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We introduce the notion of asymptotically almost nonexpansive curves which include
almost-orbits of commutative semigroups of asymptotically nonexpansive type map-
pings and study the asymptotic behavior and prove nonlinear ergodic theorems for such
curves. As applications of our main theorems, we obtain the results on the asymptotic
behavior and ergodicity for a commutative semigroup of non-Lipschitzian mappings
with nonconvex domains in a Hilbert space.

1. Introduction

Let H be areal Hilbert space with norm || - || and inner product (-, -). Let C be a nonempty
subset of H and G be a commutative semitopological semigroup with identity. In this
case, (G, =) is a directed system when the binary relation “>=" on G is defined by b = a
if and only if there is ¢ € G such thata+c =b. Let I ={T (¢) : t € G} be a semigroup
acting on C, thatis, T(t+s)x = T (¢)T (s)x for all t,5 € G and x € C. Recall that a
semigroup J on C is said to be

(a) nonexpansive if |T(t)x —T(t)y]| < |[x—yl| forx,ye C and t € G,

(b) asymptotically nonexpansive, [9], if there exists a function k : G — [0, co) with

limsup, . k; < 1 such that

|T)x=T@)y| <kllx—yl (1.1)

forx,ye Candt € G,
(c) of asymptotically nonexpansive type, [9], if for each x € C, there is a function
r(-,x) : G+ [0,00) with lim;cg 7 (t, x) = 0 such that

|Tx—T®)y| <lIx—yll+rtx) VyeC, teG, (1.2)

where lim;¢g « () denotes the limit of a net «(-) on the directed system (G, =).
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148  Nonlinear ergodic theorems

It is easily seen that (a)=(b)=(c) and that both the inclusions are proper (cf. [9,
page 112]).

In 1975, Baillon [1] proved the first nonlinear mean ergodic theorem for nonexpan-
sive mappings in a Hilbert space: let C be a nonempty closed convex subset of a Hilbert
space H and let T be a nonexpansive mapping of C into itself. If the set F(T) of fixed
points of 7' is nonempty, then the Cesaro means

n—1
Sp(x) = lZT";c (1.3)
n k=0

converge weakly as n — oo to a fixed point y of T for each x € C. In this case, letting
y = Px for each x € C, P is a nonexpansive retraction of C onto the fixed point
set F(T) of T such that PT = TP = P and Px € conv{T"x : n =0,1,2,...} for
each x € C, where convA denotes the closure of the convex hull of A. The analogous
results are given for nonexpansive semigroups by Baillon and Brézis [2] and Brézis and
Browder [3]. In [13], Mizoguchi and Takahashi proved a nonlinear ergodic retraction
theorem for Lipschitzian semigroups by using the notion of submean.

In this paper, we introduce the notion of asymptotically almost nonexpansive curves
which include almost-orbits of commutative semigroups of asymptotically nonexpan-
sive type mappings, and we prove nonlinear ergodic theorems for such curves. As
applications of our main theorems, we obtain the results on the asymptotic behavior
and ergodicity for a commutative semigroup of non-Lipschitzian mappings with non-
convex domains in a Hilbert space. Our results generalize and improve the previously
known results of Baillon [1], Baillon and Brézis [2], Hirano and Takahashi [6], Ishihara
and Takahashi [7], Lau, Nishiura, and Takahashi [10], Li and Ma [11, 12], Mizoguchi
and Takahashi [13], Takahashi [14, 15], Takahashi and Zhang [16], and Tan and Xu
[17] in many directions.

2. Preliminaries and notations

Throughout this paper, let H be a real Hilbert space with norm || - || and inner product
(-,-). Let G be a commutative semitopological semigroup with identity and let m(G)
be the Banach space of all bounded real-valued functions on G with the supremum
norm. For each s € G and f € m(G), we define r, f in m(G) given by

