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We study size-structured population models of general type which have the growth rate
depending on the size and time. The local existence and uniqueness of the solution
have been shown by Kato and Torikata (1997). Here, we discuss the positivity of the
solution and global existence as well as L solutions.

1. Introduction

We are concerned with size-structured population models of general type with the
growth rate depending on the individual’s size and time. In [3], the local existence
and uniqueness of the solution have been investigated. In this paper, we discuss the
positivity and global existence of the solution as well as L°° solutions.

As is explained in [3], the model in our mind is the population dynamics of plants in
forests or plantations. In this case, the growth rate may be influenced by the environment
such as the light, temperature, and nutrients. These must change with time. It is also
reasonable to think that the growth rate varies with the size because the size is important
to capture the light to grow. From these points, it is natural to consider the growth rate
depending on the size and time.

From the mathematical point of view, our results are the generalizations of G. Webb’s
results [5, Theorems 2.3, 2.4, 2.5, and 4.3] in the age-dependent case. Besides, we
investigate L°° solutions.

Our results also have a close relation to the results of A. Calsina and J. Saldafia
[1], where they treated a nonlinear growth rate depending on the size and the total
population at each time, whereas the aging and birth functions have the special form of
the Gurtin-MacCamy type (see below). For other related works, we refer to [4], where
a finite number of structure variables are treated.
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192  Size-dependent population dynamics

In this paper, we study the following initial boundary value problem with nonlocal
boundary condition:

u,—l—(V(x,t)u)x = G(u(-,t))(x), xel[0,D),a<t<T,
V(O,t)u(O,t):C(t)+F(u(-,t)), a<t<T, (1.1)
u(x,a) =uq,(x), xe€l0,0).

The unknown function u(x,?) stands for the density of the population of size x at
time 7, so that the integral fé u(x,t)dx represents the total population at time ¢, where
[ € (0, 00] is the maximum size. The function V is the growth rate depending on the
size x and time ¢. The mappings F and G correspond to the birth and aging functions,
respectively. The typical and important example is the Gurtin-MacCamy type (cf. [2]),
that is,

!
F(¢)=/0 B(x, P)p(x)dx, G(@)(x) =—m(x, PP)¢(x), (1.2)

where P¢ = fé ¢ (x)dx. The function C represents the inflow of zero-size individuals
(that is, newborns) from an external source.

In Section 2, we state our assumptions and preliminary results. In Section 3, we study
the existence of a positive solution. Section 4 is devoted to study positive L* solutions.
We discuss the continuability and global existence of the solution in Sections 5 and 6.

2. Preliminaries

In this section, we state our general assumptions and the preliminary results. Let L! :=
LI(O, [;R™) be the Banach space of Lebesgue integrable functions from [0,/) to R”"
with norm || f[;1 = f(; | f(x)|dx for f € L', where |- | denotes the norm of R”
defined by |&| = 27:1 |&| for & = (&1,...,8,). For T > a,let L, 7 :=C(la,T]; LY
be the Banach space of L'-valued continuous functions on [a, T'] with the supremum
norm |ullr, ; :=sup,<,<7 lu(@)|l 1 for u € Ly 7. Note that each element of L, 7 is
identified with an element of L!((0,1) x (a, T); R") by the relation [u(?)](x) = u(x,t)
fort €a,T] ae. x € (0,1). See [5, Lemma 2.1].

Our general hypotheses are as follows.

(Fo) F : L' — R” and there is an increasing function c; : [0, 00) — [0, 00) such
that

|F(¢1) = F(2)| <c1(r) |1 — 2] ;1 2.1

for all ¢1, ¢ € L' with [|g1 11, lg2ll 1 <.
(Go) G : L' — L! and there is an increasing function c; : [0, 00) — [0, 00) such
that

|G(61) =G (d2)] ;1 < c2(r) |1 — 2, (2.2)
for all g1, ¢ € L' with [|¢1]l .1, g2l <7
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(Vo) V :[0,1) x [0, T] — (0, 00) is a bounded function with upper bound V* and
V(,) =0if ] < 0o. V(x,1t) is differentiable with respect to x € [0,]) and there is a
Lipschitz constant Ly such that

‘V(xl,t)—V(xz,t)| §Lv|x1—xz‘ 2.3)

for all x{, xp € [0,1) and ¢ € [0, T]. For each x € [0,]), the mapping ¢ +— V (x,¢) is
continuous.
(Cp) C : [0, T] — R" is a continuous function.

