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We continue the study of algebraic difference equations of the type u,2u, = Y (uys1),
which started in a previous paper. Here we study the case where the algebraic curves
related to the equations are quartics Q(K) of the plane. We prove, as in “on some alge-
braic difference equations 21, = ¥(u,41) in RE, related to families of conics or cubics:
generalization of the Lyness’ sequences” (2004), that the solutions M, = (#41,u,) are
persistent and bounded, move on the positive component Q°(K) of the quartic Q(K)
which passes through My, and diverge if M, is not the equilibrium, which is locally sta-
ble. In fact, we study the dynamical system F(x,y) = ((a+ bx + cx?)/y(c + dx + x%),x),
(a,b,c,d) € R*™, a+b>0,b+c+d >0, in [R;:z, and show that its restriction to Q°(K) is
conjugated to a rotation on the circle. We give the possible periods of solutions, and study
their global behavior, such as the density of initial periodic points, the density of trajecto-
ries in some curves, and a form of sensitivity to initial conditions. We prove a dichotomy
between a form of pointwise chaotic behavior and the existence of a common minimal
period to all nonconstant orbits of F.

1. Introduction

In [4], we study the difference equations

2

Uniotly = A+ blpir + 13,1, UpioUp = at b1 + Cltniy (L.1)
CtUnpt1

which generalize the Lyness’ difference equations w421, = a+ 41 (see [2, 7, 8,9]). The

first of these equations is related to a family of conics, and the second to a family of

cubics (whose Lyness’ cubics are particular cases). The results of [4] in the two cases are

analogous to the results obtained in [3] about the global behavior of the solutions of

Lyness’ difference equation.

In the present paper, we will study the difference equation

a+bu, +culy,

. 1.2
c+dup +ul, (1.2)

Up2Uy =
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The dynamical system in R?,* which represents this difference equation is

2
a+bx+cx ) (1.3)

y(c+dx+x2) o

F(x,y)=<

It is well defined as a homeomorphism of R%:* when a,b,¢,d = 0 and a+ b+ ¢ >0, as we
always assume. We have

Mn+1 = (un+2>un+1) = F(Mn) = F(un+1>un)- (14)

There is an invariant function

G(x,y)=xy+d(x+y)+c<£+z)+b(l+l>+i, (1.5)

y X x y/ Xy

which satisfies G o F = G, and thus G(uy+1,u,) is constant on every solution of (1.2).
If K = G(u;,up), the quartic Q(K) with equation G(x, y) = K, or

*y*+dxy(x+y)+c(x*+y?) +b(x+y)+a—Kxy =0, (1.6)

passes through M.

The quartics Q(K) are invariant on the action of F, and thus the points M,, move on
the quartic passing through My, more precisely on its positive component Q°(K).

The map F has a geometrical interpretation. If M € R%?, let M’ be the second point of
the quartic Q(K) which passes through M whose first coordinate is the same as those of
M (there is only one such point M’ because the point at the vertical infinity is a double
point of the quartic). The image F(M) is the symmetric point of M" with respect to the
diagonal x = y.

For all this results, we refer to [4].

In Section 2, we give a general topological result useful for our study, which extends a
result of [4], and we define a general property of weak chaotic behavior, whose proof for
(1.2) is the goal of this paper.

In Section 3, we use this result to show that the solutions of difference equation (1.2)
are,ifa+b >0and b+ c+d >0, bounded and persistent in [R;Z, and diverge if (uy,uo) #
(¢,0), the fixed point of F, and prove that this point is locally stable.

In Section 4, we show that the case where u,4,u, is a homographic function of w1,
studied in [5], comes down to our general model (1.2). This gives again, in a simpler way,
results of [5], and improvements of them.

In Section 5, we study the case a = 0, where the quartic passes through the point (0,0).
This case is easy, because a simple birational map transforms every quartic Q(K) into a
cubic curve studied in [4]. So we can apply the results of [4] without more work.

In Section 6, we prove general results in the case a > 0, which lead to the fact that the
restriction of the map F to each curve Q°(K) is conjugated to a rotation onto the circle
(see Theorem 6.11). We study also in Sections 6 and 7 whether the chaotic behavior de-
fined in Section 2 holds in the general case of (1.2), with a general property of dichotomy
(see Theorem 6.18), and what happens in some particular cases (Section 7) and in the
general one (Section 8).

In Section 9, we determine the possible periods of solutions of (1.2).
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2. A topological tool for difference equations with an invariant

In this section, we give an abstract and more or less classical general result which will be
useful for the study of difference equations. This assertion extends [4, Proposition 1].

PropositioN 2.1. Let X be a topological Hausdorff space. Let F: X — X and G: X — R be
two maps. Suppose first that the following conditions hold:
(a) F is continuous on X;
(b) G is continuous and has a strict minimum K, at a point L;
(c) Vx € X, Go F(x) = G(x) (the invariance property);
(d) F has at most one fixed point.
If K = K, the level sets (if nonempty) of G are defined by €x = {x € X | G(x) = K}.
Then the following three results hold:
(1) every point x € X lies in exactly one set “€x;
(2) the point L is the (unique) fixed point of F;
(3) if My € X let M1 = F(My,) be the points of the orbit of My under F; then M, €
Ccm,), and if My # L, then the sequence (M,,) does not converge.
Now suppose additional hypotheses:
(e) X is connected and locally compact;
(f) Koo := limy_ G(x) < +0o0 exists, and G < Ko; then
(4) each €k is compact and nonempty for K,, < K < K (with €k, = {L}), and the
equilibrium point L is locally stable.
Suppose at last the additional hypothesis:
(g) G has only one local minimum (its global one at L); then
(5) for K > K, the set €k is the boundary of the open set Ux = {G < K} which is a
connected relatively compact set.

Proof. Assertions (1) and (2) are obvious. If M, = F(M,), then M,, € €51, Suppose
that M,, converges to a point N. Then G(N) = G(Mj) and F(N) = N, so by (d) and (1)
N = L. But G(M,) = G(N) = G(L) = Ky, and by (b) M,, = N for all n. Thus, if My # L,
then M, does not converge.