(rsf)@) = f(t+s) VieG. (2.1

Let X be a subspace of m(G) and w be an element of X™* (the dual space of X). Then,
we denote by w(f) the value of u at f € X. To specify the variable ¢, we write the
value u(f) by u(@){(f(t)) or f f(@®)du(t). When X contains a constant 1, an element y
of X* is called a mean on X if ||| = w(1) = 1. Further, let X be invariant under r; for
all s € G. Then, a mean p on X is said to be invariant if u(rs f) = u(f) foralls € G
and f € X. For s € G, we can define a point evaluation §; by §;(f) = f(s) for every
f € m(G). A convex combination of point evaluations is called a finite mean on G.
Recently, the notion of the almost nonexpansive curve was introduced by Rouhani [5]
and Kada and Takahashi [8].
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Let u(-) : G — H be a function, in what follows we refer to such u(-) as a curve
in H. A bounded function « is called an almost nonexpansive curve if there exists a
function € : G x G — R with limg.;cg (s, 1) = 0, such that

|uth+9)—uth+0|* < [u@s)—u@)|*+e6s,0) Vs,t,h€G. 2.2)

In the case e(s,t) =0 for all 5, ¢ € G, u is called a nonexpansive curve.
Now, we define the concept of the asymptotically almost nonexpansive curve.

Definition 2.1. The curve u(-) is said to be asymptotically almost nonexpansive if the
following conditions are satisfied:

(D luth+1) —uh+$)|1* < |u@) —uls)||>+ &, s, h) for all ¢,s,h € G, where
e(t,s,h) >0forallt,s, h e G,

(2) for an arbitrary ¢ > 0 there exists o € G, and for each t = #y there exists
h; = h(e,t) € G such that

e(t,s,h) <e Vtx=ty, s=ty, h>=h;. (2.3)
Note that, if u#(-) is bounded then condition (1) is equivalent to
luth+t)—uCh+s)|| < ||lu(t)—u(s)||+e1(t,s,h) Vt,s,h e, 2.4)

where €1(¢, s, h) satisfies the same condition (2) as &(t, s, h). We denote by L(u) the
following subset (possibly empty) of H:

L(u)= {z eH: llerg Hu(t) —z|| exists}. (2.5)

Throughout the rest of this paper, u(-) is a bounded asymptotically almost nonex-
pansive curve and X is a subspace of m(G) containing constants invariant under rg for
each s € G. Furthermore, suppose that for each x € H, the function ¢ — |Ju(¢) —x Ik
is in X. Then by Riesz theorem, there exists a unique element %, in H such that

M,(u(t),x) = (uu,x) Vx € H. (2.6)

We denote u,, by . (u(t)). If u is a finite mean on G,

n n
=Yy ais, (z,- €G. a0, 1<i<n Y a= 1), 2.7)
i=1

i=1

then

n

ui(u(®) =Y " aiu(t). (2.8)

i=1

We denote by w,, («) the set of all weak limits of subnets of the net {u(¢) : t € G}.
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3. Asymptotic behavior of curves
We begin with the following lemmas and proposition which play an important role in

the proof of our main theorems.

LEmMMA 3.1. Let u(-) be a bounded asymptotically almost nonexpansive curve. Then
the set L(u) (possibly empty) is closed and convex.

Proof. We can show the closedness from this inequality,
et (2) = x| = llucs) — x|

= [llu() = xll = [[ue) = xn |+ () =200 || = (5) = xn | + () =2 || = N1ue(s) — x|
<l (1) =l = o (2) = x| [+ o (1) = x| = [ (5) = 26| [+ e () = x| = e () — x|

= 2 =]+ [ = | = ) = xa ]
3.1)
And also, the convexity follows from the equality
Ju) = Gar + =0 = 2w —ar [+ A-nJu -
XS] IR X

PROPOSITION 3.2. The set (o conv{u(t) : t »= s} N L(u) consists of at most one point.

Proof. Suppose that L(u) # (. Let p be the unique asymptotic center of {u(¢) : t € G}
in L(u) and x € (e conv{u(r) : ¢ = s} N L(u). We conclude the proof by showing
that x = p. Since

Ju) —x||* = [u) = p|* +l1x = pI>+2(u(®) = p, p—x). (3.3)
we have
21im (u()) = p, p—x) +llp—x|* = 0. (3.4)
For any ¢ > 0, there exists #p € G such that
2®—=p,p—x)+lp=xI>= —¢ Vi1 (3.5)
Since x € conv{u(t) : t = ty}, it follows that
2x—p, p—x)+lIp—x|*= —e, (3.6)

thatis, ||p—x |2 <e.Sincee > 0is arbitrary, we have x = p. This completes the proof.
O

Since G is commutative, there exists a net {A, : o € I} of finite means on G such that

lim |Aq —rfAa| =0 VseG, (3.7)
acl

where [ is a directed set and r; is the conjugate of ry (see [4]).
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LEMMA 3.3. Ao (1) (u(t +h)) converges weakly to an element p in (o conviu(t):t =s}
NL(u) uniformly in h € G.

