Imll - [ |a|T* L L
- [o1|T (2 - B) Fa+1) T(a-y+1)
k2] tl_ﬂ tl—ﬁ ((p(r) i qf(r))||m||Lw< fr '~ tu ﬁ)
Ta-p ) ) F(a—p+1) ’
(3.14)
we obtain that (sincea >1,a-f>0and 1->0)
|I’l(t2) - h(tl)l — 0, CDﬂh(tz) - CDﬂh(tl) — 0 as tz — tl (315)

and the limits are independent of x € B, and h € N (x).

Step 4 (N has a closed graph). Let x, — x,, h, € N(x,), and h, — h,; we need to show
h, € N(x,). Now h, € N(x,) implies that there exists u,, € Sg,, such that h,(t) = (Su,)(t) for
t € [0,T]. Let us consider the continuous linear operator I : L'([0,T],R) — X given by

a-1 a-y-1
(Tu)(t) = 9T u(s)ds — <azj (- u(s)ds+b2f ¢u(s)ds>
0

T T(a-y)
(3.16)
and denote w(t) = vot + ¢1/a1. Then hy,(t) — w(t) = (Tu,)(t) and
hn = hall = trer[l%lhn(t) —w(t) = (h(t) —w(b))]
(3.17)

+ max ‘DP (hy —w)(t) = DP(h, —w)()| — 0 as n — co.
€l0,
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We apply Lemma 2.3 to find that I o Sr has closed graph and from the definition of I' we get
h, —w €I o Sp(x,). Since x, — x4, h, —w — h, —w, it follows the existence of u, € Sgy,
such that h, — w = I'(u,). This means that h, € N(x.).

Step 5 (a priori bounds on solutions). Let x € AN (x) for some A € (0,1). Then there exists

u € Spy such that x(t) = A(Su)(t) for t € [0,T]. With the same arguments as in Step 2 of our
proof, for each t € [0,T], we obtain

()] +

“DPx(t)| < P+ (p(lxll) + g(lx])) Il - Q. (3.18)
Thus

lacll < P+ (pClel) + gr(lxID) ] Q. (3.19)
Now we set
U={xeX:|x||<L). (3.20)

Clearly, U is an open subset of X and 0 € U. As a consequence of Steps 1-4, together with
the Arzela-Ascoli theorem, we can conclude that N : U — Py, (X) is upper semicontinuous
and completely continuous. From the choice of the U, there is no x € oU such that x €
AN (x) for some A € (0,1). Therefore, by the nonlinear alternative of Leary-Schauder type
(Theorem 2.11), we deduce that N has a fixed point x € U, which is a solution of the problem
(1.4), (1.5). This completes the proof. O

Theorem 3.2. Assume that (H1) is satisfied and there exists Ly > 0 such that

Ly S
Py + (¢(L1) + ¢(L1)) [ml - Q1

1, (3.21)

where

b1C2TYF(2 - Y) __a
(a1 +b1)by a + by

7

_TTR-y)led T
P = D] <1+F(2—ﬂ)>+

_ Ta |b1| 1 F(Z_Y)
Ql—T<1+|a1+b1|><r(a+1)+r(a_Y+l)> (3.22)

+Ta—ﬂ< 1 . r(2-y) >
F(a-p+1) T2-Pl(a-y+1) /)

Then the problem (1.4), (1.6) has at least one solution on [0, T].

Proof. To obtain the result, the main aim is to study the properties of the operator M defined
in (3.3). The proof of them is similar to those of Theorem 3.1, so we omit the details. Here
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we just give some estimations, which are needed in the following theorems. Let x € X and
h € M(x); then there exists u € Sg, such that

h(t) = (Ku)(t), forte [0,T]. (3.23)

We put Ku = Kju + Kyu and

(Kyu)(t) = I (tr() u(s)ds,  (Kou)(t) = -kt — k% (3.24)

here kY and k7 are constants given by

_ b1C2TYF(2—Y) B C1
e (a1 +b1)by a; + by

bl T (T— S)a—l T (T_ s)a—y—l
+ s <’[ u(s)ds—T'T(2-7y) . r(a—_y)u(s)ds , (3.25)

I'(a)

W _TC-y) (T (T=9)"" o
ky = <f0 Ta-7) u(s)ds — b_2>

Ty

By simple calculations, we have
(4

a-1
EL s < (il + g liml s

() (8 <f =)

|(Kau) (8)| < T|ky| + |Kki,

Tl < T'T(2-7) <(<P(IIXII) D)l s %)
r2-ynr >

b Tll
|ki | < a1|+1lbll<(<,o(||x||)+qf<||x||>)|| e gy * (@D + ||x||))||m||Lwﬁ
blczTYF(Z — Y) c1
(a1 +b1)by a1 +b; |
t a-p-1 u|T1-p
cHp (t—S) |k2|T
DPht)| < gy s T
TP r2-y)m?

