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We investigate the convergence rate of Euler-Maruyama method for a class of stochastic partial differential delay equations driven by
both Brownian motion and Poisson point processes. We discretize in space by a Galerkin method and in time by using a stochastic
exponential integrator. We generalize some results of Bao et al. (2011) and Jacob et al. (2009) in finite dimensions to a class of
stochastic partial differential delay equations with jumps in infinite dimensions.

1. Introduction

The theory and application of stochastic differential equa-
tions have been widely investigated [1-7]. Liu [2] studied
the stability of infinite dimensional stochastic differential
equations. For the numerical analysis of stochastic partial
differential equations, Gyongy and Krylov [8] discussed the
numerical approximations for linear stochastic partial differ-
ential equations in whole space. Jentzen et al. [9] studied the
numerical simulations of nonlinear parabolic stochastic par-
tial differential equations with additive noise. Kloeden et al.
[10] gave the error analysis for the pathwise approximation of
a general semilinear stochastic evolution equations.

By contrast, stochastic partial differential equations with
jumps have begun to gain attention [11-15]. Réckner and
Zhang [15] considered the existence, uniqueness, and large
deviation principles of stochastic evolution equation with
jump. In [12], the successive approximation of neutral SPDEs
was studied. There are few papers on the convergence
rate of numerical solutions for stochastic partial differential
equations with jump, although there are some papers on
the convergence rate of numerical solutions for stochastic
differential equations with jump in finite dimensions [16, 17].

Being motivated by the papers [16, 17], we will discuss
the convergence rate of Euler-Maruyama scheme for a class
of stochastic partial delay equations with jump, where the

numerical scheme is based on spatial discretization by
Galerkin method and time discretization by using a stochastic
exponential integrator. In consequence, we generalize some
results of Bao et al. (2011) and Jacob et al. (2009) in finite
dimensions to a class of stochastic partial delay equations
with jump in infinite dimensions. The rest of this paper is
arranged as follows. We give some preliminary results of
Euler-Maruyama scheme in Section 2. The convergence rate
is discussed in Section 3.

2. Preliminary Results

Throughout this paper, let (Q, F, {F,},-0, P) be a complete
probability space with some filtration {#,},,, satistying the
usual conditions (i.e., it is right continuous and %, contains
all P-null sets). Let (H, (-, -)ip || - | g) and (K, (-, )i | - Ix) be
two real separable Hilbert spaces. We denote by (Z(K, H),
[l - II) the family of bounded linear operators. Let 7 > 0 and
D ([-7, 0], H) denote the family of right-continuous function
and left-hand limits ¢ from [-7,0] to H with the norm
lollp = sup_co<o @) Dbgo([—r, 0], H) denotes the fam-
ily of almost surely bounded, % ,-measurable, D ([-, 0], H)-
valued random variables. For allt > 0, X, = {X(t +60) : -7 <
0 < 0} isregarded as D ([, 0], H)-valued stochastic process.



Let T be a positive constant. For given 7 > 0, consider the
following stochastic partial differential delay equations with
jumps:

dX ()= [AX({t)+ f(X (@), X (t-1))]dt

+g(X @), X({t—-1)dW (1) )

+J h(X(8), X (t—1),u) N (dt, du)
yA

ont € [0,T] with initial datum X(t) = &) ¢«
DY, ([-7,0],H), -7 < t < 0. Here (A, D(A)) is a self-adjoint
operator on H. {W(t),t > 0} is K-valued {#,},5,-Wiener
process defined on the probability space {Q, F,{F,}.2, P}
with covariance operator Q. We assume that —A and the
covariance operator Q of the Wiener process have the same
eigenbasis {e,,},,»; of H; that is,

—Ae,, = A,
2)
Qe, =a,e,, m=1273,...,
where {A,,,m € N} are the discrete spectrum of —A and
0<A €A, < lim A, = 00, {a,,,m € N} are the

eigenvalues of Q. Then, VT’;V—)(;‘)S) is defined by
(o]
W(t) = Y VB, (e, t20, 3)
n=1
where 8,,(t) (m = 1,2,3,...) is a sequence of real-valued

standard Brownian motions mutually independent of the
probability space (Q, F,{F,},5¢, P).

