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Based on the fixed-point index theory for a Banach space, positive periodic solutions are
found for a system of delay difference equations. By using such results, the existence of
nontrivial periodic solutions for delay difference equations with positive and negative
terms is also considered.

1. Introduction

The existence of positive periodic solutions for delay difference equations of the form
X1 = AnXpy +hn f (M, Xn—r(), n€Z=1...,-2,-1,0,1,2,...}, (1.1)

has been studied by many authors, see, for example, [1, 3, 5, 7, 8, 9] and the references
contained therein. The above equation may be regarded as a mathematical model for a
number of dynamical processes. In particular, x, may represent the size of a population
in the time period n. Since it is possible that the population may be influenced by an-
other factor of the form —ﬁn fo(1,%n—2(n)), we are therefore interested in a more general
equation of the form

Xp+1 = AnXp + hnfl (n)xn—‘r(n)) - hnfz (naxn—r(n))> (1.2)

which includes the so-called difference equations with positive and negative terms (see,
e.g., [6]).

In this paper, we will approach this equation (see Section 4) by treating it as a special
case of a system of difference equations of the form

n+w—1
Uy = Z G(n)s)hsfl (S, Us—7(s) — Vkr(&));
o (1.3)

n+w—1

Vn = Z é(n’s)hsz (5) Us—1(s) — st‘r(s))’

s=n
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216  Periodic solutions of coupled equations

where n € Z. We will assume that  is a positive integer, G and G are double sequences
satisfying G(n,s) = G(n+ w,s+ w) and (A;(n,s) = é(n+ w,s+w) forn,s€Z, h={h,} ez
and h = {ﬁn}nel are positive w-periodic sequences, {7(n)},cz is an integer-valued w-
periodic sequence, fi, f>: Z X R — R are continuous functions, and f;(n + w,u) = fi(n,u)
aswell as fo(n+w,u) = f(n,u) foranyu € Randn € Z.

By a solution of (1.3), we mean a pair (4,v) of sequences u = {u,}nez and v = {v,} ez
which renders (1.3) into an identity for each n € Z after substitution. A solution (u,v) is
said to be w-periodic if uy1 = U, and v, = v, for n € Z.

Let X be the set of all real w-periodic sequences of the form u = {u,},cz and en-
dowed with the usual linear structure and ordering (i.e., u < v ifu, < v, for n € Z). When
equipped with the norm

lull = max |u,|, ueX, (1.4)
O<n<w-1

X is an ordered Banach space with cone Qp = {u = {uy}pez €X |1, 20, n € Z}. X x X
will denote the product (Banach) space equipped with the norm

[|[(w,v)|| = max {lull, Iv]I}, wveEX, (1.5)

and ordering defined by (u,v) < (x,y) if u < xand v < y for any u,v,x,y € X.
We remark that a recent paper [4] is concerned with the differential system

Yy =—alt)yt)+ f(ty(t—1(1)),
) (1.6)
X

= —a(t)x(t) + f (t,x(t —1(8))).

There are some ideas in the proof of Theorem 2.1 which are similar to those in [4]. But
the techniques in the other results are new.

2. Main result

In this section, we assume that

0<m=<G(ns)<M<+oco, n<s<n+w-1,

~ 2.1
0<m <G(n,s) <M <+, n<s<n+w-1. @D

Then,

. (m om
Q= {{un}nez eX:u,=>ollull,ne Z}, where 0 = mm{M’M’} (2.2)

isaconein X and Q x Qisaconein X x X.
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TueorEM 2.1. In addition to the assumptions imposed on the functions G, G, h, h, fi, and f,
in Section 1, suppose that G and G satisfy (2.1). Suppose further that fi, f, are nonnegative
and satisfy fi(n,0) =0 = f,(n,0) for n € Z as well as

flnx

= +o00, (2.3)
|x\ 0 x|
fz n,x)
+00, 2.4
|x\ 0 x| =T (2.4)
1r+n hnx) _ (2.5)
X—+00 X
Lnx) o (2.6)

P x|

uniformly with respect to all n € Z. Then (1.3) has an w -periodic solution (u,v) in Q X
Q such that ||(u,v)|| > 0. In the sequel, (Q X Q) will denote the set {(u,v) € QX Q|
1w, v)|l = a}.

