HOMOCLINIC SOLUTIONS FOR LINEAR
AND LINEARIZABLE ORDINARY
DIFFERENTIAL EQUATIONS

CEZAR AVRAMESCU AND CRISTIAN VLADIMIRESCU

Received 2 July 2000

Using functional arguments, some existence results for the infinite boundary value prob-
lem x = F(¢t,x), x(—00) = x(+400) are given. A solution of this problem is frequently
called, from Poincaré, homoclinic.

1. Introduction

Let F : R xRY — R be a continuous function; consider the problem

x=F(,x), (1.1)
x(—00) = x(400), (1.2)
where
x(+o0) := lim x(7). (1.3)
t—+o00

Throughout this paper, the limits which appear are always finite; other cases are
mentioned.

In a certain sense, the problem (1.1) and (1.2) may be considered as a generalization
of the classical bilocal boundary value problem

x=F(,x), x(a) = x(b). (1.4)

The problem (1.4), which is closely related to the problem of periodic solutions, has
constituted the object of numerous fundamental studies; last year, a systematic study
based on the theory of topological degree has been drawn up by J. Mawhin [17, 18, 19,
20]. In the cited works the reader can find a rich bibliography in this field.

On the other hand, the existence of solutions of (1.1) such that there exist x (+00)
(these solutions are often called convergent), has constituted the object of many works
(see [3]). A substantial contribution in this field is due to A. G. Kartsatos [13, 14, 15, 16];
some of the ideas contained in his works will be used in this paper.
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66 Homoclinic solutions

Most of the papers deal with the existence of the limit x (+00); less are dedicated to
the existence of both limits x (+00); among these, we mention [2, 12].

Among the first results that consider the boundary value problems on noncompact
intervals one counts the results obtained by A. G. Kartsatos [16].

In another direction, it was pointed out interest in the asymptotic behavior of solu-
tions for integral equations, too; for the Volterra equations, the fundamental paper of
C. Corduneanu [10] and for the Hammerstein equation the one of D. Petrovanu [21].
The existence problem of convergent solutions for the integral equations has been con-
sidered in [4, 5, 6].

The boundary value problems of the type (1.1) and (1.2) has been considered in
[1,2,7,8].

In the present paper, the boundary value problem (1.1) and (1.2) is discussed in the
case when the differential equation is linear or linearizable; through this last term we
understand the fact that (1.1) may be reduced to another which contains a linear part.

Section 2 deals with the notations and the main hypotheses. Next we present some
general results which will be used in what follows.

In Section 3, we prove some existence results for the problem (1.1) and (1.2) in
the case when F(¢f,x) = A(t)x + b(t); these results are determined by the specific
properties of the matrix A(z).

Finally, in Section 4, we give two existence theorems in the case when F is lineariz-
able.

2. Notations and general results

2.1. We denote by R" the N-dimensional Euclidean space and by .ILy (R) the space
of all N x N real matrices; both spaces are endowed with the norm |- | and the usual
scalar product in RY is (-, -).

The fundamental functional space is

C.= CC(]R, RN) = {x ‘R —> RN x continuous} 2.1

endowed with the topology of uniform convergence on every compact interval of R.
We consider the following linear subspaces of C:

C:= {x € C., x bounded on R},
Cp:={x € Cc,Ix(+o0) := lim x(r) e RV},
t—+o00
= {

(2.2)
Cii = {x € C1, x(+00) = x(—00)},
Co := {x € C1,x(400) = x(—00) = 0}.
All these spaces are Banach spaces with the norm
[xlloo := sup|x(r)], (2.3)

teR

their topology being stronger than the one induced by the topology of C..
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For every function 4 defined on R, we put

h(£o0) := t_l)iglooh(t), 2.4

(the limits being considered finite).
Moreover, let

Cf = {x e Ce3x(t00) = tim 2},
t——+00

2.5)

Cr = {x € Co,3x(—00) == lim x(t)}.
——00

An analogous signification have the notations C;Z“, Cy» Ca“, Cy -
Another space is L' := L!(R, R¥), the space of all Lebesgue integrable functions
on R. Also, consider

Ciap) = {x:[a,b] — RN, x continuous},

(2.6)
Cla.p) := {x € Cla,py, x(a) = x(b)}.
These three Banach spaces are endowed with their usual norms. Finally, we put
Ry := [0, 4+00), R_ := (—00,0], % = {xeRY, x| <r}. 2.7