Proof. For any {t,} € G, let W be the set of all weak limit points of Ay (¢){u(t +1y)).
In view of Proposition 3.2, it suffices to show that

W C (| eonviu(e) : 1 = s}NL(u). (3.8)
seG

To show this, let {7, : B € J} be a subnet of {7y : @ € B} such that Aq, (1) (u(t +1ap))
converges weakly to some z in H, where J is a directed set. For any ¢ > 0, there exists
t € G such that for any ¢ = ¢, there exists h; € G such that

et,s,h) <& Vt,s=t., h=h. (3.9)
Then
JutC+-0) =21 = u0) = 20 = 2wk +1) = (o), dagy (5D 5+t + 1))~ 2)
= (w0 =0, w4 1)+ 1) = 2 ()t (s + 1y 1))
= /\aﬁ(S)(||u(h+t)—u(s+ta,3 1) [P = () (s + 1 +t€)|{2) (3.10)
< Aaﬂ(s)(||u(h+t)—u(h sty 1) |F = u @) —u(s + 1o +t5)||2)
+AM? | hay =1 e |
< e+4M? | oy —lihas |

for all 7 = tc and h 3= hy, where M = sup, ¢ [|u(2)]|. Note that Aq, (1) (u(t + 1o, +1c))
converges weakly to z. For fixed ¢ = t; and h = h;, taking the limit for g € J, we have

luth+1) —z|> = llu(t) —z|> <& Vti=ts, h=hy. (3.11)
Therefore,
inf sup lu(t) —zl|* < llu()—z|*+& V=t (3.12)
seGti=s
and hence
inf sup ||lu(r) —z||> < sup inf ||u(t) —z|* +e. (3.13)
seG =5 seGT=s

Since ¢ > 0 is arbitrary, we have z € L(u).

Now, we show that z € (), conv{u(t) : ¢ = s}. For each s € G, since Ao (1) u(t +
fay +5)) € conv{u(t) : t = s}, we get z € (Nseq conv{u(r) : t = s}. This completes
the proof. O

Now, we can prove the ergodic convergence theorem for asymptotically almost
nonexpansive curves.

A net {uq : @ € A} of continuous linear functionals on X is called strongly regular
if it satisfies the following conditions:
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(@) supyeq llHall < +00;
(b) limgea pa(l) =1;
(©) limgea [|tta — 7 ol = 0 for every s € G.

THEOREM 3.4. Let {|1y : @ € A} be a strongly regular net of continuous linear functional
on X. Then there exists p € [ ;g conv{u(t) : t = sy L(u) such that

w— linﬁ u(t+h)duy(t)=p uniformlyin h € G. (3.14)
[ 1S
Moreover, u,, = p for each invariant mean (4.

Proof. By Lemma 3.3, there exists p € [ );cgconv{u(t) : t = s}()L(u) and for any
e > 0and yp € H with ||yp|| = 1, there exists og € B such that

| (hag (O (2 +1)) — p. yo)| < ————  VheG. (3.15)
SUPyeA Il el

Suppose that

n

n
hg =Y _aid,, t€G a=0,i=12..n Y a=1. (3.16)
i=1

i=1

Since {uy : @ € A} is strongly regular, there exists «; € A such that

£
W1 < —F
aM=1] < G

. ¢ . (3.17)
“Ma_rsi,ua”<ﬁ, 1<i<n, Va = ay,

where M = sup{||u(?)]| : ¢t € G}. Since for all @ > a1, h € G,
‘(/Aao(t)(u(t+s+h))dua(8)—p,yo>‘
= | [ Ganfuts 51} p.30) 1t 6) = (9 30) ()= 1)

< sup ||t || sup | (hay ()(u(t +5+h)) = p, yo) | +¢ < 2,
acA seG

(3.18)

‘(/u(erh)du«a(s),yo)—(/Aao(t)(u(ﬂrs+h))dua(8),yo)‘
= ‘(/ <u(s +h)—Za,~u(ti+s +h)) dy,a(s),yo)

i=1

n
= aiM lita—riia] <.

i=1

Thus, we obtain, for all « =, h € G,

(/u(s +h)dua(s)—p,yo)‘ < 3e. (3.19)
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This completes the proof. O

THEOREM 3.5. Let u(-) be a bounded asymptotically almost nonexpansive curve. Then
the following conditions are equivalent:

(1) w—lim;egu(t) exists,
(2) wy(u) C Lu);
3) w—limjegu(h+1t)—u(t)) =0 for every h € G.