If (e) and (f) hold, it is easy to see that €k is nonempty and compact for every K = Ki,;
in particular, sequences (M,,) are bounded (i.e., relatively compact).

We prove now that the sets Ux = {G < K} form a basis of neighborhoods of L. Let V'
be an open neighborhood of L. The sets {G < K}, for K > K,,,, are compact, and their
intersection is {L}; so there isa K > K,,, such that {G <K} Cc V,and thus Ux C V.

We can now prove easily that L is locally stable: if V is a neighborhood of L, there exists
K > K, such that Ux C V. If My € Uk, then, for every n, M,, € Uk by (c), and M, € V.

We prove now assertion (5), if (g) also holds. We have Ux C {G < K}, and U \ Uk C
{G<K}\{G< K} =%xk. Thus, 0Ux C €x. Now, if €x ¢ 0Uk, there exists x € Gk, x &
dUk, thus there exists a neighborhood V of x such that V n Ux = &. Thus, G = K on
V, and G(x) = K; thus x is a local minimum of G, and x # L because K > K,,,: this is
impossible, and Uk = 6.

Finally, we prove that Uk is connected. If Uk is the union of two disjoint nonempty
open sets A and B (which are relatively compact), put a = inf4 G and 8 = infp G; we have
o,f < K. If « = G(u) with u € A and § = G(v) with v € B, then u and v are two distinct
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local minima of G, which is impossible. Thus we can suppose that a = G(u) with u €
A\ A.But A C X\ B (because Uk is open), thus u & B, and u € Ux \ Ux = Uk = €x. So
we have G(u) = K > «, which is a contradiction. O

We will use Proposition 2.1 when X is an open subset of R?; in this context, F and G
are given by (2) and (3). In the general case, we can ask the question whether a form of
chaotic behavior may be described for the map F (we will study in this paper if it is the
case with F and G given by (2) and (3)). Precisely, one may ask the question whether F
has an “invariant pointwise chaotic behavior,” denoted IPCB.

Property of IPCB. We suppose that X, F, and G satisfy properties (a),(b),...,(g) of
Proposition 2.1, and that X is a metric space, with distance d. We say that the dynam-
ical system (X, F) with invariant G has IPCB if we have the following three properties.

(a) There exists a partition of X\{L} into two dense subsets A and B which both are
union of “curves” 6k, and then invariant under F : A is the set of initial periodic
points My, B is the set of initial points My whose orbit is dense in the curve €k
which passes through M (that is €g,))-

(b) Every point My € X\{L} has sensitivity to initial conditions, that is, there exists
&(My) > 0 (this dependance on M, explains the term “pointwise”) such that every
neighborhood of M contains a point M, whose iterates M}, satisfy d(M,,M,,) >
&(My) for infinitely many integers .

(c) There exists an integer N such that every integer n > N is the minimal period of
some periodic orbit of F.

IPCB is the essential result of [3] about the behavior of Lyness’ difference equation
Upially = k+ups1 if0<k # 1 (if k = 1, 5 is a common minimal period to all nonconstant
solutions).

In [4], we prove also that IPCB holds for the solutions of difference equations in R

a+bu,, +culy,

_ 2 _
UnioUp = a+ by + 1y, UpiolUy =
C+ Uy

(2.1)

An important tool to study the dynamical system linked to (1.2) may be an eventual
property in the abstract case of Proposition 2.1: for every K € |K,,, K« [, is the dynamical
system F|q, conjugated to a rotation on the circle with angle 270(K) € ]0,7[? This even-
tual property supposes that each set €k is homeomorphic to a circle. Then the study of
the properties of function 8 would be essential: continuity (analyticity if X is an open set
of R?), limits when K — K,, and K — K.

3. First general results of divergence and stability
We begin by identifying the fixed point.

LemMA 3.1. Ifa=0b =0, then sequence (1.2) tends to 0. If a+ b > 0, then the fixed point of
the dynamical system (1.3) is the unique positive root € of the equation

Y4+dY? -bY -a=0, (3.1)

and it is the unique possible limit for sequence (1.2).
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Figure 3.1

Proof. Ttis obvious that a fixed point of F has the form (Y, Y) where Y satisfies (3.1), and
that (3.1) has a unique positive root € such that (¢,¢) is invariant by F.

For the limit of the sequence (u,) of (1.2), we must be more careful if a = 0, because
in this case Y = 0 is solution of (3.1). But then Q(K) passes through (0,0) and has as
tangent at this point the line x + y = 0 if b > 0, and so the point M,, = (141, u,), which
lies on Q(K) N [R;z, cannot tend to (0,0).

If a = b = 0, the fixed point is solution of Y*+ dY? = 0, which has no solution in
R:. In this case, we have u,i2/tni1 = (Uni1/un)(c/(c + dunsy + ul,)), with ¢ >0 and
d = 0. Thus p, = u,1/u, is decreasing and tends to a limit A. If A < 1, then u, — 0. If
A would satisfy A > 1, then u,, would be increasing, and would tend to infinity. But then
o/(c+dups +ur,) < 1/2 for big n, and thus we would have A = 0, which is a contradic-
tion. O

With the objective of using Proposition 2.1, it is necessary to study the function G. The
first question is to know if G(x, y) — +o0 if (x, y) tends to the infinite point of the locally
compact space R%?. It appears that this condition fails in the general case. Indeed, we
look for a condition for the sets Ax := {G < K} N R%:? to be compact. The hypothesis is

xy+du+yﬂw(§+z)+b(l+l>+£—sK. (3.2)
y X Xy, Xy

Thus we have xy +a/xy < K, d(x+y) <K, c(x/y+y/x) <K, b/x < K,and b/y < K.

If b >0, then x > b/K and y > b/K, and thus, with the condition xy < K, the set A is
compact. If b = 0, we will suppose a > 0 (the case a = b = 0 is trivial by Lemma 3.1), and
the condition xy +a/xy < K implies that 0 < r; < xy < r,: the point (x, y) is between two
hyperbolas. But then if ¢ or d is positive, we have x/y + y/x < K/c and thus 0 < s; < y/x <
sy, or x + y < K/b. In the two cases, Ak is compact; see Figure 3.1.