Remark 2.1. We require the differentiability of x — V (x,t) at each x (not only a.e. x)
since it seems necessary even for the previous paper [3, Lemma 3.4]. Thus the partial
derivative V, (x,t) satisfies |V, (x,t)] < Ly forall x € [0,]) and t € [0, T'].

In order to define the characteristic curves, we extend the function V(x,t) on
(—00,00) x [0, T] by defining V(x,t) := V(0,t) for (x,t) € (—00,0) x [0,T] and
in case [ < oo, V(x,t):=0 for (x,1) € [[,00) x [0, T].

The characteristic curve ¢(t; fo, xo) through (xg, #9) € [0, ) x [0, T'] is defined by the
unique solution of the differential equation

X'@)=V(x(@),1), t€n,T] 2.4)
with the initial condition x (ty) = xo € [0, ). Let z,(¢) := ¢(¢; a, 0) denote the charac-
teristic curve through (0, a) in the (x, ¢)-plane.

For (x,t) € [0,1) x [0, T] such that x < zo(¢), define Tt := 7(¢,x) implicitly by
the relation
o(t;7,0) =x, or equivalently, o(t;t,x) =0, (2.5

that is, 7 is the initial time of the characteristic through (x, ). Define 7 by

. T (to, xo) for xg < z4 (l‘o),
. xp) = 2.6
7 (0. xo) {a for xo > z4(10). (26)

Note that the characteristics x(¢) = @(¢; to, xo) satisfies the integral equation
t

go(t;to,xo):xo—i-/ V(g(o;to,x0),0)do fort €[0,T], 2.7)

fo
and that 0 < x(¢) < for every ¢ € [t (to, x0), T'] provided that xo € [0,1). (In case of
| < 0o, the assumption V (I,-) = 0 assures x(¢) <!.)
We define a solution of (1.1) by the analogy of the age-dependent case [5, (1.49)].
See [3, Definition 2.1].

Definition 2.2. A function u € L, 7 is called a solution of (1.1) on [a, T'] (with initial
value u,) if u satisfies

u( ‘L’)
V(O )

uq(p(ast, x)) / s(uC9)(pls;1,0))ds  ae. x € (za(0).1),

f@ u(-, s) (p(s T, O)) a.e.xe(O,za(I)),

u(x,t) = 2.8)
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where T := 7(¢f,x) is given by (2.5), and for each ¢ € [a, T], I:"t - L' > R" and
G,:L'— L' are given by
Fi(¢) = C)+F(9), 2.9)
Gi(@)(x) :=G(P)(x) — Vi (x,)p(x) ae. x € (0,]), (2.10)
forgp e L.

Here, we recall some properties of the characteristic curves which are needed in the
argument below. For the rest of properties, see Section 3 of [3].

LEmMA 2.3 [3, Lemmas 3.3, 3.4]. (i) Forany t € [0,T], put 7;(x) := t(t,x). Then
7 1 [0, zo(#)] — [0, ] is continuous, decreasing and onto, and hence t; has the inverse
r,ﬁl(-) which is continuous from [0, t] onto [0, zo(1)].

(ii) Let x = ¢(t; t,n). Then x is differentiable with respect to T and

d t
d_x=—V(n,r)exp(/ Vx((p(a;r,n),cr)da); (2.11)
T T
and x is differentiable with respect to n and
dx d
— =exp / Ve(p(o:t,n),0)do ). (2.12)
dn T

3. Positive solutions

In this section, we show the existence of a positive solution of (1.1). Let L}r ={f €
L' | f(x) e R%, ae. x € (0,])}, where R’ is the usual positive cone in R" and let
Ly7+ :=C(a,Tl LL). By a positive solution, we mean the function u € L, 7 +
which satisfies (2.8). We begin with some preliminary lemmas.