2.2. The aim of this subsection is to point out some important properties of Cj.

PROPOSITION 2.1. There exists an isometric isomorphism between the spaces C; and
C (a,b)-

Proof. Letg : (a,b) — Rbe acontinuous strictly nondecreasing function, with li\l‘n o(t)
t\a

= —00, li/rrll)go(t) = +4o00. The function ® : C; = C,,p), defined by
t

x(p(0), te(a,b),

(Dx)(t) :=={ x(—00), t=a, (2.8)
x(+00), t=b,
is an isometric isomorphism between C; and C(4 ). [l

Remark 2.2. The same function & represents an isometric isomorphism between Cy;
and C[a, b]-

Definition 2.3 (see [3]). We say that a family A C Cj is equiconvergent if
Ve >0, IT =T(e) >0,

vi', t"eR, witht'-t">0, |/|>T, |t"|>T, (2.9)
x(t’)—x(t”)| <g, Vxed.
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PROPOSITION 2.4. A family sd C C; is relatively compact if and only if the following
conditions are satisfied:
(1) oA is uniformly bounded in C;
(i1) oA is equicontinuous in C;;
(iii) o is equiconvergent.

Proof. From (ii) and (iii) one gets & is equicontinuous in Cj. Therefore, ® () is
an equicontinuous and uniformly bounded set in C(,,p). So, based on Ascoli-Arzéla
theorem, we conclude that ®(s4) is relatively compact in C(q p). O

2.3. In what follows we will point out two useful properties. We state these properties
on Ry and R_.
Let X be a Banach space and P : X — X be a projector.

PROPOSITION 2.5. Let U : Ry — XX be a function which fulfills the following hypo-
theses:

(1) the function t — U (t) is continuous on R ;

(ii) for every t € Ry there exists U= (1) : X — X such that

UlOUu @) = Iy; (2.10)

(iii) the function t — U ~Y(t) is continuous on R4,
(iv) there exists k > 0 such that

/()+OO U PU~ (s)E| yds <k, VteRi ez (2.11)
Then, there exist two constants a, 8 > 0 such that
IU@OPE|x <a-e P!, VieR, &eXx. (2.12)
Proof. We put
z(t) := /z L (2.13)
o IUG)PEx

From the identity

t
UnHPeE= | Ut)PU (s)U(s)P——ds, 2.14
(U () P& /O () U (s) U G) PEllx s (2.14)
we get
lzU @) PEllx =z@)- |U@)PE|lx <k, Vt=0, (2.15)
hence
z(t) 1
%z;. (2.16)
Therefore,

2(t) > z(to) - VP v > 1 > 0. (2.17)
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But, from (2.15) and (2.17) we deduce

||U(t)P§||x§i, vt > 1> 0. (2.18)
z(t)

So, Proposition 2.5 is proved. O

PROPOSITION 2.6. Suppose that the hypothesis (i) from Proposition 2.5 is true. Let
& € X be such that P€ #0. If

+o00
/ IUG)PElx <k, Vt>0, (2.19)
t
then
limsup||U (¢) P&| x = 4o0. (2.20)
f——400
Proof. Indeed, if
1
u(t) = ——, (2.21)
U @) P&l x
then by using the relation
+o0
/ u(t)dt < oo, (2.22)
“)
it results that
liminfu(z) =0. (2.23)
t——4+00
The conclusion is now obvious. O

An important particular case is the one when
U:Ry — MyR) (2.24)
(see [11, 12]).

Remark 2.7. A similar result may be obtained on the negative semiaxis R_.

3. Linear equations
3.1. LetA:R — My (R) be acontinuous function and b € C.; consider the equations
X =A()x, (3.1)
X =A(t)x+b(t). (3.2)

We denote
%:={x €Ce,t =A()x},
% =%NC, X =%nCt, % =%nC), (3.3)
X5 =%NCy, Xo :=XNCoh.

We treat the existence problem of the solutions for (3.2) in the following way.
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First, we search solutions in C; by using the well-known theory of admissibility. More
exactly, we are looking for Banach spaces B C C. such that for every b € B, (3.2) has
solutions in C;. Next, for these solutions belonging to C; we ask to satisfy the condition

x(+00) = x(—00),

(3.4)

and we try to find sufficient conditions such that the relation (3.4) becomes possible.