So the good condition in (1.2), which we suppose in all the sequel, is

a+b>0, b+c+d>0. (3.3)
It is to be noticed that if b = ¢ = d = 0, the function G does not tend to +oo at the

point at infinity of R, and then the solutions of the difference equation (1.2) may be
unbounded or not persistent. In fact, it is always the case.



232 Difference equations related to elliptic quartics

Indeed, consider the difference equation u,;u, = a/u>,,, with a > 0. Its solutions are
the sequences u, =a"*exp[(—1)"(A + Bn)], with A =In(upa~"*#) and B = — In(uou;a~"?),
which are neither bounded nor persistent if ugu; # /a.

Then, we must identify the minimum of G. The equations of critical points are x*y* +
dx*y+c(x? — y*) —by —a=0and x?y* + dy*x + c(y* — x?) — bx — a = 0. The difference
of these two equations gives (x — y)(dxy +2c(x+ y) +b) = 0. Butif (x,y) € [Rj;z, the only
solution is x = y, so the previous equations give x* + dx> — bx — a = 0, and thus we have
x = y = ¢: G has a unique critical point at the equilibrium L = (¢,¢), the minimum of G
is achieved only at this point, and the value of the minimum is

3b  2a
Km—d€+2c+7+€—2. (3.4)
IfK > K,,, then Q°(K) = Q(K) n [R;ZZ ={(x,y) € [R;Z | G(x,y) = K} is a nonempty com-
pact component of Q(K), and through every point M € R*? passes a unique curve Q°(K).
We can thus apply Proposition 2.1 and obtain the following theorem.

THEOREM 3.2. Ifa=0,b=20,c=0,d=0,a+b>0, and b+c+d >0, every solution of
the difference equation (1.2)

a+bu, +cu’y,

3.5
c+duy +ul,, (3:5)

Upt2Up =
is bounded and persistent in [R;z. If (uy,u) # (€,8), then (uy,) diverges, the point M, =
(tn+1,Uy) moves on the curve Q°(K) which passes through Mo, and K > K,,,. Moreover the
equilibrium L is locally stable.

4. The homographic case

In [5], the authors study the difference equation

AU + B

Upt2 = u,,(yu,ﬁ.l +6) >

with a,3,9,8§ 20, a+>0, y+6 >0. (4.1)
If y = a = 0, we find the classical sequence u,4, = (/8)/u, which is always 4-periodic.
If y =0, a # 0, the sequence v, = (8/a)u,, satisfies V42V, = Vi1 + f0/a®: it is a Lyness

sequence, and its behavior is known and given in [3].

So, we suppose y > 0, and thus we can suppose y = 1.
Under this hypothesis, if we suppose that the two quadratic polynomials of (1.2) have

a common root x = —p < 0, then (4.1) is a particular case of (1.2). To see this fact, we

examine some cases.

(i) If & # 0, easy calculation shows that with

_9p

=5
(1.2) is exactly (4.1) with y = 1.

(ii) If § = a = 0, (4.1) becomes uy12u, = /uUy+1, which is a classical 3-periodic se-
quence.

% +9, (4.2)

a

2
b=%+/3, c=a, d=
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(iii) f 6§ =0, >0, B = 0, ups2 = &/uy, is another case of the previous 4-periodic se-
quence.

(iv) If § = 0, « > 0, B > 0, we put u, = f5/v,, and obtain v,42v, = f*/(Vu41 + @), which
has the form (&' vy41 + )/ (vy1 +6”). Thus, (1.2) for (v,) with the valuesa = ¢ =
0,b =% d=a,is exactly (4.1) for u, = B/vy.

In any cases, (4.1) comes down to (1.2) or to a known sequence (Lyness’ one) or to
elementary sequences (3- or 4-periodic). Thus, with the aid of elementary results on Ly-
ness’ equation (see [3]), we deduce again from Section 2 the result of [5] about (4.1), but
almost without calculation, and we can improve it.

ProrosITION 4.1. The solutions of (4.1) are bounded and persistent, and diverge if (u1,u)
is different than the fixed point. Moreover the equilibrium point is locally stable.

Of course, other properties of the solutions of (4.1) will follow from the general prop-
erty of solutions of (1.2) that we will prove in the following parts, see corollaries of
Theorems 5.1 and 7.1, where examples of (4.1) which have IPCB are given.

5.Thecasea =0

In this part, we solve the case when a = 0, which is simple, because an easy birational map
reduces the associated quartic curves to cubic ones which give a previous case already
solved (see [4]). So we obtain the following general result.

THEOREM 5.1. Let the difference equation in RY, be

2
buy +cuy,

— " withb>0,c20,d=0, c+d >0, (5.1)
CH+dups + U,

Up2Uy =

whose solutions diverge if (u1,up) # (£,£). Let L = (¢£,£) be the equilibrium, with £ positive
solution of the equation Y> +dY? —b = 0. Let F(x,y) = ((bx+ cx?)/y(c+ dx + x?),x) be
the homeomorphism of [R;z associated to (5.1): My, := (uy41,uyn) = F"(My). Let Qpq4(K)
be the quartic curve with equation

*y*+dxy(x+y)+c(x*+y?) +b(x+y) —Kxy =0 (5.2)

which passes through My = (u1,u), and ngc)d(K) its positive component, globally invariant
under the action of F.
(a) There exists a well-defined number 0y, 4(K) € 10,1/2[ such that the restriction of F
to Qg,c)d(K) is conjugated to a rotation on the circle, of angle 216 . 4(K) € ]0,7[.
(b) For every b, ¢, d satisfying the conditions of (5.1) and b*> # ¢ or bd # 2¢2, the differ-
ence equation (5.1) has IPCB.
(c) Every integer n > 4 is the minimal period of some solution of (5.1) for some b, ¢, d,
and some initial point M.
One has b* = ¢ and bd = 2¢* if and only if every solution of (5.1) is 5-periodic.