Proof. Let A1j,A;: QO xQ —Xand A: QX Q — X XX be defined, respectively, by

n+w—1

(Al(u V Z G(n,s) sfl (Saus 7(s) str(s))) nel’,

S=n

n+w—1 (2'7)
(Az(u,v)) Z G(n,s) h s 2 (S Us—r(s) — Vsor(s)), N EL,

S=n

(A(w,v)), = (A1 (,V) 0, As(4,¥)), nel,

for u,v € Q. For any n,7n € Z, we have

n+w-1

( l(uV Z G(I’IS sfl(s Us—1(s) str(s))

w—1

=M Z hsfl (S, Us—1(s) — 1/sf‘r(s)))

s=0

A+w—1 2.8
( 1(u,v) Z G(n,s) sfl(saus 7(s) Vs—r(s)) (28)

s=n

w-1

=m Z hsfl (5> Us—7(s) — Vs—r(s))

s=0
o(Ai(u,v)),,

Similarly, we can prove that (A, (u,v))s = 0(A2(u,v)), forany n,7t € Z. Thus, A: Q X Q —
Q x Q. Furthermore, in view of the boundedness of G and G, and the continuity of f; and
f2, it is not difficult to show that A is completely continuous. Indeed, A(B) is a bounded
set for any bounded subset B of X X X. Since X x X is made up of w-periodic sequences,
thus A(B) is precompact. Consequently, A is completely continuous.
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We will show that there exist 7*, 7, which satisfy 0 < ry < r* such that the fixed point
index

i(A,(QX Q) \(QXQ),,QxQ) =L (2.9)
To see this, we first infer from (2.4) that there exist § >0 and r; > 0 such that
hefa(s,x) < Blx| for x| <7y, s€Z. (2.10)

Let

O<e< min{l $}
2(1+M'Pw) )’ (2.11)

Fy(suv)={s<sn<s+w—-1:|u,—v,| 29}, uveQ

Then the number of elements in F,(s; u,v), denoted by #, satisfies

#F,,(s;u,v) = min {a), (2.12)

ol

when [|(u,v)|l = r < r and Ax(u,v) = v. Indeed, if |u, — v,| > er for any n € Z, then
(2.12) is obvious. If there exists n; € Z such that |u,, — v, | < er, then [|[v]| = v, > uy, —
er = alull — er. Thus [[v|| > (6 — €)r. Assume that v,,, = [|v||. Then from A,(u,v) = v and
(2.10), we have

mtw—1

(0 - 8)7 < Vn, = Z é(7’12)5)ﬁsf2 (5: Us—1(s) — Vs—r(s))

S=Hny

sM’ﬂ( >+ > )|u5,(s)_vsm)| (2.13)

sE€Fy (nyu,v)  SEF(ny)\Fer (n25u,v)

< M'Br[#F (n2;u,v) + e#(F (n2) \Fer (n254,v)) |,

where F(ny) = {n € Z:n, <n < ny+w — 1}. It is now not difficult to check that #F,,(s; u,
v) = 0/2M', that is, (2.12) holds.
Next choose « such that « > 1/mae, where

a =min{w,c\(2M’'B)}. (2.14)
Then in view of (2.3), there exists ry < r; such that
hs fi(s,x) = alx|, for |x| <ry,s€Z (2.15)

Set

ntw—1

H,= > Glns), nel (2.16)
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Then H = {H,} nez € Q, and for any (u,v) € 9(Q X Q),, and t = 0, we assert that
(u,v) — A(u,v) # t(H,0). (2.17)

To see this, assume to the contrary that there exist (1°,v°) € 9(Q x Q),, and tp > 0 such
that

W — A (u®0°) = tH, (2.18)
W — Ay (u00°) = 0. (2.19)

We may assume that £, > 0, for otherwise (u,v°) is a fixed point of A. From (2.19), we
know that (2.12) holds for the above . From (2.15), we have u® > toH. Set t* = sup{t |
u® = tH}. Then t* = ty > 0. Furthermore, from (2.12), (2.15), and (2.18), we have

ud = toH, + Ay (u°,0°) ,
nt+w—1

= toH, + Z G(H,S)hsfl (5’ ug—r(s) - ngr(s))

s=n

= toH, + > G(n,s)hs fi (s, U o)~ V?_T(s))
s—1(s)EFe (n—1(n);u,v)