3.2. Consider now the scalar case
X =a(t)x+b(),

where a, b : R — R are continuous functions and a, b € C;j.

ProrosiTioN 3.1. (1) If
a(+o00) <0, a(—o0) >0,
then, for each b € C; which satisfies
a(+00) -b(—00) —a(—00) -b(+00) =0,

every solution of (3.5) is homoclinic.
@ If
a(4+o0) > 0, a(—o0) <0,
then (3.5) admits one and only one solution in C; if and only if
400 ‘
/ e~ Jo @95 p(pydr =0.
—00

If, furthermore, (3.7) is satisfied, this solution is homoclinic.

Proof. (1) We have

r
x(t) = C.eloa®ds 4 pfoards / e o @dT (s ds.

0
It results
b(+o0)

x(£00) = (o0

(2) The only solution in C l+ is

t 3
x1(t) = eloa)ds / e~ Joa®dr poy s,
“+00

and the unique solution in C; " is

t 4 S
x() = eloat)ds f e~ Joa@ar -b(s)ds.
—0Q0

(3.5)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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But, from (3.9) we obtain

x1(0) = x2(0). (3.14)
Hence, the solutions x; and x; are identical; the limits of these solutions to infinity are
given by (3.11). (]

COROLLARY 3.2. (1) Assuming that (3.6) is true, for every b € Cy, all the solutions of
(3.5) are homoclinic to zero.

(2) Assuming that (3.8) is true, for every b € Co which satisfies (3.9), (3.5) admits
one and only one homoclinic solution.

Remark 3.3. Condition (3.9) can be interpreted as an orthogonality condition of b on
the solutions for the adjoint equation of the homogenous equation corresponding in
(3.5).

3.3. The result contained in Proposition 3.1 can be generalized to the case of (3.2) in
different ways; we exemplify here only one of them.

THEOREM 3.4. Suppose that
() limy— oo AX) = (@), ey M —c0 A1) = (@), jeTNs
.. + - . _. —+ _ - _ . . T A7 .
(i) oy <0, ;; >0, foralli €1, N; o =0 =0, foralli,jel,N,i#j.
Then,

(a) for each b= (b,-)ielTv € C; which satisfies
aff -b(—00) =a; -b(+00), Viel,N, (3.15)
all the solutions of (3.2) are homoclinic,
(b) for each b € Cy, all the solutions of (3.2) are homoclinic to zero.
We will sketch the proof, omitting the calculus details.
Let A(t) = A1(t)+[A(t) — A1 (¢)], where
A1 (t) = Diag|ajj (t)]ieL—N. (3.16)

Consider ¢ € RY fixed; for every x € C;, denote by y = Hx the unique solution for the
problem

y=A1)y+A2(D)x(1)+b(), y(0) =c. (3.17)
By using Proposition 3.1 and hypotheses (i) and (ii), we get
HC; C (. (3.18)
Considering in C; a Bielecki norm
| Hx | := sup {|x ()] -e "}, (3.19)
teR

for a positive real number A, H will result a contraction.
If x = (x;); 7% € Ci is the unique fixed point of H, then we can apply Proposition
3.1toevery x;,i € 1, N.



72 Homoclinic solutions

3.4. Another possibility for obtaining existence results in C; is based on the remark
that if x is of class C', then x belongs to C; if and only if x is Riemann integrable on R.

We also use in this subsection the notations
&= {x,x(0) = A*(Ox1)}, A =%"NCy, A =A*NCy.

PrOPOSITION 3.5. Suppose that
+00
f |A(t)|dt < +o0.
—0o0

Then,
(@ X=% and X* =%;;
(b) X (Fo00) are invertible;
(c) dim¥; = dim&;;.

Proof. Let x € ¥; from the classical inequality
(@] < [x(O)]- 1AL v e R,

we obtain x € C; but since

(1) = A@)-x(t)

(3.20)

(3.21)

(3.22)

(3.23)

and (3.21) is true, it follows that x is Riemann integrable on the whole real axis R.