Proof. If a = 0, then the quartic curve (1.6) reduces to (5.2), and then it passes through
(0,0).
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(1) Casec=0and d > 0.
We define the birational map

b1 b1
X = \/;;, Y —\/;;, (5.3)

that is the transformation on the solutions (u,) of difference equation (5.1) by the for-
mula

b1

Vn = Eu_n (54)

Under map (5.3) the quartic (5.2) becomes the cubic of paper [4]:

, . /b ., K
Fa(K ) with a = ﬁ, K = ﬁ, (55)

associated to the difference equation
Vat2Vni1Vn = &+ Vg (5.6)

whose solutions are studied in [4]. Then results of Theorem 5.1 are nothing else but [4,
Proposition 8 and Theorem 4].
(2) Case c >0.
We define now the birational map
x=bl oy bl (5.7)
cx cy

that is the transformation on the solutions (u,) of difference equation (5.1) by the for-
mula

yy=2 L (5.8)
c Uy

Under map (5.7) the quartic (5.3) becomes the cubic of (see [4])

, . b? bd _, K
Tap(K") witha = & B= 2 K' = = (5.9)

associated to the difference equation
+BVpr1 +V2

yrigyy = BV Vi (5.10)

Vps1 +1

whose solutions are studied in [4]. Then the results in Theorem 5.1 are nothing but [4,
Proposition 11 and Theorem 6]. The case of 5-periodicity in [4] corresponds to the values
o =1and 8 =2 (see [4, Lemma 8]), which gives the end of assertion (d) of the theorem.
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Point (3) of [4, Theorem 6] has to be modified, because here we have only a >0 and
B = 0 (arbitrary), but in [4] we have @ > 0 and 3 > —2./a. So, in [4, Lemma 10], we must
replace the domain D byﬁ = R*? and the function f(€) = (1/m)cos™ (1/2)(1 — 1//€+1)
by the function f(f) = (1/m) cos™1(1/2)4/1+3/(€+ 1). Then it is easy to show that we have

only y(D) = 10,1/3[. Thus every integer n > 4 is actually a period. O

CoroLLARY 5.2. The solutions of (4.1) studied in [5], where affy >0, & = 0, satisfy
Theorem 5.1.

Remark 5.3. (1) If ¢ > 0, then solutions (u,) of (5.1) are rational if and only if the v,’s are
rational, when b, ¢, d are rational. Then, in this case, a rational periodic solution of (5.1)
may have only periods which belong to the set {3,4,5,6,7,8,9,10,12} (see [4]).

But if ¢ = 0, the map (5.3) does not preserve rationality of real numbers, except if
b/d = q* with q € QY. In this case, and with b rational, the periodic rational solutions of
(5.1) may have only periods 7 or 10 (see [4, corollary of Proposition 7]).

(2) The 5-periodic case b? = ¢* and bd = 2¢? corresponds to initial Lyness’ sequence:
vy = /c/uy, satisfies v, oV, = 1+ V1.

We give now two easy cases with a = 0, which are not covered by Theorem 5.1.
First, the case a = b = 0 is given by Lemma 3.1: the sequence tends to 0.
Second, we have the following classical result.

LEMMA 5.4 (case a=c=d =0, b>0). The positive solutions of the difference equation
Upi2Un1 Uy = b are 3-periodic.

6. General results in the case a >0

It is easy to see that if a > 0 we can suppose that a = 1 (put u, = v,/a). We make this
hypothesis from now on.

6.1. Points on the diagonal and the birational transformation of the quartic. We know
that the quartic curve has two double points at infinity in vertical and horizontal di-
rection, which are ordinary if d*> — 4c # 0, the asymptotes being then the lines x = ry,
X =1, y=ry, and y = ry, where the r; are the roots (real or complex) of the equa-
tion s? + ds + ¢ = 0. Moreover, if K > K, the quartics Q(K) have no singular point in
R*t%. Indeed, if the equation of Q(K) is p(x, y) — Kxy = 0, singular points are given by
py—Ky=0,p,—Kx=0,and p — Kxy = 0. These relations give xp; = p and yp; = p,
and these last relations are the equations whose solutions are the critical points of the
function G(x, y) = p(x, y)/xy. But we have seen that G has no critical point in R%? except
for L = (¢,£), and so the only finite singular point of Q(K) in [R;z would be L, but this
point is not on Q(K) if K > Kj,.

So we can hope that the quartic curve Q(K) is an elliptic one, and thus that it can
be transformed in a regular cubic curve by a birational transformation. To make such a
transformation, some point of Q(K) should disappear, and to preserve the symmetry of
the curve with respect to the diagonal § : x = y, we choose this point on this diagonal.
So the fundamental technical result will be the behavior of the points of Q(K) on the
diagonal.
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\ AR

Figure 6.1

LemMa 6.1. For K > Ky, the coordinates of the intersection points of Q(K) with the diagonal
0 are solutions of the equation

t*+2dt> + (2c — K)£* +2bt +1 = 0. (6.1)
These coordinates are real numbers f1, —A, fo, f3 which satisfy

fi<—€<-A<0<A< fo<t< fz ifd+b>0,

1 1. (6.2)
f1=—X<—1<—A<0<)L=f2<1=€<f3=X ifd=b=0.
Moreover, numbers f; and A are continuous functions of K on K, +oo[, whose limits when
K — 4o and K — K, are

Klil-l%—looA - Klil-li-loofz =0, Klirilwﬁ N _Klirilwﬁ’ - (6.3)
1
' - 1 _ — lim A= _ 2_ =
Khj}gmﬁ Khj}gmﬁ & Ao 1<h~r1][<lm)t (d+6) d+£) 2’

(6.4)

. 1

Jim fiim fo=—(d+&) =\ [(d+e) - .

Proof. Formula (6.1) is obvious. Let hg (t) = t* +2dt> + (2c — K)¢? + 2bt + 1 = 0. By (3.1)
and (3.4) we have

hie () :d€3+3b€+2+(2c—K)€2<d€3+3b€+2—€2<d€+%+%) —0,  (65)

hk(0) = 1, and so hg has two roots f, and f; which satisfy 0 < f, < € < f3. We have also
hi(—€) = hg(€) — 4de®> — 4b¢ < 0, and thus we have two other roots f; and —A which
satisfy fi < —€ < =1 < 0. Atlast, hg (1) = hg (=A) +4dA® + 4bA = 4dA* +4bA > 0.1f b+ d >
0, thus we have 0 <A < fo. If b = d = 0, the roots of hk are fi, —A, A, and — fi, whose
product is 1. This gives (6.2).