Proof. (3)=(2). Let ¢ > 0. Then there exists 7, € G and for each ¢ = t, there exists
h; € G such that
e(t,s,h) <e Vt,s:=ty, h=hy. (3.20)

Let z € wy(u). Then we can take a subnet {u(t,) : @ € J} with t, = t, for each
o € J and

w—&gu@):z (3.21)
Since L(u) is nonempty by Lemma 3.3, let p € L(u). Since for each =, and h = hy,
1)~ I ()~ I+ 2(u(h-+1) ~u(er). p—2)
= Julh10) 2] = (o)~
= |lu(h+ta) —uth 0|+ |uth+0) -z
+2(u(h+ta) —uh+1), uh+1) —2) — |u(te) — 2| 6
< Ju(ta) —u)|* +& + |uth+1—z
+2(u(h+to) —ulh+0),ulh+1) —2) = |u(te) — 2|
= Juth+0) =2+ |u) =2 |* +2(u(te) — 2.2~ u(®))
+2(u(h+1to) —u(h+1), uth+1)—z)+e,

for fixed t = t, and h = h,. Taking the limit for & € J, we have

Juth+1)—z2|* < |u) —z|* +e. (3.23)

This implies z € L(u) in the same way as in Lemma 3.3.

(2)=(1). Since wy () C [\yegconviu(t) : t > s}, wy,(u) is a singleton from
Proposition 3.2. This implies (1) holds.

(H=(3). It is clear. O

4. Asymptotic behavior of almost-orbits

In this section, using the main results in Section 3, we prove the ergodic theorems and
weak convergence theorems for almost-orbits of commutative semigroups of asymp-
totically nonexpansive type mappings with nonconvex domains.
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Let C be a nonempty subset of a Hilbert space H and I = {T'(¢) : t € G} be a family
of mappings from C into itself. Recall that J is said to be a commutative semigroup
of asymptotically nonexpansive type mappings on C if the following conditions are
satisfied:

@T@+s)x=T(@)T(s)x forallt,s € Gand x € C;

(b) for each x € C and r € G, there exists a(f, x) > 0 such that

|ITx—T@)y| < llx—yl+al,x) VyeC, 4.1)
with
lima(t,x)=0 VxeC. “4.2)
teG
A function u(-) : G + C is said to be an almost-orbit of I ={T'(¢) : t € G} if
lim|:sup luth+1) =T (h)u() ||} =0. (4.3)
teG LheG

Throughout the rest of this section, I = {T'(¢) : t € G} is a commutative semigroup
of asymptotically nonexpansive type mappings on C, u(-) : G — C is a bounded
almost-orbit of I = {T'(¢) : t € G}, and X is a subspace of m(G) containing constants
invariant under ry for each s € G. Furthermore, suppose that for each x € H, the
function ¢ > |lu(z) —x||? is in X. Denote by F(3) the set of common fixed points of
I={T():t e G}

We begin with the following lemmas.

LEMMA 4.1. Let u(-) be a bounded almost-orbit of the commutative semigroup I =
{T(t) : t € G} of asymptotically nonexpansive type mappings on C. Then it is an
asymptotically almost nonexpansive curve.

Proof. Put (1) = sup;,c¢ |lu(h+1) — T (W)u(t)||. Then lim, e ¢(t) = 0. Since

|uth+1) —uh+9)|| < [uth+6) =T Ryu@)| + | T (yu®) =T (hyuls)]|
+ |uh+s) =T (hu(s) | (4.4)
<o) +o()+a(hu@)+|u@)—uls)

)

for every h,t,s € G. Itis easily seen that u(-) is an asymptotically almost nonexpansive
curve. O

LEmMA 4.2. If u(-) and v(-) are almost-orbits of 3, then lim;cg ||u(t) —v(t)| exists.
Furthermore, we have F(3J) C L(u).