Therefore, (a) is obvious.
Denote A(t) := det X (). Since the well-known identity

A(r) = A0) ej(; Trace(A(s))ds
and (3.21) hold, we conclude that
det X (£o00) := lim A(¢) #0.
t—+o00
Hence, it is easy to observe that
% ={X()-c, [X(+00) = X (—00)]-c =0},
so the conclusion (c) is immediate, too.
Remark 3.6. We have &; = {0} if and only if

rank[ X (+00) — X (—o0)] = N,

(3.24)

(3.25)

(3.26)

(3.27)

which is equivalent to the fact that 1 is not an eigenvalue of the matrix X ~!(—o00) -

X (400).

THEOREM 3.7. If condition (3.21) is fulfilled, then for each b € L' NC,, all the solutions

of (3.2) belong to C;.
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Furthermore, (3.2) has homoclinic solutions if and only if
+00
/ (b(s) | y(s))ds =0, (3.28)
—0o0

where y is any solution of the problem
y=A%, y(—00) = y(+00). (3.29)
Proof. By using Proposition 3.5 and the identity
Xw)-x'n=1, (3.30)

it follows that X ~1(7) is bounded.
Let x be a solution of (3.2); then

t
x(t):X(t)~x(0)+X(t)~/ X~ 1(s)-b(s)ds. (3.31)
0

We get x € C and from
X(t)=A@)-x(1)+b(), (3.32)

it results that x € L1, x € C.
Of course, (3.31) is a homoclinic solution with x(0) = ¢ which implies

“+o0o
[X(—f—oo)—X(—oo)]-c:X(—l—oo)-/ X)) -b(s)ds
’ (3.33)
+X(—oo)-/ Xfl(s)-b(s)ds.

But, the relation (3.33) is exactly the sufficient and necessary compatibility condition
for this system. U

3.5. Another possibility to obtain the existence of homoclinic solutions would be
the reduction of our problem to an integral equation by using a Green’s function, the
treatment being like in the theory of bilocal boundary value problems.

The admissibility with respect to an integral operator has been considered first by
C. Corduneanu [10] and D. Petrovanu [21]. The admissibility hypothesis on the pair
(Cy, Cy) is developed in [4].

The building of the Green’s function which will be used is based on the decompo-
sition of RY into a direct sum

RY =Ry®R_ DR, ®Ry, (3.34)
where

Ry := {x(O),xe%;}, R_:= {x(O),xe%f‘}, Ry = {x(O),xe%Z_}.
(3.35)
So, Ry is the supplement of Ry BR_ PR .
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Denote by Py, P_, P, Py some projectors in RV which are associated to these
subspaces Rg, R_, Ry, R;.
Define the function 4 : R — Jly (R) by

XHP_X"1(s), fors <t <0,
—X () (Po+Py) X !(s), fort<s<0,

G s) —X ()P X" (s), fort<0<s, 336
X P_X"Ns), fors <0<t,
X0 (Po+P-)X"(s), forO<s<t,
—X@OPLX(s), for0 <t <s.

The function § = %(¢, s) is continuous in the set

R>\{(t,1),t € R}. (3.37)
Consider the integral operator
+00
Gb:= / G(t,5)-b(s)ds. (3.38)
—00

The fundamental properties of this operator are given by the following proposition.

ProposITION 3.8. If

+oo
/ |6(t,s)|ds <k, VteR, (3.39)
—00
then
GCy C Co. (3.40)
If, furthermore,
+o00
3 lim 4(t,s)ds = Ly € My ((R), (3.41)
t—+oo 00
then
GC C (G, (3.42)
+o00
lim 4(t,s)-b(s)ds = Ly -b(£00). (3.43)
t—+o00 —00

Moreover; the operator G : C; — C is compact.

Proof. We study the asymptotic behavior of the function (Gb)(¢) at +-00; at —oo the
proof is identical.
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First, remark that from (3.39) it results for # > 0 the following inequalities:

0

/ X P_X"(s)|ds <k, Vt>0, (3.44)

t
/ |X()(Po+P_)X""(s)|ds <k, Vt>0, (3.45)

0

+o0
XOPL X Ys)|ds <k, Vi=>0. (3.46)
t

Applying Proposition 2.5 with U(¢) = X (¢), we get since (3.45),
t_l)nlloo|X(t)(P0+P_)‘ =0; (3.47)
and since (3.44), (3.46) fort =0,
0 +00
/ |P_x"(s)|ds <k, / |PL X7 (s)|ds < k. (3.48)
—c0 0