Then we remark that the equation h(f) = 0 is equivalent to the relation G(t,¢) = K. But
the graph of the function ¢ — G(t,t) is easy to determine, see Figure 6.1. It is immediate
from this graph that the roots are continuous functions of K. Their limits when K — +o0
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are obvious and given by (6.3). If K — K,,, then f, and f; tend to ¢, and f; and —A
have limits f, and —A¢ which are the two other roots of equation g, () = 0, which has
already the double root €. Thus these two other roots are easy to obtain, they are given by
(6.4). (]

Now we write the equation of Q(K) in the form:
X2Y2+dXY(X+Y)+c(X2+Y?) +b(X+Y)+1-KXY =0. (6.6)

We make the birational transformation ¢x defined in affine coordinates, for XY # A2, by

X = X)i(/t/tlz s y= Xi;taz’ or X = 1—:})“, Y = %, (6.7)
or, in homogeneous coordinates, by
X' =x't +x, Y =yt +1y", T =xy/, (6.8)
or
X =T X +AT"), Yy =T/(Y +AT), ¢ =XY -NT" (6.9)

On Q(K) this transformation ¢x is not defined only at the point (-A,—A) if d+b >0,
and at the points (—A,—A) and (A,A) ifb=d = 0.

Now we determine the image of Q(K) under ¢x. We substitute the second formulas
of (6.7) in (6.6). Putting D := 1+ A(x + y), easy calculation gives for the left hand of the
equation in variables x, y the product of D by the following factor

(A —cA+b)xy(x+y)+Ac(x® + ) + (c+dV)(x+ y)? + (d+ 1) (x+ )

6.10
+(20 =2dA—2c—K)xy+1 (6.10)

(the coefficient of x>y? is A* — 2dA’ + (2¢ — K)A? — 2bA + 1 which is 0 because the point
(=1, —-1) € Q(K)).

So we obtain the straight line Ay with equation 1+A(x+ y) = 0 and the cubic curve
['(K) with equation

(x+y)(Ac(x+ y)* + a(K)xy) + (c+dV) (x+ y)* + (d+ A1) (x+ y) = B(K)xy+ 1 =0,
(6.11)

where
a(K) = d\> —4cA + b, B(K) = K +2c+2dA — 2% (6.12)
With second formulas of (6.7), one sees that if (x,y) € Ay \ {(=1/A,0),(0,—1/1)}, then

(X,Y) = (=A,—A) which has no image by ¢x. Identification of the images of Q(K) \
{(—=A,—1)} and Q°(K) is given in the following results.
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LEmMA 6.2. (1) Ifb+d >0, then XY > A% on Q°(K), and if b=d = 0, then XY > A? on
Q°(K), with equality only at the point (A,1).

(2) If b+d >0, then the positive component T°(K) of the cubic T(K) is compact, and ¢x
is a homeomorphism of Q°(K) onto T°(K). If b = d = 0, then T°(K) is unbounded and has
a point at infinity in direction x = y, which is the image by ¢x of the point (\,1) of Q°(K),
and Pk is a homeomorphism of Q°(K) \ {(\,A)} on I'°(K).

Proof. (1) We work here in R%?, and begin in the case when b +d > 0. Suppose that there
is a point (X,Y) in the set {G < K}, lying on the hyperbola XY = A2, Then we have
X+Y =2)and
0= X2Y2+dXY(X+Y)+c(X+Y)? - 2c+K)XY +b(X+Y)+1
=AM+ 2d03 4+ (2c = K)A2 +2bA+ 1
= hg(=1) +4d\> + 4bA
= 4d)’ +4b1 >0,

(6.13)

and this is impossible. So the set {G < K}, which is connected by Proposition 2.1, is
contained in one of the two connected components of [R;z \ {XY = A?}. But f2>A by
Lemma 6.1, and thus Q°(K) C {XY > A?}.

Now if b = d = 0, we choose (X,Y) # (A,A). Then X + Y >21if XY = A2, and the same
calculation gives, on ({G < K} \ {(A,A)}) N {XY = A?}, the impossible inequality 0 > 0.
But this calculation proves also that {G < K} N {XY = A} = @. So {G < K} is contained
in {XY > A%} or in {XY < A%}, and we conclude, with the aid of the point ( f;, f3), that
{G<KI\{(LM)} Cc {XY >A%}

(2) If b+d >0, we have XY >A? on Q°(K), and formulas (6.7) show that ¢k is a
homeomorphism of Q°(K) onto the positive component I'’(K) of I'(K) (note that I'(K)
does not intersect the axis {y = 0} N {x = 0} nor {x = 0} N {y = 0}, by formula (6.11)).
So the set T°(K) is compact in R%%,

If b = d =0, (6.7) shows that ¢ is a homeomorphism of Q°(K) \ {(1,A)} onto I'*(K),
and so I'°(K) cannot be bounded. Equation (6.11) becomes

Ae(x — y)*(x+y)+clx+y) > +Ax+y) - Bxy+1=0, (6.14)

and this proves that I'(K) has the point at infinity in the direction of the diagonal. More-
over, (6.7) shows that when (X,Y) — (L,A) on Q°(K), then (x,y) tends to infinity in
direction x = y on T°(K). O

6.2. The algebraic-geometric interpretation of the transformed sequence, and the el-
liptic nature of the quartic and cubic curves. We begin with the transformation of the
sequence M, = (tn41,U,) by ¢x: what is the behavior of the points m, = ¢x (M,)?