According to Da Prato and Zabczyk [1], we define
stochastic integrals with respect to the Q-Wiener process
W(t). Let K, = QY*(K) be the subspace of K with the
inner product (u, V)KO = (Q Yy, Q_l/ZV)K. Obviously, K
is a Hilbert space. Denote by £ = Z(K,, H) the family
of Hilbert-Schmidt operators from K|, into H with the norm
1% = tr((FQYA)(¥QY?) ).

Let ®:(0,00) — 9 be a predictable, F,-adapted
process such that

t
J [E||(D(s)||3gds <00, Vt>0. (4)
0

Then, the H-valued stochastic integral Iot DO(s)dW(s) is a
continuous square martingale. Let N(dt, du) be the Poisson

measure which is independent of the Q-Wiener process W(¢).
Denote the compensated or centered Poisson measure as

N (dt,du) = N (dt,du) — pdtrn (du), (5)

where 0 < p < 0o is known as the jump rate and 7(-) is the
jump distribution (a probability measure). Let Z € 98(K—{0})
be the measurable set. Denote by P*([0,T] x Z, H) the space
of all predictable mappings /i : [0,T] x Z — H for which

T
J J Ellh (¢, w)l|?,dtr (du) < co. (6)
0 JZ
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Then, the H-valued stochastic integral
T —_—
| ] n N (et 7)
0 Jz

is a centred square-integrable martingale.
We recall the definition of the mild solution to (1) as
follows.

Definition 1. A stochastic process {X(t) : t € [0,T1]} is called
a mild solution of (1) if

(i) X(t) is adapted to F, t > 0, and has cadlag path on
t > 0 almost surely,

(ii) for arbitrary ¢ € [0,T], P{w : [} IX(s)I% ds < oo} =
1, and almost surely
X (t) = £ (0) + Jt (X (s), X (s— 1)) ds
0
+ jt e (X (5), X (s = 1)) AW (5) (8)
0

+ r J AN (X (s), X (s - T),u) N (ds, du)
0Jz

for any X(t) = &(t) € D;O([—T, 0,H),-t<t<0.

For the existence and uniqueness of the mild solution to
(1) (see [11]), we always make the following assumptions.

(H1) (A, D(A)) is a self-adjoint operator on H such that
—A has discrete spectrum 0 < A; < A, < -+ <
lim,, , A, = o0 with corresponding eigenbasis

{e,.},u>1 of H. In this case A generates a compact C-

semigroup e t > 0, such that || < e ™.

(H2) The mappings f : Hx H — H,g H x
H —» ZK,H),andh : HxHxZ — H are
Borel measurable and satisfy the following Lipschitz
continuity condition for some constant L, > 0 and
arbitrary x, y, x;, ¥, X5, ¥, € Hand u € Z:

I Geo ) = f (o )
Vg (1= g (k2 32))es
<Ly (|l = =all7y + 11 - 22072). ©)
e ey, 335 w) = B (o 3o ),

<L, (||x1 - xz”; e )’z"?{)

This further implies the linear growth condition; that
is,

1 £Ge PNz + e o < Lo (14 Il + I3l7,) . 10)
where

Lo=2(LavIf0O v Ig00,). o
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(H3) There exists L, > 0 satisfying

InCx, )l < Ly (105 + 1yl1) (12)

foreach x,y €e Hand u € Z.

(H4) Foré € D?;O ([-7,0], H), there exists a constant L > 0
such that

E(E@) -E@) < Lslt -, tsel-1,0l.  (13)

We now describe our Euler-Maruyama scheme for the
approximation of (1). For any n > 1,letn, : H —
H, = spanfe,,e,,...,e,} be the orthogonal projection; that is,
T[nx = Z?:l (X, ei>Hei’ X € H’ An = T[nA> fn = T[nf’ gn = T[ng’
and h,, = 7, h.