LEMMA 3.1. Fora e Randu € L, 1, let
—a(t—1) F‘L’ (I/l(, t))
V0, 1)

t
—a(t—8)[ /> ) i
Kou(x,1) = +er [Gs+al](u(.9)(p6:7.0)ds.  ae xe(0.240)).

e—(x([—a)ua ((p(a’ t’x))
t
+ [ G bat)(ut ) plsit0)ds, ae v e (o)

e

(3.1
where T := t(t,x) is given by (2.5). Then for fixed (t,x) € [0, T]x [0, 1), the function
w*(s) := K“u(go(s;t,x),s), ae se(t)T) (3.2)

is differentiable a.e. on (v}, T) and satisfies

5—sw“(s)=—ocw“(s)—l—(Gs+otl)(u(-,s))((p(s;t,x)), aese (), T), (33)

where T := t)(t,x) is defined by (2.6).
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Proof. If ¢(s;t,x) € (0,z4(1)), since t}(s,p(s;1,x)) = t(s,90(s;1,x)) = T(s + h,
@(s+h;t,x)), we have

%[K“u@p(s—i—h; t1,x),s+h)—K*u(p(s;:1,x),s)]

1
= }—Z[K“u(w(s+h; s, (s; t,x)),s+h) —K“u(go(s; t,x),s)]

Fe(u(, 1)
V(0, 1)

1

h

1 s+h 5
+ }—l[/ e *CHD[G ol |(u, ) (¢(n: 7,0)) dn

[efoz(s+h7r) _ efot(sft)]

—/ e C[G, +oc1](u(~,n))(<p(n;r,O))dn] 34

Fe(u(, 1)
V(0,1)

[ ~1] / e [Gy el | () (pr: 7. 0)) iy

[e—(xh _ l]e—a(s—r)

1 s+h -
+e*ah5/ e CT[Gy +al](ul, m)(¢®; T,0))dn

— —ozK“u((p(s; t,x),s)—I—[Gs—i—otl](u(-,s))(go(s;t,x))
ash — 0.If o(s; 1, x) € (z4(?), 1), then noting that 7 (s, ¢(s; ¢, x)) = a and the relation
emis+h,@(s+h;t,x)) =¢@;1,x), we get

%[K“u(w(s +h;t,x),s+h)— K u(p(s; t,x),s)]

1
= E[K"‘u((p(s +hys,@(s;t,x)),s+h) —K*u(p(s; 1,x),5)]

= %[e‘“(ﬁ'h) — e_‘“]ua ((p(a; t, x))

1 s+h N
+}—l[f e DG+l (u ) (p(ns 1, %)) dn

_/ e~ ls—m) [GU +a1](u(-, T])) ((ﬂ(fﬁ t, x)) dn:l 3.5)

a

= %[e*‘*h —1]e ™ uq(p(a; 1,x))
+ [e*“h—l]/ e *S[Gy+al (ul-m) (e t,x))dn

S| o=

h
— —aK“u((p(s; t,x), s) + [Gq +a1](u(-, s))((o(s; t,x))
as h — 0. Thus the result holds. O

1 s+h -
_,_efah_/ e~ S[Gy4al ] (ul-m) (¢ 1, %)) dn
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LEmMMA 3.2. Fora, B eRandu € L, 1, we have

t
KPu(x,t)=K%u(x,0)+(a—p) / e PUDK U t,x), n) —u(e(; t,x),n)]dny
‘ (3.6)

Proof. By Lemma 3.1,

d
x(wﬂ(s) —w*(s)) = —B(wP (s) —w?(s)) + (@ — B)[w*(s) —u(p(s; 1,x),5)]. (3.7)

Since
F‘E (M(', T))
() =u() = | v e e ) G
g (x) a.e. x € (z4(1),1),
we have
t
wh (1) —w* (1) = / PO = p)[w ) —u(prit,x).0)]dn. (3.9)
This shows the desired equality (3.6). O

COROLLARY 3.3. Let o, B € R. Suppose that u € L, 7 and K%u € L, 1. Then KPu e
Lyt

COROLLARY 3.4. Leta, e Randu € L, 1. Then K*u = u implies KPu=u.

Our result concerning the local existence of a positive solution of (1.1) is the fol-
lowing one, which is the generalization of Theorem 2.4 in [5].

THEOREM 3.5. In addition to (Fy), (Go), and (Vy), we assume the following hypotheses:
(F)) F(LL) c R
(Gy) There is an increasing function c3 : [0,00) — [0, 00) such that if r > 0 and
¢ € LY with |$ll;1 <r, then G(¢)+c3(r)p € L.
(Cy) C:[0,T]— R is a continuous function.
Then for each r > 0, there exists § > O such that for the initial value u, € L}‘_ with

luall 1 <r, there exists a unique solutionu € L, of(1.1)on[a, f] with T := a+3.