> toH, +a > G(n,s)

s—1(s)EFe (n—1(n);u,v)

(2.20)

0 0
Us (s) = Vs—z(s)

> toH, + maer - #Fe, (n — t(n);u,v)
> toH, + maaet*H,

> (to+t*)Hy,
which is contrary to the definition of #*. Thus (2.17) holds. Consequently (see, e.g., [2]),
i(A,(QxQ),,,QxQ)=0. (2.21)
Next, we will prove that there exists r* > 0 such that
A(u,v) # (u,v)  for (u,v) € 0(Q X Q). (2.22)
To see this, pick ¢ such that 0 < ¢ < min{o/Mw,0/M’w}. In view of (2.5) and (2.6), there

exists ry such that ks fi(s,u) < cu for u > ry and ﬁsfz(s,v) < c|v| for |v| = ro, where s € Z.
Set

Tozmax{ sup  hsfi(s,u), sup ﬁsfz(s,v)}. (2.23)

0<u<ry,seZ 0<|v|<ry,seZ
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Then
hsfi(s,u) <cu+Ty foru=0, (2.24)
ﬁsfz(s,v) <clv|+Ty forveR. (2.25)
Take
* wMTO wM’ T() }
105 5 . 2.26
’ >max{r* 0 oc—cMw 0—cM'w ( )
We assert that (2.22) holds. In fact, let ||(4,v)|| = r* and u > v. Then
nt+w—1
(A1 (u,v)) Z G(1,8)hs f1 (8, Us—r(5) — Vs—1(s))
n+w—1
Z G Tl 5 us T(s) — Vs—‘r(s)) + TO] (227)

< Mr cw+MTyw

<or*<r* =|ul

by (2.24). Thus A;(u,v) # u. That is, A(u,v) # (u,v). If there exists ny € Z such that
Up, < Vy,, then ||v]] = or*. Hence, we have

n+w—1 N .
AZ(”) V)n = Z G(n>5)hsf2 (5) Us—7(s) — Vs—T(s))
s=n
n+w—1 N
> Gns)[e| s r() = Vet | +To] (2.28)

<M'r*co+wM' T,

<or* < vl

by (2.25). Thus A, (u,v) # v. That is, A(u,v) # (u,v).
From (2.22), we have

i(A,(QX Q) QxQ) =1, (2.29)

and from (2.21) and (2.29), we have i(A, (Q X Q)+« \(Q X Q),,,Q X Q) = 1 as required.
Thus, there exists (u*,v*) € (Q X Q)+ \(Q X Q),, such that A(u*,v*) = (u*,v*). The
proof is complete. U



Guang Zhangetal. 221

3. Sublinear f; and f,

It is possible to find periodic solutions of (1.3) without the assumptions (2.3) through
(2.6). One such case arises when functions f, and f, satisfy the assumptions

filn,x—y) <anx+b,, x>0,y>0,neli, (3.1)
fnx—y)<cy+dy(x), x=20,y>0,nel, (3.2)

where a = {a,} ez, b = {by}nez, and ¢ = {c,} are positive w-periodic sequences, and for
each n € Z, the function d,(x) is continuous, nonnegative, and d,.+,(x) = d,(x) for x > 0.
Let Qo = {u € X | u = 0}. Define K;,K; : X — X by

ntw—1
(Klu)n: Z G(nas)hsasusfr(sb uelX,

(3.3)

n+w—1

(Ku),= > @(n,S)flscsus-ﬂs), uelX,

s=n
respectively. Then under conditions (2.1), it is not difficult to show that K; and K; are
completely continuous linear operators on X, and K;, K; map Q into Q.

THEOREM 3.1. In addition to the assumptions imposed on the functions G, G, h, h, fi,and f,
in Section 1, suppose that fi and f, satisfy (3.1) and (3.2). Suppose further that the operators
defined by (3.3) satisfy p(Ky) < 1 and p(K,) < 1. Then (1.3) has at least one periodic solution.