< (Ul + gl Il s+ =5 s

T*Y |co|
x <(<P(||x||) + (p(||x||))||m||me + @>
(3.26)
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Hence we obtain

T (2 - -
i < X Y)'C2'<1+ ! >+

b1C2TYF(2 — Y) B C1

b2 r2-p) (a1 +b1)by a +b
b I'(2-
(Ul + ) ol (14 2 <W1+ 5 T Y?1)> 627)

a—p 1 r<2 - Y)
+ ((P(”x”)+qj(”x”))”m”L°°T <T(a—ﬁ+1) + F(Z—ﬂ)F(a—y+1) .
This is the end of the proof. O

3.2. Nonconvex Case

Now we study the case when F is not necessarily convex valued.
A subset A of L'([0,T],R) is decomposable if for all u,v € A and J C [0,T] Lebesgue
measurable, then uy + vy r)-; € A, where x stands for the characteristic function.

(H2): F: [0,T]xRxR — Pep(R) is a multivalued map such that (1) (t,x,y) — F(t, x,y)
is X ® Br ® Br measurable; (2) (x,y) — F(t, x,y) is lower semicontinuous for a.e.
te[0,T].

Theorem 3.3. Let (H1)(2), (H2), and relation (3.6) hold; then the problem (1.4), (1.5) has at least
one solution on [0, T].

Proof. From (H1)(2), (H2), and [33, Lemma 4.1], the map
F: 4 — P(LN[0,TLR)),  x— F(x) = Skx (3.28)

is lower semicontinuous and has nonempty closed and decomposable values. Then from a
selection theorem due to Bressan and Colombo [34], there exists a continuous function f :
X — LY([0,T],R) such that f(x) € ¥(x) for all x € X. That is to say, we have f(x)(t) €
F(t,x(t),°DPx(t)) for a.e. t € [0, T]. Now consider the problem

‘Dx(t) = f(x)(t), t€[0,T] (3.29)

with the boundary conditions (1.5). Note that if x € X is a solution of the problem (3.29),
then x is a solution to the problem (1.4), (1.5).

Problem (3.29) is then reformulated as a fixed point problem for the operator Ny :
X — X defined by

Ni(x) () = (SF()) (8): (3.30)

It can easily be shown that N; is continuous and completely continuous and satisfies all
conditions of the Leray-Schauder nonlinear alternative for single-valued maps [31]. The
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remaining part of the proof is similar to that of Theorem 3.1, so we omit it. This completes
the proof. 0

Theorem 3.4. Let (H1)(2), (H2), and relation (3.21) hold, then the problem (1.4), (1.6) has at least
one solution on [0, T].

The proof of this theorem is similar to that of Theorem 3.3.

(H3): F : [0,T] x RxR — Pg,(R) is a multivalued map such that (1) F is integrably
bounded and the map t — F(t, x,y) is measurable for all x,y € R; (2) there exists
m € L*([0,T],R*) such that fora.e. t € [0,T] and all x1, x5, y1, y» € R,

h(F(t,x1,y1), F(t,x2,42)) < m(t) (Ix1 — 22| + [y1 = 12]). (3.31)
Theorem 3.5. Let (H3) hold, if, in addition,

(TN L S (O S @l e \]_,
m|| e [(@+1) T(a-p+1) [o1] o1 |T (2= ) T(@+1) T(a-y+1) ,
(3.32)

then the problem (1.4), (1.5) has at least one solution on [0,T].
Proof. From (H3), we have that the multivalued map t — F (t,x(t),°DPx(t)) is measurable
[28, Proposition 2.7.9] and closed valued for each x € X. Hence it has measurable selection

[28, Theorem 2.2.1] and the set S, is nonempty. Let N be defined in (3.2). We will show that,
under this situation, N satisfies the requirements of Theorem 2.12.