T+
Proof. Foreach T > a, set
My = {u €Lar+ | lullL,, <2r u(-,a)= ua}. (3.10)

Foru € L, 7.+ andoe = ¢3(2r)+ Ly, define K“u(x, t) by (3.1). As is shown in the proof
of Theorem 2.1 in [3], K% e L, T, so that we find that K*u € L, 7 by Corollary 3.3.
Let C7 :=sup, <, <7 |C(1)| for given T > 0. Similar to the proof of Theorem 2.1 in [3],
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take §; > O so small that

elvei [CT+(c1(2r)+c2(zr)+Lv +a)-2r+|F0)|+ ||G(0)||L1]81 +relvit <or.

(3.11)
Then for 71 = a+ 61, we have || K%ul|z4,7, < 2r. By the hypotheses (F;), (G1), and
(Cy), we have K%u(-,t) € Lﬂr and K%u(-,a) = u4(-), so that K* maps L, 7, + into
itself. Further, again similar to the proof of Theorem 2.1 in [3], we find that K¢ is a con-
traction by taking 8> > 0 so small that elvo2[c1(2r)+¢c2(2r)+ Ly +a]8 < 1. Thus for
T = a+8 with sufficiently small § > 0, there exists a unique function u € C([a, T L Jr)
suc}l that K“u = u. By Corollary 3.4, we find that this u is a solution of (1.1) on
[a,T]. O

4. L° solutions

In this section, we show the existence of a positive L solution of (1.1). Let L™ :=
L°°(0,1; R") and for ¢ > 0, set

Dei={ue L NL®||lulr=~ <c, lull <c}. (4.1)
Concerning the L* solutions, we obtain the following.

THEOREM 4.1. In addition to (Fy), (Go), (Vo), (F1), and (C1), assume the following
hypotheses:

(Gy) There exist an increasing function c4 : [0,00) — [0,00) and a function cs :
[0, 00) — [0, 00) such that ¢ € D, implies G(¢)+ca(r)¢ € Deyir).

Then for eachr > 0, there exists § > 0 such that foru, € L_l‘_ﬁLOO withmax{|lugllp1,
lugllpo} < r, there exists a unique solution u € La,f,+ N L*®((a, YA“) x (0,0); R") of

(1.1) with T = a +3.

Proof. Let p(r) > 2max{r,[Cyo 7 +c1(2r) - 2r 4+ |F(0)|1/ V4, 7}, where C, 1 :=
sup,<,<7 |C(#)| and V, 7 := ming<,<7 V(0,7) > O for given T > a. For each T > a,
set

M7 = {u € Lo+ NL®((a,T) x (0,1 R") | ulr,, <2,
4.2)
el Lo (@, 7y x 0,0 Rn) < P(r), u(- @) =ug}.

Note that M7° is a closed subset of L, 7. Foru € Ly 7+ and B :=c4(2r)+ Ly, define
KPu(x,t) by (3.1). As in the proof of Theorem 3.5, we know that KPu e Ly 7.+ and
for Ty = a+§ with small § > 0O satisfying

ePVo[Cur 4+ (c1(2r) +e22r) + Ly + B) - 2r +|F(0)| + |G (O)[| 11 ]8 +retv? < 2r,
4.3)
we have || KPul| La, Ty < 2r. Further, for T> = a 46 with sufficiently small § > 0 (which
may be different from the above one), we show that u € M%’ implies |K Pu(x,n)| <
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p(r). Indeed, for x € (0, z,(2)),

e P IC@OI+|F(u(.D)|
V0.17)

+/ e_,s(z—s)|(G+C4(p(r))1)(u(.,s))(go(s;r,O))|ds

{Kﬂu(x,t)| <

t
+/ e_’s(’_“>|(LV—Vx((p(s;r,O),s))u(w(s;r,O),s)|ds (4.4)

T
- Car+c1(2r)-2r+|F(0)| n
Va,T

[es(p(m)+2Ly - p(r)](t—1)

<20 4 fes(p) +2Ly pO)T —a,
and for x € (z,(¢), 1),

|K’3u(x, t)| < e_ﬁ(t_a)|ua (go(a; t,x))|

t
[ P0G+ ealp) )t ) 51 0) s

+ f te—ﬂ“-”](Lv —Va(o(sit,0),8))u(e(s:t,0),5)[ds (43)
< r+[es(p) +2Ly ()]t —a)
< PO fes(p) +2Ly - p] T~
Hence it is enough to take § > 0 so small that