Proof. Note that Q X Q) is a normal solid cone of X X X. Let A}, A,, and A be the same
operators in the proof of Theorem 2.1. Set

ntw—1

= Z G(n,s)hsbs, nez. (3.4)

s=n
Then g = {gn}nez € Qo. p(K1) < 1 implies that (I — K;) ™! exists and that
(I-K) '=I+K +K*+.... (3.5)

Thus, we have (I — K;)71(Qp) C Qo and it is increasing. Then u — Kju < g for u € X
implies that u < (I — K;)"!g. Let

ro = max (I —Kl)_lgs, (3.6)

se(0,w]

we get that u < Kju + ¢ for any u € Q, which satisfies [lul| < r.
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Let d* = max{d,(x) | n € Z,0 < x < ry}. Then from (3.2), we have

hnx—y)<cy+d*, y>0,0<x=<ry nel (3.7)
Let
n+w—1 N .
gn=d* > Gns)h, nel (3.8)

Then q = {gn}nez € Qo and A,(u,v) < K3(v) +q. If for any (u,v) € X X X, there exists
Ao € [0,1] such that v = 1gA,(u,v), then, we have

vl =20 A2 (u,v) | = [A2(u,v) | < Ky (Iv]) +4. (3.9)
Note that if |[v] € Qg and p(K;) < 1, we have |v| < (I — K;)"'q. Choose
r* >max{ro,H(I—K1)71qH}. (3.10)

Then for any open set ¥ C Qp X Qo that satisfies ¥ D (Qg X Qo)+, Az2(u,v) # pv for
(u,v) €od¥and p > 1.
Consequently,

Au,v) # u(u,v) (3.11)

for any (u,v) € Qo X Qo, I(u,v)|l = r*, and y > 1. Indeed, if there exist (1°,v°) € Qg x
Qo, 1(w®,v0)]| = r*, and po > 1 such that A(u°,v°) = po(u’,v°), then from A,(u’,+°) =
pov°, r* > 19, and (3.2), we have |lull > ry. But from (3.1), we know that u, < pou, =
(A1 (u,v))n < Kyuy + gn, this is contrary to the fact that [|ul| < ry as shown above.

Thus (A, (Qg X Qg)r+, Qo X Qq) = 1, which shows that there exists (u*,v*) € (Qg X
Qo)+ such that A(u*,v*) = (u*,v*). The proof is complete. O

THEOREM 3.2. In addition to the assumptions imposed on the functions G, G, h, h, fi, and
f in Section 1, suppose that fi and f, satisfy

filnmx—y)<a,y+by(x), x=20,y>20,nel

3.12
fhnx—y)<cix+d,, x=0,y>0,nez, ( )

where a = {an}nez, b = {by}nez, and ¢ = {c,} are positive w-periodic sequences, and for
eachn € Z, b, = b,(x) is continuous, nonnegative, and by, (x) = b,(x) for x = 0. Suppose
further that the operators defined by (3.3) satisfy p(K1) < 1 and p(K3) < 1. Then (1.3) has at
least one periodic solution.

The proof is similar to that of Theorem 3.1 and hence omitted.
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4. Applications
We now turn to the existence of nontrivial periodic solutions for the delay difference
equation

Xp+1 = AnXn + hnfl (nyxn—‘r(n)) - han(naxn—‘r(n)): ne Z) (41)

where {h,},c7z and {En}nel are positive w-periodic sequences, {7(n)},cz is an integer-
valued w-periodic sequence, and f;, f are real continuous functions which satisty fi(n +
u) = fi(n,u) and fr(n+w,u) = fr(n,u) foranyu € R! and n € Z.
We proceed formerly from (4.1) and obtain

n—1 n
1
A{ 1_[ } 1_[ a_ nfl ny,Xp— T(n)) nfz(n>xn—‘r(n))]- (42)
k= q k=g
Then summing the above formal equation from # to #n + w-1, we obtain
ntw—1 .
Z G(I’I,S) [hsfl (5>xsf‘r(s)) - hsz (S)xsf‘r(s))]a ne Z) (43)
s=n
where

s w—1 -1
G(n,s) = (ni><ni—l) , Mmsel, (4.4)

k=n ¥/ \ = F
Cq. e . .. .. . . -1 _
which is positive if {a,} ez is a positive w-periodic sequence which satisfies [ s a; ' > 1.