Consider the following stochastic differential delay equa-
tions with jumps on H,:

dx" () = [A,X" () + f, (X" (1), X" (t - 7))] dt

+g, (X" (@), X" (t - 1)) dW (1)

(14)
+ J h, (X" (), X" (t - 1),u) N (dt,du),
z

X"(0) =m,E©0), 6e€l[-1,0].

This spatial approximation (14) is called the Galerkin
approximation of (1). Due to the fact that m,Ax =
T, AQL (x,e)pe) = =Y, Ai(x, e;) e, x € H,, it follows
that for x € H,, A, x = Ax, e'** = 4%,

By (H2) and (H3) and the property of the projection
operator, we have that

A= Ayl = 14, (2 = 2 < Aol = 2l
“fn (X1 1) = fa (xz’)’z)";
Vg (e ) = g (e )l
= “f (1 31) = f(xzd’z)“;
Vg (21 31) = 9 (2 ) s
, , 15)
<L, (||x1 =%+ - }’2||H)’
"hn (xp)’vu) —h, (xz’ Y2 ”)“i{
= ”h (x1, y114) = h(x5, 5, ”)”;
<L, (||x1 - xz“zzq + [ - )’2";)
Iyl = Gyl < Lo (1l + 1)
for arbitrary x, y, xy, x,, ¥;, ¥, € H, and u € Z. Hence, (14)
admits a unique solution X"(¢) on H,,.
We introduce a time discretization scheme for (14) by

using a stochastic exponential integrator. For given T' > 0 and
T > 0, the time-step size A € (0,1) is defined by A := 7/N,

for some sufficiently large integer N > 7. For any integer
k > 0, the time discretization scheme applied to (14) produces

approximations Y" (kD) = X"(kA) by forming

Y ((k+1)A)
= M {17" (ka)+ £, (V" (ka),Y" (k& - 1)) A
+ g, (Y (kA),Y" (kA - 1)) AW,
; JZ h, (7" (k) ¥ (kA - 7),u) AN, (u)} ,

Y'(0) =m,E©O), 6¢[-1,0],
(16)

where AW, = W((k + 1)A) — W(kA) and AN (du) =
N((0, (k + 1)A], du) — N((0, kA], du).

The continuous-time version of this scheme associated
with (14) is defined by

Y™ (1)
=y o)+ [ o (7 (), " (15 - ) s
0
. L DA g (Y (s, Y™ (] - 1) AW (s)

+ rj DA (Y (Ls)), Y™ (Is) - 7))
0 Jz

x N (ds, du),

Y"(0)=m,E@), 6c¢€l[-7,0],

17)

where [t]| = [t/A]A with [t/A] denotes the integer of t/A.

From (16) and (17), we have Y"(kA) = ?n(kA) for
every k > 0. That is, the discrete-time and continuous-time
schemes coincide at the grid points.

3. Convergence Rate

In this section, we shall investigate the convergence rate of the
Euler-Maruyama method. In what follows, C > 0 is a generic
constant whose values may change from line to line.

Lemma2. Let (H1)-(H4) hold; then there is a positive constant
C > O which dependsonT,&, L, L,, and L, but is independent
of A, such that

1/2 1/2
sup (EIX OI;) v sup (E[Y" Of;) ~ <C. )
0<t<

0<t<T



Proof. Due to the fact that (E - II%,)I/2 is a norm, we have
from (8) that

(E1x ®I3)"”

< (gJe* )"
+<

+ ([E jte(t_s)Ag (X (s), X (s— 1)) dW (s)
0

/A

2 1/2
H)
2
H)

r (X (s), X (s— 1)) ds
0

1/2

P 2\ 1/2
+ <[E J " *h(X (s),X (s - 7),u) N (ds, du) >
0 H
4
=YL(®).
i=1
(19)
Recall the property of the operator A (see [18]):
|=ay>e®| < e,
A (1-e*)| < ct™  8,20,8,€[0,1], (20)