% Hes(p() +2Ly - p)]s < p(r). 4.6)

It is evident that KPu(x,a) = us(x), so we find that K? maps M7° into itself for
T = a+ 4§ with sufficiently small § > 0.
Similar to the proof of Theorem 2.1 in [3], we find that K P is a contraction by

taking 6 > 0 so small that elvilei2r)+c2(2r)+ Ly + B16 < 1. Consequently, for
T = a+ 6 with sufficiently small § > 0, there exists a unique function u € M;O such

that K#u = u. By Corollary 3.4, this u is a solution of (1.1). O

5. Continuability and global existence

By Theorem 2.1 of [3], (1.1) admits a unique local solution for the initial data ug € L!
under the assumptions (Fy), (Go), (Vo), and (Cyp). Let [0, T,,) be the maximal interval of
existence of the solution, which means that for each T € (0, 7,,,), the solutionu € Lo 7
of (1.1) on [0, T] with initial value uq exists. The following is the (1.1) version of
Theorem 2.3 in [5].

PROPOSITION 5.1. Assume (Fy), (Go), (Vo), and (Cp) hold. Let ug € L' and let u be the
solution of (1.1) on [0, Ty,). If Ty, < 00, then we have limsuptTTuO lu(-, )| 1 = o0.
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Proof. Suppose that limsuptTTuo lu(-, )]0 < oo. Then the norm |u(-,t)|;1 is
bounded, namely, there exists » > 0 such that SUPg<<T,, lu(, Ol <r.

By the local existence result due to Theorem 2.1 of [3], there exists some § > 0
depending only on r such that for 0 <a < T, i, € L' with ||i, ;1 <r, there exists
a unique solution u € Ly 445 of (1.1) on [a,a 48] with u(-,a) = i,.

For a = T, —§/2 and i, () = u(-, Ty, —8/2), since ||ity|lp1 < r, there exists a
unique solution i € LTMO_§/2’TMO+5/2 of (1.1) on [Ty, — /2, T, +6/2]. Define

8
M(-xst)v OStSTu()__3
a(x, 1) = 2 (5.1

N 8 3
u(x,t), TMO_EStETu0+E-

Then by the uniqueness of the solution (see [3, Theorem 2.2]), we find that this & be-
comes the solution of (1.1) on [0, T, +5/2] with the initial data uo. But this contradicts
the definition of 7. O

We look for the condition which assures the global existence of a positive solution
of (1.1). The next result is the generalization of Theorem 2.5 in [5].

THEOREM 5.2. Let (Fy), (Go), (Vo), (F1), (G1), and (Cy) hold. Assume further that there
exist w1 € R and wy € R satisfying

n

1 n l
Z[F(¢),-+ / G(¢)i(x>dx]sw1+wzz / ¢i(x)dx, Vpell. (52)
0 i /0

i=1
Then for ug € L} , we have T, , = 0o, that is, there exists a global solution of (1.1) on
[0, o0) with initial value uq and the following estimate holds:
luG )l < e 2PN a)||

' ) (5.3)
+f LI\ C(5)| + w1 ]ds, 1 >a (=0).
a

Proof. Suppose that T,;, < oo and let 0 <a < T < Ty,. Put @ := ¢3(r) + Ly with
r=supg<s.7 |uC,s) 1. Let ug :==u(-,a). Then we have

n 1
D)l :Z/O wi .1y dx
i=1

n

a(t) . . .
=Z[/Z ot GO FluC)
0

: V(0,1)
i=1

Zu(l) t
+f / e UI[(G+e3(1), (ul-, ) (p(s:7,0))
0 T

+(Lv — Vi(p(s;7,0),5))ui (@(s; 7,0), s)] dsdx
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1
+/ e_“(t_“)ua,-((p(a; t,x))dx
Za(t)

l t
+/ ()/ e_“(’_s)[(G—l—Q(r)I)l.(u(-,s))(q)(s;t,x))

+ (LV — Vx(go(s; t,x),s))ui(w(s; t,x),s)]dsdx]

= Xn:[lf + I+ L+ 1.
- (54)
For 1 f, by the change of variable £ = t (¢, x), we have
i= DG 6+ F () Jelt V0 g
a
< /[e_"‘(’_s)[C,-(S)—i—Fi(u(~,$))]eLV(’_5)d$ (5.5)
a

t
_ / "D [C (&) + Fi (ul-, 6)) ] dé.