But, for + > 0, we have

0 t
(Gb)(t):/ X(t)P_X_l(s)b(s)ds-i-/ X (@) (Po+P-)X " (s)b(s)ds
-0 0
. (3.49)
—/ X (@) PLX N (s)b(s)ds.
t
Let b € Cy; since
0 0
‘f X () P_X"Y(s)b(s)ds 5/ |X@)P_|-|P_X"(5)|-1b(s)|ds
<|X@P_|-k-bllcs,
400
/ X PL X ()b(s)ds| < k-sup|b(s)], (3.50)
t s>t
t T
/X(r)(Po+P_)X_](s)b(s)ds 5|X(z)(P0+P_)\/ Ixlloo| X " (s)|ds
0 0
+k-sup|b(t)], forO0<T <t,
t>T
we obtain
lim (Gb)(r) =0. (3.51)
t—+00

The conclusion (3.43) is proved because every b € C; can be written under the form
b(t) = [b(t) —b(+00) |+ b(+00). (3.52)

Finally, the compactness of G is obtained from Proposition 2.4. O
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Remark 3.9. The conditions (3.39) and (3.41) are also neccesary for the embedding
GC; C (.

Remark 3.10. In general, Gb is not a solution for (3.2). If Psb(¢t) =0, for all ¢ € R,
then (Gb)(t) is a solution of (3.2). Moreover, it is the only solution which satisfies

Pyx(0) = 0. (3.53)

Remark 3.11. The relation (3.39) allows us (by using Proposition 2.6) to elucidate the
asymptotic behavior of the solutions for the homogenous equation (3.1), in the case
when Py =0:

@ X =%y={x €%, x(0) e Rp};

(b) x € ¥ and x(0) € R_ imply limsup,_, _ |x(#)| = +o0;

(c) x € ¥ and x(0) € Ry imply limsup,_, | o, [x(#)| = +o0.

By using Remark 3.10, we consider the following spaces:
By :={b € Cy, Psb(1) =0,V1 € R},
By :={b e Cy, Pb(t) =0,Vt € R}, (3.54)
Bj =B NCy.
Now we attach to (3.2) the “initial” condition
Pox(0) =&, £ eR,. (3.55)
THEOREM 3.12. Suppose that conditions (3.39) and (3.41) are fulfilled. Then:
(a) for every b € By and & € Ry, all the solutions of the problem (3.2) and (3.55)

are homoclinic to zero;
(b) for every b € B; which satisfies

L b(+00) = L_b(—00), (3.56)

the solutions of the problem (3.2) and (3.55) are homoclinic;

(c) if Ly = L_, then for every b € By, the solutions of the problem (3.2) and (3.55)
are homoclinic;

(d) if L+ = L_ =0, then for every b € By, the solutions of the problem (3.2) and
(3.55) are homoclinic.

The conclusions of this theorem are immediate since Proposition 3.8 holds and for

b € By the solution of (3.2) and (3.55) is given by
x(1) =X(0)E+(GD)(1), & €Ro. (3.57)
3.6. A short version of Theorem 3.12 is the following, where the conditions are given

on the positive semiaxis.

THEOREM 3.13. Suppose that
(1) A(—t)=—A@), forallt>0;
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(i) [o|X(@)-X"1(s)lds <k, forallt >0;
(ili) 3L :=1lim/ oo fy X (1)- X1 (5)ds.
Then, for every b € Cy, all the solutions of (3.2) are homoclinic.

Proof. The conditions (i) and (ii) allow us to conclude that every solution x of (3.2)
belongs to C ,+ and
x(400) = L-b(+00). (3.58)

But, the function y(¢) := x(—t) is a solution of

y=A@)-y+b(-1). (3.59)
So,
y(400) = L-b(—00). (3.60)
But,
y(+00) = x(~00). (3.61)
The proof is now complete. O

3.7. The proof of Proposition 3.8 contains separately the asymptotic behavior research
of the solutions at +o00 and next at —oo.
The following proposition points out another aspect in this direction.

ProposiTION 3.14. Let B C C. be an arbitrary Banach space. Suppose that
(i) for every b € B, (3.2) has solutions in C1+;
(ii) for every b € B, (3.2) has solutions in C; ;
>iii) Ry = {0}.