LEMMA 6.3. Let my, be the image in T°(K) of the sequence M, = (ty+1,uy,) on Q°(K) by
the birational transformation ¢x. Then the symmetric point of m,. with respect to the
diagonal x = y lies on T°(K) and on the straight line (P,m,), where P = (—1/1,0) € T(K)
(see Figure 6.2).
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Proof. The symmetry with respect to the diagonal is preserved by ¢x. We look at the
images by ¢ of the vertical lines X = «. By (6.7), they are the straight lines with equations
ay = 1+ Ax, and all these lines pass through the point P = (-1/1,0). So the lemma is
obvious. O

Now we will, as in [3, 4], translate the property of sequence m, given by Lemma 6.3
into the addition m,4; = m, + P for a group law on the cubic curve I'(K). To do this, we
need the regularity of the curve I'(K), that is its elliptic nature. With this objective, we
make a new transformation «, independant from K, and defined it by

k(x,y) =(U,V), wherex+y=-U,x—y=V. (6.15)

So I'(K) becomes a new cubic curve lN"(K ) with equation

—U(/\cUz ra) L= Vz) F(c+d)U - (d+0U - B L - V2120, (616)
or
V2((K)U+B(K)) — (b+dA)UP + p(K)U* —4(d+ 1)U +4 =0, (6.17)
where
Y(K) = 4c+4d\ — B(K) = 202 +2dA+2c — K. (6.18)
Now we need the following result.
LEmMA 6.4. For every K > K,
[3(K)>4c+3d€+%>0. (6.19)
Proof. Tt is obvious with formulas (3.1), (3.4), and (6.12), and condition (3.3). O

On the other hand, one can see that the quantity a(K) may be zero for some value of
K, and positive or negative (see proof of Proposition 6.7). But if 4c? < bd (and thus b >0
and d > 0), then a(K) > (bd — 4c?)/d > 0. In the general case of condition (3.3) only, we
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set
a(K)
K) = . 6.20
Now we define a new transformation vy, in affine coordinates, by
u v
- , S S— 21
1-pK)u v 1-pK)u (6.21)
or
U \%4
_ — S — 6.22
1+ p(K)U” T 1+ p(K)U (6:22)
or, in homogeneous coordinates, by
U =u, Vi =+, W' =w — p(K)u, (6.23)
or
u =U, v =V, w =W +p(K)U'. (6.24)

We obtain a new cubic curve E(K).

Remark that if for some K one has p(K) = 0, then yx = Id.

If p(K) # 0, then the line with equation U = —1/p(K) is an asymptote of inflexion of
I'(K) which is sent to the line at infinity by yy; this line is a tangent of inflexion to the
cubic E(K).

The equation of E(K) is

VB =1’ (b+dA +py+4p*(d+]) +4p°)
6.25
—u?(12p* +8p(d+ 1) +y) +u(4(d+ 1)+ 12p) — (625)
Of course, if p = 0, we find again the cubic curve T(K) itself.
Now we can prove the essential result of this part.

ProrositioN 6.5. (1) If K > Ky, the cubic curve E(K) is regular: it is an elliptic curve. So
there is on E(K) an abelian group law whose unit element is the point at infinity in vertical
direction, and whose addition is defined by A+ B+ C = 0 if and only if the three points A,
B, C of E(K) are on the same straight line (and the opposite —A is the symmetric of A with
respect to the u-axis).

(2) Let m, be the i images ofpomts my by I/IKOK, and P the image of P by the same map.
Then, for every n, f,y1 = M, + P, and #ir, = g+ nP, for the addition of the group law on
E(K).

Proof. Equation of E(K) has the form fv? = P5(u), with >0 and deg(P5) < 3. So we
know (see [1, 6]) that E(K) is regular if and only if

(i) the coefficient of u® in P; is nonzero (deg(P;) = 3);

(ii) the three roots of P5 are distinct.
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We prove first (i). If p(K) = 0, then E(K) = IN“(K) whose equation is
BK)W? = (b+d\*)U? —y(K)U? +4(d+ 1)U — 4. (6.26)

The coefficient of U? vanishes only if b = d = 0, but in this case a(K) = —4cA # 0, and
p(K) # 0. So, if p(K) = 0, then b+ dA? > 0.

Suppose then that p(K) # 0 and that the coefficient of u* in P; is zero. Then E(K) splits
into a conic and the line at infinity, that is T(K) splits into its asymptote U = —1/ p(K)
and a conic (besides one see easily that the left hand of (6.17) has the factor U + 1/p(K)).
So, it is also the case of I'(K): it is the union of the real line ] with equation x + y = 1/p(K)
and a conic B. But I'(K) is symmetric with respect to the diagonal, contains the points
P =(-1/A,0), P’ = (0,—1/A), and the three distinct points F; = (1/(fi — 1), 1/(fi— 1)),
i=1,2,3, except if b = d = 0, when F, is the point at infinity in direction x = y (see
Lemma 6.2). One has F; ¢ ] and F; ¢ J (because ['(K) N {x > 0} n {y = 0} = @), so
Fl e].

If b+d >0,T°(K) is compact and contains F, and F; (see Lemma 6.2), so T°(K) = B is
necessarily an ellipse, but in this case the real points P and P’ cannot lie on I'(K) (because
they do not belong to J: F; & A, ), and this is a contradiction (see Figure 6.3).

Ifb = d = 0, T°(K) is necessarily a parabola with axis x = y, and the same contradiction
holds.

Now we prove point (ii). The three roots of P; are distinct. These roots are the first
coordinates of the images of the (f;, f;) by the transformation yx o k o ¢x. So on the coor-
dinates we have the transformations t — 1/(t — A), t — —=2t, t — t/(1 + p(K)t). From the
numbers f; <0< f, < f3, we obtain first f{ <0< f; < f, < +00, and then —c0 sf~2<f3<
0< fl If p(K) # 0, the images of these last numbers by ¢ — #/(1+ p(K)t) are finite (Ps
has degree exactly 3), so f, # —1/p(K) for i = 1,2,3, and thus we obtain images €3, €, €3
which are distinct. If p(K) = 0, then b+d >0 and ]72 > —o00, and &; = ]7, are distinct. So
point (1) of the proposition is proved.