a

Next, Ié +1 i is estimated as follows:

2q(1)
12+I4—/f " e = s) G+C3(r)1)l.(u(~,s))(<p(s;1:,0))

+(Lv = Vi(p(s;7,0),5))ui (9(s: 7,0), 5) | dx ds

4 / t / L[ (G s (1), (1) (055 1.))
T +(Lv = Vi(p(s; t,%),5))ui(@(s; 1, x),5) | dx ds
= f t fo le—““‘”[(G+c3(r)1),.(u(-,s))(n)+(Lv—Vx(n,s))uim,s)]

ngst Vx((ﬂ(ff;s,n),a)dadnds

t pl
< / /0 O [(Gopes(D), (1)) ) + (Ly Ve, )z (,5)] dn ds.
¢ (5.6)

Here we have used the notation 1:,71 (s) as the inverse of the decreasing function x +—
7(t, x) for fixed ¢ (see [3, Section 3]). For 1%, we have

. l t
15:/ =Dy () oli Velp@iam.o)do g
0 (5.7)

1 1
=< / e_(“_LV)(t_“)Mai(ﬂ)dﬁ = / 6_6.3(r)(l_a)“ui(77)d77-
0 0
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Therefore, using the hypothesis (5.2), we have

n t
MEBITEDY [ f eI [Ci(s) + F (u(-. )] ds
i=1 74

t pl
+//e—c3(r)(t—s)[(G—‘,—C3(r)[)l,(u(.,s))(n)
a JO
+(Lv = Vi(n,9))ui(1,5)]dnds

I
+/ e_c3(’)(’_“)uai(n)dn]
0
¢ n | n
S/ 6_63(”(’_”ZCi(S)dere_“(’)(’_“)/ > uai(m)dn
a i=1 0 i=1

t n !
+/ =3 Nt=9) Z [Fi (u(, S)) —l—/ G,’(u(', S))(ﬂ)dﬂ} ds
a i=1 0

t l "
+/ e‘“(”("”/ (c3)+Lv—Ve(n.)) Y ui(n.s)dnds
a

0 i=1

t
< f OO C ()] ds 43D u |
a

t - !
+/ o 3((—s) |:a)1+a)22/ ui(n,s)dﬂ:| ds
u i=170

t
+(c3r)+2Ly) / eSOy 5) |1 ds.

a

Hence,

t
SO u( 0l < / A [IC(s) w1 ]ds +e P ug 1

a

t
+(w2+2Ly +03(r))/ eS8 u(-,9)|| 1 ds.

a
By Gronwall’s lemma, we have
t
O e 1)1 < / (3013 (@ 2L+ | 0 (5) | ds
a
+ €C3 (r)ae(w2+2Lv+C3 ) (t—a) ”ua ” -

Rearranging this, we obtain

t
Ju( )l < e@r2Lne=a Hual}u+/ LI 1C0() | 4y ] ds
a

(5.8)

(5.9

(5.10)

(5.11)

forO0<a <t <T.Since T € (0,T,,) is arbitrary, we obtain the desired estimate (5.3)
fora <t < T,,. From this, we find that lim SUp47,,, lu(-, )|l ;1 < oo, which contradicts

the result of Proposition 5.1, and hence we conclude T,,, = oo and (5.3) holds.

O



202  Size-dependent population dynamics

Note that we do not infer from the estimate (5.3) that the norm of the solution is
bounded. The next theorem shows the condition for the solution to be L!-bounded
globally. It is the generalization of Theorem 4.3 in [5].

THEOREM 5.3. Let (Fy), (Go), (Vo), (F1), (G1), and (Cy) hold. Assume that C € L™
(0, 00; R™) and there exists K > 0 such that

n

1
Z[F<¢>i+ /0 G<¢>i<x)dx}+||C||Loc(o,oo;w)
i=1

. (5.12)
<t [eondx, voeLl. 19l = K.
i=1

Then for ugy € L, we have Ty, = 00, that is, there exists a global solution of (1.1) on
[0, o0) with initial value uq and the following estimate holds:

o[, }- (5.13)