Then, (3.2) admits homoclinic solutions.
Proof. From (iii) it results
X=X o% % (3.62)

Let b € B and let y; € C l+ , y— € C;” be the solutions given by (i) and (ii). From
Y4+ —y— € & it results

Y4+ — Xy =y-+x_+xo, (3.63)
where
xp €%, x_€¥% .,  xoe¥y. (3.64)

Letz:=yy—x4,Z:=y_+x_+xo. Because z € C1+, z€ C;, and z(0) = z(0), one
gets
Z=1Z. (3.65)
U
Using the previous proposition we obtain the following theorem.
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THEOREM 3.15. Suppose that
(i) for every b € B, (3.2) has solutions in Ccr;
(i) for every b € B, (3.2) has solutions in Cyy ;
(i) X =% ®% ®%u;
(iv) for every x € X, x = x4 +x_ +xy; it follows
X4 (400) + X (—00) 4 x11 (+00) = 0. (3.66)

Then, (3.2) admits homoclinic solutions.

3.8.  We point out the fact that C; and C(, ) are isomorphic, like in Proposition 2.1;
for simplification and to achieve a similarity with a classical problem, we take a = 0
and b = w.

Let ¢ : R — (0, ) be a C! function satisfying the conditions

o) >0, VteR, ¢(—00) =0, ¢(400) = w. (3.67)

We put for simplification, ¢ ~! = ¢.
Consider first the homogenous equation

X =A()x. (3.68)
ProPOSITION 3.16. Suppose that
i 1
t_l}gloo m “A(t) = At € My (R). (3.69)
Then,
X =%. (3.70)

Proof. We put
¥ (1) - Al (1)), fort e (0,w),

Cit)y=3A4, for t = w, (3.71)
A_, fort =0.
Obviously, C(¢) is continuous on [0, w]; let y(s) be a solution of
y=C(s)-y, Vsel0,w]. (3.72)

Then, x(¢) := y(¢(2)) is a solution for (3.1); moreover, x(+00) = y(w), x(—o0) =
v(0). O

The following result is now obvious.
THEOREM 3.17. If the boundary value problem

y=C()y+d(s), y(0) = y(w), (3.73)

has a solution for d € C(q, ) and if the relation (3.69) is satisfied, then (3.2) admits
homoclinic solutions for b(t) = (1/¢(t)) -d(¢(t)).
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For the problem (3.73) do exist many existence results; by using the mentioned way,
these results can be used to prove the existence of the homoclinic solutions for (3.2).
We end this section with an interesting result deduced from (3.69).

ProPosITION 3.18. Suppose that (3.69) is true, with AL = A_. Let D € MyR)
such that

X (+o00) = eP?, (3.74)
where X is the fundamental matrix of (3.1) with X(—00) = I. Then the transformation
x(v@®)=X(v®)e P z(0) (3.75)

transforms our problem into the linear equation with constant coefficients
z=Dz. (3.76)

Proof. The transformation x(¢) — y(¢) := x (i (¢)) transforms (3.1) into (3.72); since
C(0) = C(w), the matrix C(¢) can be prolonged by periodicity to the whole real axis R.
Let Y (¢) be the fundamental matrix of (3.72) with Y (0) = I; then

Y(s) =X (¥ (), (3.77)
and (3.74) becomes
Y (w) = eP?. (3.78)
But a classical result enables us to conclude that the transformation
YO =Y@)-e P z(0) (3.79)

transforms (3.72) into (3.76). O

4. Linearizable equations
4.1. In this section, we consider the nonlinear problem
X =F(t,x), 4.1)
x(—00) = x(+00), (4.2)
for certain categories of functions F and the corresponding equations will be called
linearizable.

We treat only two linearizable cases which will be named differential linearizability
and homotopic linearizability.

4.2. Let A:RxRY - My(R) and f:RxRY — RY be two continuous functions;
consider the case

F(t,x)=A(t,x)x+ f(t,x); (4.3)
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in this case we say that (4.1) is differential linearizable; it is clear that every differen-
tiable function F can be written under the form (4.3).
We precise the notations and the general hypotheses.
Denote =, :={x e RV, x| <r}, S, :={x € Cp, |x]loo <7}
Let P : RY — RY be an arbitrary projector, A : R xRN — Ay (R) and f : R x
RY — R¥ be continuous functions.
We admit the following hypotheses:
(A1) A is uniformly continuous on R x %,;
(A2) A(t,x) =—A(—t,x), YVt eR,Vx € &;;
(f1) Vu € S, the function f(-,u(-)) € Co;
f2) {—P)f(t,u(t))=0,YuesS, VteR;
(f3) limsup,_, (| f (¢, x)|/]x|) = O, uniformly with respect to ¢ € R.