Finally, the transformation yy o x is projective, so it preserves the alignment of points;
thus point (2) of the proposition is obvious from Lemma 6.3. O

COROLLARY 6.6. If K > Ky, and a >0, then the quartic curve Q(K) is elliptic.
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PROPOSITION 6.7. (1) The coefficient of u® in (6.25) is positive:

q(K):=b+d\*+ py+4p*(d+1) +4p° > 0. (6.27)

(2) The roots €; of Ps, images of the jN', by yx, satisfy the inequalities
gz < ,53 < 21. (628)

Proof. We have seen that g(K) is never zero, and that the three numbers €; are distinct.
We will use an argument of continuity and connectedness. Let Q) be the subset of R3
defined by b= 0, ¢c>=0,d =0, and b+ c+d > 0; it is a convex set. We consider K, =
2c+de+3b/€+2/€ as a continuous function of (b,c,d) € Q (it is easy to see that £ is a
continuous function on Q). Let X be the subset of R* defined by

2= U {(bed)} x]Knu(b,c,d),+oo], (6.29)
(b,e,d)eQ

that is the strict epigraph of K. It is easy to see that X is a connected set. So g, as con-
tinuous function on 2, has a constant sign. But the function p vanishes for some value of
(b,¢,d,K) € X, becauseifc=d=0and b >0,thena=b>0,andif b=d =0 and ¢ > 0,
then o = —4cA < 0 : p must vanish at some point by the intermediate value theorem. But
in this point g assumes the value b + dA? > 0 because if p = 0, then b+d > 0. So we have
qg>0on2.

For the same reason, the functions € — €; do not vanish (i # j), and for p = 0 we have

& = fiand f, < f» < fi: these inequalities hold also for &. O

For a later use of Proposition 6.5, we look at the coordinates of the point p. Easy cal-
culations give its coordinates:

B (p——li—/\’_p—-li—/\)’ with p+1 40, (6.30)

because P does not belong to the asymptote of I'(K), so P is a finite point of T(K).
We need the position of the coordinates of P.

LEMMA 6.8. The coordinates of the point P satisfy the inequalities

1 ~ 1
e ECEUI R (6.31)

Proof. First, on the set = one has 1/(p+1) # é;: otherwise, we would have 1/A = ]?1 =

—2f{ =2/(A— f1), and then f; = —A, which is false by Lemma 6.1. Then, if p = 0, &; = fl,
and the inequality 1/(p + 1) = 1/A > €] is equivalent to 2/(1 — f;) < 1/A, or f; < —A, which
is true by Lemma 6.1. Thus, the same argument with the connectedness of X gives the
first inequality.
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If p >0, it is easy to see thate; >0.If p =0, €; = ﬁ =-2f{ >0.1f p < 0, we look at the
graph of the function ¢ — /(1 + pt) (see Figure 6.4): if fl > —1/p, we obtain the inequal-
ities €1 < 1/p < & < & < 0, which is impossible by Proposition 6.7; so 0 < fl < —1/p, and
this gives us the result &, > 0. O

Remark 6.9. 1If p >0, Figure 6.4 and Proposition 6.7 prove that we have —1/p < 1?2 < ﬁ <
0< fl-

Propositions 6.5 and 6.7 and Lemma 6.8 give immediately the following important
result.

ProposiTioN 6.10. (1) The cubic curve E(K) has the form given in Figure 6.5.

(2) A solution (u,,) of difference equation (1.2) with a >0 and b+ c+d > 0 has minimal
period n if and only if the point P is of order exactly n in the group E(K).

(3) If a point My of Q°(K) has minimal period n, it is also the case for every other point
M, € Q(K).

Now we can transform the cubic E(K) (which is T(K) if p(K) =0) by a last affine
map T, to get the canonical form of a regular cubic curve that we will parametrize by
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6°(K)
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Figure 6.6

Weierstrass’ function. We write (6.25) in the following form:

4(12p7 +8p(d+ V) +y) 5 16(d+A+3p) 16 (6.32)
q

q q

4
—ﬁv2 =41’ —
q

We make an affinity on the variable v and then a translation on the variable u, by putting

y= 2@1}, x =u+t(K), (6.33)

where

t(K)=—(12p2+81;(qd+A)+Y). (6.34)

Thus we obtain a new regular cubic curve €(K) in the standard Weierstrass’ form:
Y =4(x—e)(x—e3)(x—e), withe;=2¢+tK), ex<e;<ey, Ze,- =0. (6.35)

The point P becomes a point R, and the sequence S, of iterates of a point Sy in the
bounded component €°(K) of €(K) is the sequence Sy + nR for the natural group law
on “6€(K) (see Figure 6.6). We denote the x-coordinate of R by

1

X(K) = m-kt(K), (6.36)

and we will use the fact that its y-coordinate is negative (Lemma 6.8).

6.3. Parametrization with Weierstrass’ function g and the conjugated rotation. We
can now parametrize this cubic by a Weierstrass function g, and obtain a group isomor-
phism of €(K) (real and complex points) with the torus T x T.

There exist two positive numbers w and o’ (which depend on b, ¢, d, and K) with the
following property: if A is the lattice of C defined by A = {2nw + 2miw’ | (n,m) € 7%},
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then the Weierstrass’ elliptic function (depending on b, ¢, d and K)

p&%?%+ > [ ! 1] (6.37)

2 oo LE=A)? v

is doubly periodic (its periods are the points of the lattice A), and gives the following
parametrization of the entire cubic 6(K) (its real and complex points):

x = p(2), y=§'(2). (6.38)

The main properties of this parametrization are the following facts (see [1]):

(1) it transforms the addition on C into the addition on the cubig;

(2) it passes to quotient into a homeomorphism of topological groups from T? ~
C/A onto 6(K), which sends the circle A =T x {1} on the real connected un-
bounded component 6! (K) of the cubic with its point at infinity (which is so a
subgroup), and the circle Ag = T X {—1} on its real connected bounded compo-
nent 6°(K), on which the real connected unbounded component acts then by
adding;

(3) (9,') is one-to-one from the real segment ]0,w[ onto the real unbounded
branch of the cubic whose points have negative y-coordinates;

(4) one has the relations e; = p(w), e; = P(iw’), and e; = P(w +iw’).