Step 1. For each x € X, N(x) € Py(X). Let h, € N(x), n > 1 such that h, — hin X. Then
h € X and there exists u, € Sgy, n > 1 such that

ha(t) = (Sun)(t), te[0,T]. (3.33)

By (H3), the sequence u, is integrable bounded. Since F has compact values, we may pass to
a subsequence if necessary to get that u, converges to u in L'([0, T], R). Thus u € Sg and for
eacht € [0,T]

hu(t) — h(t) = (Su)(t). (3.34)
This means that & € N(x) and N (x) is closed.
Step 2. There exists p < 1 such that
h(N(x),N(y)) <pllx-y|, VYxyeX. (3.35)
Let x, y € X and h; € N(y); then there exists u; € Sf,, such that

hi(t) = (Su1)(t), te[o0,T]. (3.36)
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From (H3)(2), we deduce

n(F(t,x(),°DPx(t)), F (L y(0),‘Dy()))

(337)
<m(t)(|x(®) -y + |"D’x(t) - Dy (v)|).
Hence, for a.e. t € [0,T], there exists v € F(t, x(t),“DPx(t)) such that
r (t) = o] < m(®) (|x() = y(8)] + [‘DPx(t) - DPy()). (3.38)
Consider the multivalued map V : [0,T] — P(R) given by
V(t) = {u R : fur(t) - ul <m()(|x()) - y()| + |"DPx(t) - CDﬂy(t)D } (3.39)

Since u; (t), a(t) = m(t)(|x(t) -y ()| + |cDPx(t) —"Dﬂy(t)|) are measurable, [35, Theorem I11.41]
implies that V is measurable. It follows from (H3) that the map t — F (t, x(),°DPx(t)) is
measurable. Hence by (3.38) and [28, Proposition 2.1.43], the multivalued map ¢t — V() N
F(t,x(t),°DPx(t)) is measurable and nonempty closed valued. Therefore, we can find u,(t) €
F(t,x(t),°DPx(t)) such that for a.e. t € [0,T],

1 (8) = w2 (D) < () (1) - y(8)| +

*DPx(t) - “DPy(t) |) (3.40)
Let hy(t) = (Sup)(t), that is, hp € N (x). Since

(t _ S)tx—l

t
I(Slul)(t)—(Sluz)(tN:UO (@) (u1(s) —uz(s))ds

t a1
< [ Sr—me (150 -y | 'Dx(s) =Dy (s} ds

lm||.T"
= 1“(a—L+1)”x -yl

|(S2u1) () = (Sauz) (B)] = [t (ku, — kuy)

a T (T— S)a_l
<7|2 fo () ~ws))ds

T a—y-1
J&j T =) (s) - un(s))ds

v1)o T(a-y)

lml| T [ |a2|T* |bp| T
< + —
- o] [(a+1) T(a-y+1) b=y

7
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P 1=
Kl T by (p) + S

uﬁu
Fhn® =555 T2 p)

“DPhy (1) - DPha(8)| =

([l T

r((x ﬁ+l)” _y”

n ”m”Lle_ﬂ |a2|Tu " |b2|T‘1—Y ”x_y”
[ |T(2-p)\T(a+1) T(a-y+1) ’

(3.41)
we obtain
T T
hi - hy| < o
” 1 2” = ”m”L [ a+ 1) r(a ﬁ + 1)
(3.42)
+ T + T 2| " + 52T ||x -yl
o1l " [orT(2-p) J\T(a+1) T(a-y+1) '
Denote
| e (D, T T, BT
p= L= r(d+1) F(a—ﬁ+1) |Ul| |'Ul|]_—'(2—'[5) r(a+1) F([x—Y+1) .
(3.43)
By using an analogous relation obtained by interchanging the roles of x and y, we get
h(N(x),N(y)) <pllx-y|- (3.44)

Therefore, from condition (3.32), Theorem 2.12 implies that N has a fixed point, which is a
solution of the problem (1.4), (1.5). This completes the proof. O

Theorem 3.6. Let (H3) hold, if, in addition,

a |b1| 1 r(z_Y)
=14 +b1|><r<a+1> ; F(a—y+1)>

+ a-f 1 + F(Z_Y) ><
[l T <I’(zx—ﬁ+1) r2-p)r(a-y+1) v

(3.45)

then the problem (1.4), (1.6) has at least one solution on [0,T].
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Using the arguments employed in the proof of Theorem 3.5, we can prove this theorem
similarly. Hence the details are omitted here.

4. Integral Boundary Conditions

In this section, the existence results of the problems (1.4), (1.5) and (1.4), (1.6) obtained in
the previous section will be extended to the ones of the problems of fractional differential
inclusions (1.4) subject to the integral boundary conditions (1.7) and (1.8).