THEOREM 4.1. Suppose that the fundamental matrix Xo(t) of the system
X =A(,0)x 4.4)
admits an exponential dichotomy on R, by the form

| Xo()PX5' ()] <k-e7*“=, for0<s<1,

| 4.5)
| Xo()(I = P)Xy ' ()| <k-e7 67D for0<t<s,
where o > 0, k > 1.
Then, the problem
X=A{t,x)x+ f(t,x), Px(0)=¢&, &€ PRV, (4.6)
has homoclinic solutions to zero, if |&| is small enough.
Proof. The hypothesis (A2) ensures us a similar behavior on R_ for X ().
From (A1) it results that there exists ¢ < r such that
o
|A(t,x)—A(t,0)] < EYTER Vx € ¥, Vt €R. 4.7
Denote
8 :=sup{|A(t,x)— A(t,0)],x € Z,,1 €R}. 4.8)
But then (see [9]) for every u € X, the equation
X = A(t, u(t))x 4.9)
admits a fundamental matrix X, (¢) such that
| Xy PX ()| <ky-em @079, for0<s<t,
(4.10)

X (T = P)X ()| <ki-e7@ 7D for0 <1t <s,

where k| = 12k3, o] = o — 6k38.
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The hypothesis (A2) enables us to extend the previous inequalities to R under the
form

|Xu ) PX, ()| <ky-em® I for [s| < e,

| (4.11)
X (T = P)X ' ()] < ki -e™ =51 for Ji] < s].
Let ¢ < a1 /k1; by using the hypothesis (f3) there exists p < rg such that
[f(t,x)] <ep, VxeX,, VteR. (4.12)
Define on S, C Cy the operator
t
(Hu)(t) := Xu(t)P§+/ Xu(OPX, () f (5, u(s))ds. (4.13)
0
Using Theorem 3.12 with P_ = P, =0, Py = P, we get
HS, C Cy; (4.14)

furthermore, H is compact.
A simple calculation shows us that

1 1
|E|<p~<k———~s> (4.15)
1 o]

implies the embedding HS, C S,.
All the hypotheses of Schauder’s fixed point theorem being satisfied, H has at least
a fixed point. The proof is now complete. O

4.3. We return now to the problem

%= F(t,x), (4.16)
x(—00) = x(400). 4.17)

In [2] were introduced the so-called associated operators to the problem (4.16) and
(4.17): an operator K, defined on a subset of C; (or Cy;) is called associated if it is
compact and if its fixed points coincide with the solutions of the problem (4.16) and
(4.17). The easiest example for such an associated operator is

t
(Kx)(t) =x(—|—oo)+/ F(s,x(s))ds. (4.18)
—00
The associated operators exist always if the following conditions are fulfilled:
(F1) F:RxRN — R is continuous;
(F2) the set {F(¢,x(t)), x € By} is bounded in L', where

B, :={xeCy, Ixlloo < p}. (4.19)
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Definition 4.2. We say that the function F' is homotopic linearizable on B, if there
exists a continuous function A : R — My (R) such that if for a A € [0, 1], the problem

F=2AMx+(1=NF(t,x), x(—00)=x(+00), (4.20)

has a solution x, then || x| s < p.

THEOREM 4.3. Assuming that
(1) (F1) and (F2) are satisfied;
(i1) F is homotopic linearizable on B;
(i) [T21A@)dr < +o00;
@iv) det[X (400) — X (—00)] # 0,
then (4.16) admits homoclinic solutions.

Proof. Let K; = K; (x) be an associated operator for the problem (4.20) on B,. From
hypotheses (i) and (ii) and the homotopic invariance property of the topological degree,
it follows that

deg (I — Ko, B,,0) =deg(I — K1, B,,0). (4.21)

Using Theorem 3.7 and hypothesis (iv) we easily obtain that the operator K is compact
and I — K is injective; since 0 € B, a classical result in topological degree theory
leads us to the equality

deg(I — K1, B,,0) = %1. (4.22)
Therefore,
deg (I — Ko, B,,0) #0, (4.23)
and so K¢ admits a fixed point in B,,. Since K is the associated operator of the problems
(4.16), (4.17), the theorem is proved. O
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