sup lu, 1)1 < max {K. |
t>0

Proof. 1f (5.13) holds, then T, = oo by Proposition 5.1. Consider the case |lugl|;1 < K
and suppose the conclusion does not hold. Then there exists ¢ € (0, 7,,,) and & > 0 such
that |u(-,t)llp1 > K +e. Let tg := inf{r € [0, T,,) : lu(-,t)||;1 > K 4 ¢}. Since the
mapping ¢ — [|u(-,t)|| ;1 is continuous from [0, T;,,) to [0, 00), we have |lu(-, )| 1 >
K +¢ > K. Hence there exists r > 0 such that ||u(-,?)||;1 > K for t € [ty, 10+ 7).
Similar to the proof of Theorem 5.2, we use (5.12) instead of (5.2) to conclude that

luC.Ollgr < |u(-00)|| 1t € [to, t0+7). (5.14)

Assume that #p > 0. Then we have |u(-,7)|l;1 = K +¢. Thus |[u(-,1)||;1 < K +¢ for
t € [tg,to+r). This contradicts the definition of #y, and so 7o = 0. But then, K +¢ <
lu(-, t0)ll 1 = lluoll 1 < K, which is a contradiction. Hence (5.13) holds.

Next, consider the case |ugl[;1 > K. Assume that there exists ¢ € (0, 7,,) such
that [|u(-,#)|l;1 > |luoll1. Let fo := inf{t € (0, Tyy) : lu(-, )1 > lluollz1}. Then

lu(-, t0)ll 21 = lluollz1- Similar argument as above shows that there exists » > 0 such
that

luC Ol < Ju( )] 10t €[to.to+r). (5.15)
This contradicts the definition of #y, and hence (5.13) holds. O

Remark 5.4. We note that the solution of (1.1) defines an evolution operator in L.
Suppose that for each ¢ € L', Ty =o00. Letu € C([s, 00); L") be the solution of (1.1)
on [s, 00) with u(-,s) = ¢. Then putting

(U@, )¢1(x) == u(x,1) (5.16)

defines a family {U(¢,s) | 0 < s <t} of nonlinear operators. Recall that Theorem 2.2
in [3] tells that

UG 9)¢—Ut. )¢, <exp[(c1()+c2(r)+2Lv)t—9)]|p—¢ |1,  (5.17)
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where ||¢]|1, ||¢A>||L1 < r. This estimate implies the continuity of ¢ — U (¢, s)¢ as well
as the uniqueness of the solution which assures the evolution property U (¢, s)U (s, T) =
U(,7)for0 <t <5 <t. U(s,s) =1 is obvious. The continuity ¢ — U(, s)¢ from
[s, 00) into L! for each s > 0 and ¢ e L! follows from the fact that u € C([s, 00); Ll).
Thus {U(¢,s) | 0 < s <t} becomes a family of nonlinear evolution operators in L.

6. Global existence for L°° solution

We discuss the continuability of L°° solution. Suppose that all the hypotheses in
Theorem 4.1 are satisfied. Let [0, Tu*o) be the maximal interval of existence of the
solution u € Lo,7,+NL>((0, T) x (0,1); R") (YT € (0, T;)) of (1.1) with initial value
up € LY NL™.

Note that TM*O < T.,, where T, is the maximal existing time for the solution belong-
ing to Lo 1.+ (as defined in Section 5).

PROPOSITION 6.1. Assume the hypotheses in Theorem 4.1. If T, < oo, then either
lim sup; 47« luC-, )l g1 =00 or lim sup;y7x [u (e, t)|| Lo = 00 holds.
ug) ug

Proof. Suppose for contradiction that both limsume* lu(,H)]l;1 < oo and
ug
limsuptTT* lu(-,t)||Lc < oo hold. Then there exists some r > 0 such that
llo
Supg<; <7+ lluC,H)|l;0 < r and supg., 7+ llu(-,2)|[L~ < r. By Theorem 4.1, there
- uo - uo

exists § > 0 depending only on r such that for 0 < a < Ty, iz € L}r N L* with
gl 1 <rand |ligg] L < r, there exists a unique solution u € Ly 445+ NL®((a,a+
8) % (0,1); R™) of (1.1) on [a, a +8] with u(-, a) = iig.

