HYERS-ULAM STABILITY OF THE LINEAR RECURRENCE
WITH CONSTANT COEFFICIENTS

DORIAN POPA

Received 5 November 2004 and in revised form 14 March 2005

Let X be a Banach space over the field R or G, ay,...,a, € C, and (b,),=0 a sequence in X.
We investigate the Hyers-Ulam stability of the linear recurrence x,+p = a1xy1p-1+ -+ - +
Ap 1Xni1 +apXy + by, n = 0, where Xo,x1,...,x,1 € X.

1. Introduction
In 1940, S. M. Ulam proposed the following problem.

ProBLEM 1.1. Given a metric group (G, -,d), a positive number ¢, and a mapping f : G —
G which satisfies the inequality d(f(xy), f(x) f(y)) < € for all x,y € G, do there exist an
automorphism a of G and a constant § depending only on G such that d(a(x), f (x)) < 6 for
allx € G?

If the answer to this question is affirmative, we say that the equation a(xy) = a(x)a(y)
is stable. A first answer to this question was given by Hyers [5] in 1941 who proved that the
Cauchy equation is stable in Banach spaces. This result represents the starting point the-
ory of Hyers-Ulam stability of functional equations. Generally, we say that a functional
equation is stable in Hyers-Ulam sense if for every solution of the perturbed equation,
there exists a solution of the equation that differs from the solution of the perturbed
equation with a small error. In the last 30 years, the stability theory of functional equa-
tions was strongly developed. Recall that very important contributions to this subject
were brought by Forti [2], Gavruta [3], Ger [4], Pales [6, 7], Székelyhidi [9], Rassias [8],
and Trif [10]. As it is mentioned in [1], there are much less results on stability for func-
tional equations in a single variable than in more variables, and no surveys on this subject.
In our paper, we will investigate the discrete case for equations in single variable, namely,
the Hyers-Ulam stability of linear recurrence with constant coefficients.

Let X be a Banach space over a field K and

Xnip = [ (Knrp-15-.5%0), n=0, (1.1)

arecurrence in X, when p is a positive integer, f : X — X isa mapping, and xo, x1,...,Xp-1
€ X. We say that the recurrence (1.1) is stable in Hyers-Ulam sense if for every positive ¢
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and every sequence (x,),>o that satisfies the inequality

[[Xnep = f (Knsp—t>--rxn) || <& n=0, (1.2)

there exist a sequence (y,),=0 given by the recurrence (1.1) and a positive § depending
only on f such that

|0 — yull <6, n=0. (1.3)

In [7], the author investigates the Hyers-Ulam-Rassias stability of the first-order linear
recurrence in a Banach space. Using some ideas from [7] in this paper, one obtains a
result concerning the stability of the n-order linear recurrence with constant coefficients
in a Banach space, namely,

Xntp = A Xpsp-1 + - +ap 1 Xpn@+apx,+b,, n=0, (1.4)

where ay,ay,...,a, € K, (bn)n=0 is a given sequence in X, and X0,X15-..,Xp—1 € X. Many
new and interesting results concerning difference equations can be found in [1].

2. Main results

In what follows, we denote by K the field C of complex numbers or the field R of real
numbers. Our stability result is based on the following lemma.

LEmMMA 2.1. Let X be a Banach space over K, € a positive number, a € K\ {—1,0,1}, and
(an)n=0 a sequence in X. Suppose that (x,)n=0 is a sequence in X with the following property:

[|x011 — ax, —au|| <e, n=0. (2.1)
Then there exists a sequence (y,)n=0 in X satisfying the relations

Yo+l = ayntay,, n=0, (2.2)

&
- <V > 0. 2.
b= yall < e n=0 (23)

Proof. Denote x,4+1 — ax, — a, := by, n > 0. By induction, one obtains

n—1
X, = a"x + z A" ag+ b)), n=l. (2.4)
k=0

(1) Suppose that |a| < 1. Define the sequence (y,),=0 by the relation (2.2) with yy = xo.

Then it follows by induction that

n—1
Y =a"xg+ Z a"klp, n>1. (2.5)
k=0
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By the relation (2.4) and (2.5), one gets

n—1

Z bkanfkfl

n—1
< > [lbelllal*
k=0 k=0

81—|a|”< £
" 1—-lal " 1-lal’

||xn _)’HH =

(2.6)

n=>1.

(2) If |al > 1, by using the comparison test, it follows that the series >, (b,—1/a") is
absolutely convergent, since

bnfl &
, nx1,
an |Cl|"
i e e (2.7)
Zilalm lal -1
Denoting
- bn—l
si= Z o (2.8)
n=1
we define the sequence (y,)n>0 by the relation (2.2) with yy = xo +s.
Then one obtains
n—1 n—1 bk
||x,1—y,,||‘—a”s+Zbka"k1 —s+z P
. a
k=0 -
= la|" Z akﬂ (2.9)
<é& > 0.
2 |a|n |a| T "
The lemma is proved. O

Remark 2.2. (1) If |a| > 1, then the sequence (y,)n>0 from Lemma 2.1 is uniquely deter-
mined.

(2) If a| < 1, then there exists an infinite number of sequences (y,)n>0 in Lemma 2.1
that satisfy (2.2) and (2.3).