Lemma 4.1. Forany y, ¢, x € C([0,T],R), the unique solution of the fractional separated integral
boundary value problem,

‘Dx(t)=y(t), te[0,T], 1<a<2,
T
a1x(0) + b1 (°D"x(0)) = 1 Jo &(s)ds, 1)

T
ax(T) + b (°D"x(T)) = CZ_[ x(s)ds, 0<y<1,
0

is given by

a-1
J‘ B9 (s)ds

T
_ oya-1 a-y-1
< f (TF(S)) y(s)ds + b, i % s)ds> (4.2)
cot c1(v1 — ast)
+ o Io x(s)ds —J é(s)ds.

Lemma 4.2. Forany y,¢,x € C([0,T],R), the unique solution of the fractional nonseparated integral
boundary value problem,

‘Dx(t)=y(t), te[0,T], 1<a<2,
T
a1x(0) + bix(T) = 1 fo ¢(s)ds, (4.3)

T
a,(°D"x(0)) + b (‘D"x(T)) = CZ_[ x(s)ds, 0<y<1,
0
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is given by

X(E) = <2_Y>Cz

oyl tr(2 - a-y-1
I yeyds - Y)I oy s

by T (T— S)tx—l T (T— S)a—y—l
" (IO ) y(s)ds-T'T(2-y) J; Ty y(s)ds>

blTYF(Z - )’)Cz T C1
 by(ar +by) fo x(s)ds + a; +b

f x(s)ds

T
fo ¢(s)ds.
(4.4)

To obtain the existence results of the problems (1.4), (1.7) and (1.4), (1.8), in view of
Lemmas 4.1 and 4.2, we define two operators I1,Q: X — P(X) as

IM(x)={he X:h=Hv, v €Sk}, (4.5)
Q(x)={heX:h=Zv, v € Sgy} (4.6)

with

t _ a-1
(Hbﬂﬂ:J;ngg—v@Ms

¢ T (T— S)a—l T (T— S)a—y—l
— v—l <a2 fo WU(S)dS + b2 . WU(S)dS

ciaxt

cth‘ h(s,x(s))ds + —f g(s,x(s))ds — jo g(s,x(s))ds,

a0

r2-y) (* (T-5)"

_ o\l
(zwa)=Lﬂ%€%_v@ms- ) sy v 4.7)
tr(2-y)e (T
Tlf—sz J;) h(S,X(S))dS

bl T (T _ S)a—l T (T— S)a—y—l
e <J‘O ) v(s)ds-T'T(2-y) fo —F(a = v(s)ds>

bT'T(2-y)er (T o (7
_TRZEE_Lh@“m“+m+thmmm@.

Observe that if x € X is a fixed point of the operator I1 (the operator ), that is, x € I'l(x)
(x € Q(x)), then x is a solution of the problem (1.4), (1.7) (the problem (1.4), (1.8)).

From the definitions of the operators N, IT (see (3.2), (4.5)), we know that the
difference between them is very apparent, that is, ¢, ¢; in (3.2) were replaced by
c IOT g(s,x(s))ds and c; fOT h(s,x(s))ds in (4.5). This fact is also true for the operators M,
Q (see (3.3), (4.6)).
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In the following, we state some existence results for the problems (1.4), (1.7) and (1.4),

(1.8). We omit the proofs as these are similar to the ones given in Section 3.

(Al): The functions g, h : [0,T] x R — R are continuous. There exist functions my, m3 €
LY([0,T],R*) and ¢, 5 : [0,00) — (0, 0) continuous, nondecreasing such that

|g(t, x)| <ma(t)pa(lxl),  [R(t,x)] < m3(H)eps(Ix])

forallx e Rand a.e. t € [0,T].
Theorem 4.3. Assume that (H1) and (A1) hold. If there exists a constant I > 0 such that

I
(@) + (D) lmll . Q + 3 (D) sl R + 2 (1) [[ma]| . W

7

here Q is defined by (3.7) and

_ |C2|T T-F _ m |a2|T T-#
() o ()

Then the boundary value problem (1.4), (1.7) has at least one solution on [0, T].

Theorem 4.4. Assume that (H1) and (A1) hold. If there exists a constant I > 0 such that

I
>
(o) + ¢()) lImll Q1 + @3 (1) lmall 1 Ry + o (1) [1m22]| 1 Wi

4

here Qq is defined by (3.22) and

(2 - -p
R, = iG] pe ol T ;o W= ol
|b2 ] lar+b1]  T(2-p) lar + bi

Then the boundary value problem (1.4), (1.8) has at least one solution on [0, T].

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

Theorem 4.5. Assume that (H1)(2), (H2), (A1) and condition (4.9) hold. Then the boundary value

problem (1.4), (1.7) has at least one solution on [0, T].