(-A)*Fx = (A)*(-Ax, xeD((-A)),

for «, € R, where r = max{a, 5, o + f3}.
By (HI) and (H2), together with the Minkowski integral
inequality, we derive that

Lo [ (Bl x@.xe-mff,) s
<cf {1+ ExeR)”
L{ (EIX 01) (21
+(EIX (s - r)llé)l/z} ds

t 2\1/2
sC+CJ (EIX (9)l7;) ~ds.
0

By (H1), (H2), and (H3) and using the It6 isometry, we have
I () + 1, (1)
t (=514 2 1/2
< (J [E"e $ g(X(s),X(s—T))"gods)
0 2

(e

” (X (s), X (s — 1), u) N (ds, du)
0Jz

t
+pJ. J 94y
0z

X (X (s),X (s—1),u)m(du)

2 1/2
H>

Abstract and Applied Analysis

1/2

t
< (L Lo (1+EIX (s)l7; + ENX (s = D)IF;) dS)

+([E th 4y
0Jz

X (X (s),X (s—1),u) N (ds, du)
+p<[E

J't J' RCRYY
0lz

X (X (s),X(s=71),u)m(du)ds

2 1/2
)

2 1/2
.

(22)

Using Holder inequality and (H3), for the last term of (22),

we have
2
H )

P([E
< C([E r L 17 (X (), X (s = 7), w)l| 77 (du) ds>1/2

1/2

H IN(X (s), X (s — 1), u) 7 (du) ds
0Jz

0

¢ 1/2
< c@(jo (EIX ()l + EIX (s = D)) ds)

; 1/2
< C\L, VTE[E], + pC 2L2(j0 ElX (s)||éds) :
(23)

Moreover, by using the It6 isometry and (H3), we obtain that
2
S )
H
t
< (J j Ellh (X (s), X (s — 1), )|}t (du) ds>
0Jz

; 1/2
< @(j (EIX &)lIF; + EIX (s = DllF;) d5>

0

< \LaveEl, + 2o E1x <s>nilds)l/2-

(24)

1/2

r j AN (X (5), X (s — 7)) N (ds, du)
0 Jz

1/2

Substituting (23) and (24) into (22), it follows that

¢ 1/2
L) +I,(t) <C+CE|E|, + c(L EIX (s)||§{d5> .
(25)

Hence,

t 1/2
(EIX @1,)" < C+CEJE, + C(L ElX (s)||§1ds> .
(26)
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Applying the Gronwall inequality, we have

1/2
sup (EIX ()l3;) " <C. 27)
0<t<T
Using the similar argument, the second assertion of (18)
follows. O
Lemma 3. Let (HI)-(H4) hold; for sufficiently small A,

sup (EIX () - X(UeDlE)" <ca™ )

0<t<T

where C > 0 is constant dependent on T,§,L,L,, L5, and L,
while being independent of A.

Proof. For any ¢t € [0, T], we have from (8) that
X () - X (L£])

— eLtJA< (t-[thA )E(O)

L¢]
+J (A 1) 94 £ (X (), X (s - 7)) ds

“+

I (X (s), X (s — 1)) ds

(t-1thA (LtJ—S)A

+

9(X(5), X (s = 1)) dW (s)

I
(e

1 (et-te04 (Lt)-9)A
+J J l)e s

Xh(X(s),X(s—1),u) N (ds,du)

o

+ jt 4G (X (s), X (s — 1)) dW (s)
[t]

+Jt J AN (X (s), X (s — 1), u) N (ds, du)
\t] J7

7
= ZL (t) .
i=1
(29)

1/2
Since (E| - ||§{) / is a norm, it follows that

7

<YEp R o

i=1

1/2
(EIX (t) - X (L))
Recalling the fundamental inequality 1 —e™ < y, y > 0, we
get from (H1) that
(1= 1)of

o 2
( —A;(t-1t])

i=1

_ _ 2
< (1 —e Ayt [tJ)) ”x”;