Proof. (1) Suppose that there exists another sequence (y,)n=0 defined by (2.2), yo # x +5,
that satisfies (2.3). Hence,

n—1
b
[1: = yall||a" (x0 = yo) + D bra" 71| | = |a|” xo—yo+z kfl n>=1 (2.10)
-0
Since
n—1 bk
lim xo—y0+zak+l = ||xo+5— yo|| # 0, (2.11)
k=0
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it follows that
;@ouxn—ynn = 0. (2.12)

(2) If lal < 1, one can choose yy = xp +u, [|ull < e. Then

n—1 n
o= ll = -+ S b <3
k=0 k=0 (2.13)
1_|a|n+l €
=€ < , n=1.
1—lal 1—|al O

The stability result for the p-order linear recurrence with constant coefficients is con-
tained in the next theorem.

THEOREM 2.3. Let X be a Banach space over the field K, € >0, and ay,as,...,a, € K such
that the equation

P —agrP - c—apr—a,=0 (2.14)

admits the roots ri,12,...,1p, |1c| # 1, 1 <k < p, and (by)n=0 is a sequence in X. Suppose
that (xn)n=0 is a sequence in X with the property

|[Xntp — @1Xnip—1 — =+ — Ap_1Xn11 — ApXn — bl <&, n=0. (2.15)
Then there exists a sequence (y,)n=0 in X given by the recurrence
Ynip = M Ynip-1+ -+ ap 1 Yur1 HapYu+ by, n=0, (2.16)

such that

€
%0 = yull < [(In]=1)--(|r,| =D’

n=0. (2.17)

Proof. We prove Theorem 2.3 by induction on p.
For p = 1, the conclusion of Theorem 2.3 is true in virtue of Lemma 2.1. Suppose now
that Theorem 2.3 holds for a fixed p > 1. We have to prove the following assertion.

ASSERTION 2.4. Let € be a positive number and ay,a,,...,a,+1 € K such that the equation
P —arP = —ayr—ap =0 (2.18)

admits the r00ts 11,12,...,7p41, |1kl # 1, 1 <k < p+ 1, and (by)=o is a sequence in X. If
(Xn)n=0 is a sequence in X satisfying the relation

||Xnipr1 — @1Xnip — =+ - — ApXns1 — Apr1Xn — bul| <&, n =0, (2.19)
then there exists a sequence (yu)n=0 in X, given by the recurrence

Yntptl = A1 Ynip+ o+ ApYur1 HApr1Yn+ by, 120, (2.20)
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such that
%0 — yull < £ n=0 (2.21)
TR =D T -0 T '
The relation (2.19) can be written in the form
[[Xnips1 = (r4 -+ 7pa1)Xmap — o+ (1P o rpxy — byl <6, n=0. (2.22)

Denoting x,+1 — rp+1X, = Uy, 1 = 0, one gets by (2.22)
[[thnip = (ri+ - +1p)tpepr+ -+ (=D)Priry - rpuy — byl <6, n=0.  (2.23)

By using the induction hypothesis, it follows that there exists a sequence (z,)>0 in X,
satisfying the relations

Zn+p — alszrp—l R +apzn + bn) n > O, (2.24)
€

Un — 24| < , n=0. (2.25)

[tn = 2] |(|7’1|—1)"'(|"p|_1)|

Hence
£

Xnt1 = Tp+1Xn — Zn|| < , nx=0, 2.26
|| n+1 ptlin n|| |(|rl|_1)"'(|7'p|_1)| ( )

and taking account of Lemma 2.1, it follows from (2.26) that there exists a sequence
(¥n)n=0 in X, given by the recurrence

Yo+l =Tpr1Yn+2p, n=0, (2.27)
that satisfies the relation
s =l = 1777 _1)__5_(|rp+1| 5 =0 (2.28)
By (2.24) and (2.27), one gets
Yntp+l = A1Ynipt - -+t ap1yntby, n=0. (2.29)
The theorem is proved. O

Remark 2.5. 1f |rx| > 1,1 < k < p, in Theorem 2.3, then the sequence (y,)n>0 is uniquely
determined.

Proof. The proof follows from Remark 2.2. O

Remark 2.6. If there exists an integer s, 1 < s < p, such that |rs| = 1, then the conclusion
of Theorem 2.3 is not generally true.
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Proof. Let ¢ >0, and consider the sequence (x,)n=0, given by the recurrence
Xpia+Xni1 —2X, =€, n=0, x9,x1 € K. (2.30)
A particular solution of this recurrence is
X, = gn, n=0, (2.31)
hence the general solution of the recurrence is
X :(x+ﬁ(—2)“+§n, n=0, ap ek (2.32)
Let (yn)u=0 be a sequence satisfying the recurrence
Y2t Yn1 —2¥, =0, n=0, yo,y1 €K (2.33)
Then y, =y+8(-2)",n=0,y,6 € K, and

sup | x, — yu| = oo. (2.34)
nenN 0O

Example 2.7. Let X be a Banach space and ¢ a positive number. Suppose that (x;)=0 is a
sequence in X satisfying the inequality

|Xns2 = Xue1 — || <& n=0. (2.35)
Then there exists a sequence ( f,)n=0 in X given by the recurrence
Sz = fa1 = fu=0, nz=0, (2.36)
such that
|0 = full < 2++/5)e, n=0. (2.37)

Proof. The equation > — r — 1 = 0 has the roots r; = (1++/5)/2, r, = (1 —/5)/2. By the
Theorem 2.3, it follows that there exists a sequence ( f,)n=0 in X such that

€

(Il =D (2| = 1) |

=245 n=0. (2.38)
O

||xn_fn|| =
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