Theorem 4.6. Assume that (H1)(2), (H2), (A1) and condition (4.11) hold. Then the boundary value

problem (1.4), (1.8) has at least one solution on [0, T].

(A2): The functions g, h : [0,T] x R — R are continuous and satisfy

|8t x) - g(ty)| <m(®)|x-y|,  |ht,x) -h(ty)| <ma(t)|x -yl

forall x,y € Rand a.e. t € [0, T]; here myp, m3 € L([0,T],R*).

(4.13)
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Theorem 4.7. Assume that (H3) and (A2) hold. If, in addition,

[l Q + llmallp R+ [[ma|lp W < 1, (4.14)

here Q is defined by (3.7) and R, W are defined by (4.10), then the boundary value problem (1.4),
(1.7) has at least one solution on [0, T].

Theorem 4.8. Assume that (H3) and (A2) hold. If, in addition,
[l Qn + |Imal[p Ry + |Imal[p Wi < 1, (4.15)

here Qq is defined by (3.22) and Ry, W are defined by (4.12), then the boundary value problem (1.4),
(1.8) has at least one solution on [0, T].

5. Examples
In this section, we give two simple examples to show the applicability of our results.

Example 5.1. Consider the following fractional boundary value problem:

‘D 2x(t) e F(t,x(t),CD3/4x(t)>, te[0,1],
x(0) - %(CDl/zx(0)> =25, (5.1)

2x(1) + %(CDl/zx(1)> = —%,

wherea=3/2,=3/4,y=1/2,a1=1,b1 =-1/2,¢1=25,a,=2,b,=1/3,¢c0=-1/3,T =1,
and F: [0,1] x R xR — P(R) is a multivalued map given by

x|

£+Sint§u§5+ 2+6t‘3+cosy}. (5.2)

= c o Xl
F(t,x,y) {ueR.e Tyl T x

In the context of this problem, we have

|F(t,x,y)|| =sup{lv| : v € F(t,x,y)} < 7+6t°<13, forte[0,1], x,y €R. (5.3)

It is clear that F is convex compact valued and is of Carathéodory type. Let m(t) = 1 and
o(Ix) =3, ¢(lyl) =10; we getfort € [0,1], x, y € R

|E(t x,v)|| =sup{|v|: v € F(t,x,y)} <m(t)(o(x]) + ¢ (|y])). (5.4)
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As for the condition (3.6), since P + (¢(|x|) + ¢ ([y]))[Im||L-Q = P +13Q (P, Q defined in (3.6))
is a constant, we can choose L large enough so that

L
>1
P+ (o(L) + ¢(L))Iml|-Q

(5.5)

Thus, by the conclusion of Theorem 3.1, the boundary value problem (5.1) has at least one
solution on [0, 1].

Example 5.2. Consider the following fractional differential inclusion with integral boundary
conditions:

D" x(t) e F(t,x(t),CDl/zx(t)>, te[0,1],
1 1
3x(0) + gx(l) = I g(s,x(s))ds, (5.6)

2( D1/4x(0)> +3( D1/4x(1) J h(s, x(s))ds,

wherea=7/4,=1/2,y=1/4T=1,a1=3,b1=1/3,c1=1,a,=2,b,=3,c,=1/4,

B sinx 1 1 |yl
Flh- [ RTeTTE _2’_E]U[O’El+lyl ”2(”]' 67)

cos X, h(t,x) = x,

842 =

and Iy, I, € L'([0,1],R*).
From the data given above, we have fort € [0,1], x, y € R,

sup{lul:u e F(t,x,y)} <3+ ! 7 +11(t) + L (b),

4+t
1
(4 +1)?

h(F(t,x1,y1), F(t,x2,12)) < S lx1n — x| + —|y1 v, (5.8)

lg(t,x) - g(ty)| < lx-y|,  |ht,x)-h(ty)| < |x-yl

1
(3+1)?

Then let my () = 1/ B +1)?, ma(t) =1, and m(t) = 1/16 + 1/ (4 + t)?; we have

h(F(t,x1,11), F(t,x2,12)) <m(t)(|x1 — 22| + |y1 — 2
(5.9)

1 1 3
Il Qi + lmsll s Ry + llmafln Wi < 5 x 3107141 x 01707+ 5 x 75 = 05924 < 1.



Abstract and Applied Analysis 23

Here Q; is defined by (3.22) and R;, W; are defined by (4.12). Hence all the assumptions of
Theorem 4.8 are satisfied, and by the conclusion of it, the boundary value problem (5.6) has
at least one solution on [0, 1].
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