272102
< A A% x5

—1)(xe)e

H (31)

Therefore,

(El ol
_ ([E'leLtJA {e(t—LtJ)A _ I}E(O)”;)l/z (32)

<X (E[EO,) A

By (H1), (H2), and the Minkowski integral inequality, we
obtain that

3
CIAC Ak
i=2
[t]
. JO [e604 — 1 [e0er-04 .
x (Ef (X (), X (s = D)) " ds

+ LJ (Elf (X (), X s - o)|,) " ds

Together with (31), we arrive at

3
S (El o)

i=2

L]
< <A1A L ds + A) COS<1:§T([E“f (X, X (- T))”i;)l/2

<C (1 + sup (EIX (t)||;,)”2> A.

0<t<T
(34)

Following the argument of (22), we derive that
7 1/2
Y (el @l:)
i=4
Jm [ee-ena
0

(J, ey
xE[g (X (s), X (s

1/2
Uy
ro( [ Jer e o

0 VA

1/2
X E[h (X (s), X (s—7), )77t (du) ds)

t 2 . 1/2
+ <Jm "e(t—s)A" Ellg (X (s), X (s - r))||3,gds>

(t—-s)A
ce([ ]l r

1/2
x E|lh (X (s),X (s—7), u)||§{rr (du) ds)

“) A2,

<C (1 + sup (EIX (0)1)’

0<t<T
(35)



Substituting (32), (34), and (35) into (30), we arrive at

(E1X O - xAeDIZ)"”
(36)

0<t<T

< c<1 + sup (EIX (t)||§,)”2) A2,

Therefore, by Lemma 2, the required assertion (28) follows.

O
Now, we state our main result in this paper as follows.
Theorem 4. Let (H1)-(H4) hold, and
\E(zofl +(p+3)2a)?) < 1. (37)

Then,

OsupT([E"X O-v" o) sci A, s

where C > 0 is a constant dependent on T,&, Ly, L,, Ly, and
L,, while being independent of n and A.

Proof. By (8) and (17), we obtain
X (@) -Y" (1)
=4 (1-m,)&(0)
+ Lt I (F (X (s), X (s —T))
—fu (X (s), X (s—1)))ds
t
+ L I (X (s), X (s— 1))
—fu (X (Is]), X (Is] — 7)) ds
+ Jte(“’f‘ (9, (X (s), X (s — 1))
0
~g, (X (Is]), X (Is] = 7)) dW (s)
t A
e[ M s X st - 1)
£ (V" (L), Y™ (Ls] = 7)) ds
+ L eI (g, (X (Ls]), X (Is] - 1))

=g, (Y" (Is]),Y" (Is] — 1)) AW (s)
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+ r el (g(X(s),X(s—1))
0

—Y9n (X (S) » X (5 - T))) aw (S)

¢
+ J elt=94 (1
0

t
N J Q94 (1 B e(s—LsJ)A)
0

X g, (Y" (Ls]),Y" (Is] = 7)) dW (s)

SLDAY £ (Y (L)), Y (Ls) - 1)) ds

+ jtj eI (X (s), X (s — 1), 1)
0Jz
—h, (X (s), X (s—1),u)} N (ds,du)
" jt j I (X (), X (s 1), 1)
0 J7Z
—h, (X ([s]), X (Ls]-7) ,u)} N (ds, du)
" j [, XL X s) = 00 =,
0 J7Z
x (Y"([s]),Y" (Ls] = 7),u)} N (ds, du)
N L L A (1= DAY

x (Y"(Is]),Y" (Is] = 7),u) N (ds, du)

13
=YK (t).
i=1
(39)

Noting that (E| - ||§{)1/2 is a norm, we have

13

Y(EKOE)” @0

i=1

(Elx -y @l) " <

By (H1) and the nondecreasing spectrum {A,,},, -, it easily
follows that

Bl (1 =m0,

o 3

m=n+l

1/2
e—z)t,,,t <€ (0) , em>§_1)

(41)