It is not difficult to check that any w-periodic sequence {x,},cz that satisfies (4.3) is
also an w-periodic solution of (4.1). Furthermore, note that

w—1 -1
G(n,n) = (;)(n 1 1) =Gn+w,n+w),

k=0 %k
w—1 w—1 -1
1 1 .
G(n,n+w1)=<n>(nl> =G0,w—1), (4:5)
k=0 ) \ k=g %
0<N= min G(ns)<G(ns)< max Gni)=M, n<s<n+w-1.
n<i<nt+w-1 n<i<n+w-1

THEOREM 4.1. Suppose that {h,},cz and {ﬁn}ngz are positive w-periodic sequences,
{1(n)}nez is an integer-valued w—periodic sequence, and fi, f» are nonnegative continuous
functions which satisfy fi(n+ w,u) = fi(n,u) and f(n+ w,u) = fr(n,u) for any ueR!
and n € Z. Suppose further that {a,},cz is a real sequence which satisfies ]_[S ca;l>1If
fi and f, satisfy the additional conditions fi(n,0) =0 = f,(n,0) for n € Z as well as (2.3),

(2.4), (2.5), and (2.6) uniformly with respect to all n € Z, then (4.1) has at least a nontrivial
periodic solution.
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Indeed, let Ay, A;, and A be defined as in the proof of Theorem 2.1. Then from
Theorem 2.1, we know that there exists (u*,v*) # (0,0), such that A(u*,v*) = (u*,v*),
that is,

ntw—1

;k Z G(l’l S ]’lf](S, Us_1(s) _V:ir(s))’

n+w—1

= > Gms)hfo(sul o —vi):
s=n

(4.6)

Since f1(n,0) =0 = f,(n,0) for n € Z, we know that u* # v*. (Indeed, if u* = v*, then
u* = v* =0, which is contrary to the fact that (u*,v*) # (0,0).) Thus u* — v* is a non-
trivial periodic solution of (4.3), and also a nontrivial periodic solution of (4.1).

Next, we illustrate Theorem 3.1 by considering the delay difference equations

Xn+1 = AnXpy +f(naxn—‘r(n))) ne Z) (47)

where {a,} ez is a positive w-periodic sequence but ]_[3 o a; ' > 1, {r(n)},ez is integer-
valued w-periodic sequence, f(n,u) is a real continuous functlon, and f(n+w,u) =
f(n,u) foranyu € Rand n € Z.

The existence of positive periodic solutions for (4.7) have been studied extensively by
a number of authors (see, e.g., [1, 3, 5, 7, 8, 9]). Here, we proceed formerly from (4.7)
and obtain

n—1 n

1 1

A{xnna—k} ﬂa— 1y Xn—z(n))- (4.8)
k=g

Then summing the above formal equation from # to #n + w-1, we obtain

ntw—1

z G(n,s) f($,%s—1(s)), NEL (4.9)

where

-1
s 1 w—1 1
G(n,s) = — — =1 . 4.10
(m9) (kn)(knk ) (4.10)
Set Ao = ([1¢=5 (1/ax) — 1), then G(n,s) = (1/A0)(TT;_,(1/ax)). It is not difficult to check
that any w-periodic sequence {x,},cz that satisfies (4.9) is also an w-periodic solution of
(4.7).
Choose

f(n,x) = Asinx + py,

| sinx| + sinx
filn,x) :Af + Pns (4.11)
F(nx) = 2 15inx] = sinx

2 >
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where A >0 and {p,} is a positive w-periodic sequence. Then f(n,x — y) < Ax+21+ p,
and f,(n,x—y) < Ay+2Aforx,y > 0. Set

nt+w—1
(Kiu), =A z G(n,8)ts—r(s), i=1,2, (4.12)

s=n
then
n+w—1

[|[Kiu|| = max (X > G(n,8)us r(s)

O<n=w-1

s=n

n+w—1 s 1
= max i Z (n_>”s 7(s)

O<n=w-1 /\0 s—n

(4.13)

< max —Hull Z l_[

O<n=w-1

—uun max Zl<1_[ 1)

0<n<w-1
k=n

ntw—1 s ‘

Snkn

fori=1,2. Thus

ntw—1 s
Iil< o ma S (TTL), =12 o

Since p(K;) < |IK;ll, thus p(K;) < [|K;ll < 1 for

ntw—1 s -1
A<A0[0<1}’13x s (ﬂiﬂ . (4.15)

<w-1 s—n k=n ak
Under this condition, Theorem 3.1 asserts that (4.7) has at least one periodic solution.
Note that 0 is not its solution. Thus, our periodic solution is nontrivial.
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