Proof. Set

9

o) = sug (s +1) =T (s)u()

4.5)
Y (1) = sup lv(s+0) =T ()v@)].
se
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Then, lim;cg ¢ (¢) = lim;eg ¥ (¢) = 0. Since for each ¢, s € G,
|uts+6)—vis+0)| < [uts+0 =T u@®) | +||T)u@) =T ($)v@)|
+ v+ =T Hv@)||

<O +Y O +a(s,u®) + |u) (4.6
inf sup |u(v) —v(@) | < )+ O+ [u@®) —v®)].
seGti=s
It follows that
inf sup Hu(r) —v(r)” < sup inf ||u(t) 4.7
seGti=s seEG T=S
which complete the proof of the first part. The second part is obvious. O

We can prove the following proposition from Lemma 4.2 and Proposition 3.2.
PROPOSITION 4.3. The set [\, conv{u(t) : t = s} F () consists of at most one point.

From Theorem 3.4, we can prove the following theorem which is an extension of
the result of Tan and Xu [17] in many directions.

THEOREM 4.4. Let C be a nonempty subset of H, I = {T(t) : t € G} a commutative
semigroup of asymptotically nonexpansive type mappings on C, and u(-) be a bounded
almost-orbit of 3. If {jty : @ € A} is a strongly regular net of continuous linear func-
tional on X, then

w—lim [ u(t+h)dua(t)=p e (Y conv{u() : 1 3= s} L) (4.8)
seG

uniformly in h € G. Further, if each T (t) is continuous and (\;cg conviu(t) 1t = s} C
C, then p € F(3J).

Proof. By Lemma 4.1 and Theorem 3.4, we need only to prove that if each 7'(¢) is
continuous and [\ ., conv{u(r) : ¢ = s} C C, then p € F(3). By assumption, we have
p € C.Let 0 < ¢ < 1. Then there exists 71 € G such that

@) =sup |[T(Wu(t) —u(h+1)| <
heG

& 4.9)
a(t,p) < 3d’
for each ¢ 3= t, where d = 1 +sup{||u(t) — p|| : t € G}. Since
1T p—plI2+2(u(s+1+n) = p. p—Ts)p)+ |u(s +1+n) - p|?
=[u(s+1+0)=T@ule+n) |+ | Tu(+n)-T@p]"

+2(u(s+e+n)—Tu(t+n), Tu(t+1n)—T(s)p)
< Julr+0) [+
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for s = 11, this implies that

1T () p = plI*ia(D) + 200 (u(s+1+11) = p, p—T(s)p)

) @.11)
< (o =1} 1) O Ju(t+11) = p|| "+ pa(De.
Taking the limsup for o € A, we get
T p—p|><e V¥s=1. (4.12)

It follows that 7'(¢) p is convergent strongly to p, therefore, p € F(J) by the continuity
of {T'(¢) : t € G}. This completes the proof. O

Let AO(S) be the set of all almost-orbits of J. Then for each & € G and u € AO(Y),
the function v : G — C, defined by v(¢) = T (h)u(t), is also an almost-orbit of J. In
fact, as before, we set ¢ (t) = sup . lu(s+1) — T (s)u(t)]. Since

[vs+D =T v = |THuls+1)—T ()T (R)u(@)|
<||Thus+1)—uh+s+1)|
+|uh+s+6)—T(s+hu@)|
<@+ +e@),

(4.13)

the result follows.
Using Theorem 4.4, we have the following ergodic retraction theorem.

THEOREM 4.5. Let C be a nonempty bounded subset of a Hilbert space H and let 3
be a commutative semigroup of asymptotically nonexpansive type mappings on C such
that each T (t) is continuous. Then for an invariant mean (i, the mapping P : u > u,
is a unique retraction from the set AO(J) onto F () such that

(1) P is nonexpansive in the sense that

[Pu—Po| <lim [lu()—v@)|; (4.14)
teG

) PT(hWu=T(h)Pu = Pu foru € AO(I) and h € G;
(3) Pu € (e conv{u(t) : t = s} for u € AO).

As a direct consequence of Theorem 3.5, we can prove the following theorem which
is an extension of the Takahashi and Zhang [16]. Note that we do not assume F (3) to
be nonempty.

THEOREM 4.6. Let C be a nonempty subset of a Hilbert space H and let I be a
commutative semigroup of asymptotically nonexpansive type mappings on C, and let



G.LiandJ. K. Kim 157

u(-) be a bounded almost-orbit of 3. Then w —lim;cc u(t) exists (in L(u)) if and only
if w—limjeg(u(h+1t)—u(t))=0forall h € G.
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