00 —2A 1/2
=[E< Z = Az 2 (£(0), em>H)

m=n+1

1
< TEIAE O,
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By (H2), the Minkowski integral inequality, and Lemma 2, we
have

(ElK, of2,)"

NG
. 1/2
Z 672/\"‘075)(][ (X (5),X(S—T))>em>§—1> ds

t
0 m=n+l

t . 1/2
< L e-An(t—s)<[E Z (f(X(s),X(S—T))’emﬁf) ds

m) F XX - ) ds

m=n+1

t
<C J e M9
0

1/2
X {1 +(EIXIE)" +
<CA L

n

([E||X (s- T)||§q)1/2} ds

(42)

Applying (HI), (H2), and Lemma 3 and combining the
Minkowski integral inequality and the It6 isometry yield

6 Y
;([EIIKI» 1)
< \/Z j ‘ e
0

| (E(IX () = X (DI,

AXGs-1 - X (s - D))" d

+JZ£W““HHMnm—Wumﬁ

X (L] - 1) - Y (s - D)) s

FE(X ) - X AsDI

(L

12
+H|X (s-1) - Y” ([SJ—T)“;)) ds)

e (e (el ash-v asol

wmurﬂ—rﬂq—ﬂﬁwﬁm
<cA 4 \/Z()Sig([E"X(s) v o)
“ Lt o9 g
s (EX @ -7 o) ([ “‘%§
AL sup(Elx - of) " [ e
+JZ§5HX®—W®M ( *Wswﬁm
Vi sup (Bl -7 OI,)

x (207 +2020)7'7).

<CAY?

(43)

By the It6 isometry and a similar argument to that of (42), we
deduce that

(€l of2)"
< (Jt [E"e(t—s)A (1 2 ds)1/2
0 7

t 1/2
< c(L eI g (X (5), X (s - r))||;gds>

<CcA M2,

-m,) g (X (), X (s = 7))

(44)

Moreover, by (31), (H2), and Lemma 2 and combining the
Minkowski integral inequality and the It6 isometry, we have

9
S (€K, )"

=8
CI=9A (1 (s-LshAY|
< | (e (1=

; " 2 1/2
x| £ ("D, Y (Us) - D)) ds

CILG=9A (1 (s-LsDAY |2
([ Bt (-] -

5 1/2
<l (7" D) ¥ U - r>>||Hds)

<CAJ'(Ewﬂ(Y (sD), Y (ls) = m)|%) " d

t 1/2
T CA(JO Ellg, (Y" (Ls]), Y™ (Ls] - T))||§ngs>
< CA.

By (31) and the It6 isometry, we obtain that

(K O)"
t
(t—s)A
S([E Jone (1-m,)h

X (X (s),X (s—7),u) N (ds,du)

t
J J 4 (1-m,)h
0Jz

X (X (s),X(s—1),u)m(du)ds

t 2
<([ [l a-mle
0Jz

1/2
x[|h (X (s),X (s — 1), u)||§,n(du)ds>

1/2

)

+p<[E

2 1/2
H)




t A 2
wo([, [l a-m

1/2
X E[h (X (s),X (s - 1), u)||;n(du)ds)

t 1/2
< c(j0 e (ENX ()17 + EIX (s - DIl ds)

<CA V2,
(46)

Carrying out the similar arguments to those of (43) and (45),
we derive that

1/2

(El&, )" + (K, ©)

< CA"* + 2a) M (p +1)

(47)
xL s (E]X - 7 O)"

1/2
(El&s 0f7,) " <ca.

As a result, putting (41)-(47) into (40) gives that

1/2

sup ([E"X (s)-Y" (s)||i1)

0<s<t

<CNP A 1L, (207 + (p+3) ) 2) (48)
n 2 1/2
X sup ([E||X (s5)-Y (s)||H) ,
0<s<t

and therefore the desired assertion follows. O

Remark 5. For finite-dimensional Euler-Maruyama method,
the condition (37) can be deleted by the Gronwall inequality
(16, 17].
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