Fora =T, —§/2 and i1, (-) = u(:, T,;, —38/2), since |liq|l,10 < r and ||iq|L <7,

there exists a unique solution i € LTu*0 ~8/2.T7, +5/2 of (1.1) on [Tu*o —45/2, T,;"0 +4/2].
Define

8
M(xst)v OEtSTu*O__9
ii(x, 1) = s 2 (6.1)
ux,t), Ty — 2 <t<Ty+ 7
Then we find that i belongs to u € L, 445+ N L>®((a,a+8) x (0,1); R*) and, by the
uniqueness of the solution (see [3, Theorem 2.2]), u becomes the solution of (1.1) on
[0, Tu*0 +§/2] with the initial data u¢. But this contradicts the definition of TM*O. O

COROLLARY 6.2. Assume the hypotheses in Theorem 4.1. Suppose either the hypotheses
in Theorem 5.2 or those in Theorem 5.3 hold. Then T, < oo implies that
lim SuptTTu*o ||Lt(~, t) ”LOO = Q.

THEOREM 6.3. Assume all the hypotheses in Theorems 4.1 and 5.2 are satisfied. In
addition, assume the following hypothesis on G:
(G3) there exists a function c¢ : [0,00) — R such that for ¢ € L_li_ N L% with
l@ll 1 <r, we have co(r)¢p — G (@) € Li_.
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Then for each ug € L}r N L, we have T,y = oo and for each T > 0 the following
estimate holds:

sup [lu(, 1)l < PV max {Ry, |
0<t<T

o] o} (62)

where ry = supg, <7 lu(-, )|l 1 and Ry := [Co,r +c1(rp)rr +|F(0)[1/ Vo,7 (Co.r =
supg<; <7 |C ()| and Vo 1 := ming<,<7 V (0, 1) are the ones appeared in the proof of
Theorem 4.1).

Proof. Suppose that T* < o0.Foreach T € (0, uo) weset B :=cq(rr).Let0 <t <T.
Recall that by virtue of Corollary 3.4, the solution satisfies Kfu = u, where K# is
defined by (3.1). Then, for a.e. x € (0, zo(?)), we have

n

lue, ) =Y ui(x,1)

i=1

n_ BT (.
_ {e [Cz(r)-i—Fz(u(,r))]dx
i=1

V@0, 1)
t
Y R )

t
—/ e’g(t_s)Vx(go(s;‘C,O),s)u,-(go(s;r,O),s)ds} (6.3)

T

_ pa—o [Cor+ LI [Fi (. 0) = FO]+FO)]
- Vor

“Ly / - v>2 (¢(s:7.0),5)ds  (by (G3))

5 PO [Co 1 +ci (rT)rT+|F(0)|]

t
] PN, 5)| e ds.
T

Vo,r

For a.e. x € (zo(t),1), we have

n

(e, 0 =Y ui(x,1)

i=1

t
_Z{ "o (9(0;1,x))+ /0 eﬂ(tﬁ)[(G—c6(rT)I)i(u(~,s))(<p(s;t,x))]ds
—/ eﬂ(’_s)Vx(<p(s;t,x),s)u,-(ga(s;t,x),s)ds}

0

t
<P |uo o +Lv /0 P (., )l L~ ds.
(6.4)
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Therefore, we obtain

e PHlu(, 1)L~ < max{Rr, |

t
”OHLOO}"i‘LV/() e P Nu(-,5) ||~ ds. (6.5)

By Gronwall’s lemma, we have ||u(-,1)||pe < elLv el max{ Ry, |lug|lz~}. Then
we obtain lim sup;a7s (-, llLe < oo. This contradicts Corollary 6.2, and hence,
ug

Tu’“0 = o0 and the estimate (6.2) holds. O
The following theorem shows the global boundedness of L°°-norm of the solution.

THEOREM 6.4. Assume all the hypotheses in Theorems 4.1 and 5.3 are satisfied. Assume
(G3) holds with ce such that ce(r) < —Ly for r € [0,00). In addition, assume the
following condition:

V1) V(,t) = V, for some V, > 0.

Then for each ug € Lﬂr N L™, we have T, = oo and the following estimate holds:

sup_JuC, 1)l < max {R, |
0<t<oo

o[ o} (6.6)

where R := [||C|l 1> 0,00:R") +c1()r + | F(0)|1/ Vi and r := max{K, |lugll .1} with K
in (5.12).

Proof. By Theorem 5.3, supg<; o [le(-,7)[|;1 < r. Then the same argument as in
Theorem 6.3 leads to Tbj“0 = o0 and the desired estimate (6.6). O
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