So it is easy to show that the addition of the point R to a point § € 6°(K) is con-
jugated in T X T to the map (2%, —1) — (e*"(«+0) 1), for some well-defined number
0 = 0(K) € ]0,1/2[. For details, see [1, 3]. We have then proved the following theorem.
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THEOREM 6.11. Ifa >0, then for every K > K, there exists a well-defined number 8(K) €
10, 1/2[ such that the restriction of the map F of (1.3) to the curve Q°(K) is conjugated to the
rotation on the circle with angle 2n0(K) € 10,7 [ (see Figure 6.7).

If &k is the map from T = R/Z onto the segment G° = iw’ + [0,2w] of C : exp(2iru) —
2wu + iw’, the homeomorphism of T onto Q*(K) is ¢ ' o k™' oy o 75 o (§0,80") 0 ék.

The result of the theorem was conjectured in [2] for the Lyness’ difference equation
Upi2Uy = Ups1 +a, and it is proved in this case in [3, 4] for the more general case of
difference equations u,+2u, = W¥(u,4+1) related to conics or cubic curves.

From Theorem 6.11 we see that, in accordance with rationality or irrationality of 8(K),
the orbit of a point My € Q°(K) will be periodic or dense in Q°(K). So it is essential to
find the behavior of the solutions (u,) of difference equation (1.2) to determine the image
of the function K — 6(K) on |K,,;,+co[. The only tool we have to make this is to find the
limits of 8(K) when K — +o0 and K — K,,,.

We put

~ o~
€p—€6 €1 —¢€3
&= =~ ~ >
€1 — € €1 — €

1 ~
v:X(K)—elzm—el. (639)

It is then a classical result about elliptic functions (see [1, 3] where all the calculations are
made) that we have the formula

e (dur/(1+142) (1+eu2))
[ (dur) (1+12) (1 + e2) )

20(K) = (6.40)

By the same method as in [3], one sees that the function K — 6(K) is analytic on
1K, +00[. Now we investigate the limits of this function when K — +c0 and K — K.

6.4. The limits of 6(K) when K tends to +o or K,,. We begin with the limit when K —
+00.
(1) The limit of 6(K) when K — +co0.

PrOPOSITION 6.12. Forb+c+d >0 (anda=1),

. 1 .
Ingme(K) =1 ifc>0,
. 1 .
1<1er00 0(K) = 3 ifc=0, bd >0, (6.41)

. 3. .
KlierG(K) =3 ifc=0,bd=0withb+d >0.

Proof. We know that A — 0 when K — +o00. So we will take A as the variable, and find
asymptotic expansion of the other parameters: K, a, , p, f;, &, and finally the parameters
of integrals in (6.40): &, 7.

We have first from (6.1) for t = —A

1
K= = (1—=2bA+2cA* —2dA° +1%), (6.42)
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and it follows easily from (6.42) asymptotic expansion of « and 8, which gives

p=b\+ (2b* —4c)A + (d — 12bc + 4b°)A*

6.43
+ (8b* — 32b%c+16¢% +2bd)A° +0(1%). (6.43)

Remark that with condition b + ¢ +d > 0 this expansion is not trivial.
From (6.1), whose solution —A and f tend to 0, we obtain, with symmetric functions
of solutions and relation (6.42), that f; are solutions of
1-2bA 1
X+ (2d-1)X? - TX ty= 0, (6.44)

or

A
X=1"om

We deduce of this relation a first expansion of f, : fo = A +2bA? +4b*A> + 0(A%), and then
the expansion at order 5:

(1+22d = M)X?2+1X3). (6.45)

fr =A(1+2b1+4b*A* + (2d +8b°)A° + (16b* + 12bd)A* + 0(1*) ). (6.46)
We use simpler expansions for f; and f3 coming from Lemma 6.1 and easy calculation:

1 1
fiv=y Sy (6.47)

Now we use formulas &; = 2/(A — f; +2p) to get expansions of €;:

E] ~ ZA, ES ~ _ZA')
2 (6.48)
T8cA — 24bclt 1 (328 — 64b2c — 8bd) A5 + 0(A3)

e =

(the case ¢ = 0 needs expansion of f,, and thus of p, until order 5, if bd > 0).
Now, easy calculation gives

£ = 16cA* +24bc)A’ + (64b*c + 8bd — 32¢*)A° +0(A%), (6.49)

2 1
8o — 24bali + (320 —6abe —sbd) B ro(s)’ a0

~ ~
e —ey ~ —

So we obtain

e — e 1
/ - . (6.51)
v \J4cA2 +12bcA + (32b2c + 4bd — 16¢2) A + 0 (A1)

If ¢ > 0, relations (6.49) and (6.51) give A ~ Ae"* and thus /(€] — &,)/v ~ B/e'/*. If

¢ = 0 but bd > 0, the same relations give A ~ A’e"® and thus /(€] — &,)/v ~ B'/e"/3. With
[3, Lemma 4] for the integrals of formula (6.40) we find the two first limits of Proposition
6.12.
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If c =0 and bd = 0, with b+d >0, all the terms of the previous asymptotic devel-
opment (6.48) of 2/¢; are zero, so we must make more tedious calculations, in the two
casesc=b=0,d>0,and c =d =0, b >0. We find that the asymptotic development is
—8b2)7 + 0(\7) in the first case, and —8d?A” + 0(17) in the second one. So we obtain easily
the same limit 3/8 of 8(K) at infinity, in these two cases. O

Remark 6.13. If c = 0 and bd = 1, we have o1, = (1+ buyy )/ (dups +12,,) = Vdug,
and the sequence satisfies t,2u,+1u, = 1/d. Thus it is 3-periodic for every (u;,u), that
is for every K > K,,,. This fact is in accordance with the relation limg ... 8(K) = 1/3.

Ifb=d=0,a=1,c>0,wehave u, . u, = (1+cu’,,)/(c+u’,,) and for c = 1 we get
the difference equation u,2u, = 1, whose every solution is 4-periodic, which is compat-
ible with the relation limg ., 8(K) = 1/4.

COROLLARY 6.14. Under hypothesis (3.3), the function K — 0(K) is constant if and only if
3 (ifc=0and bd >0), 8 (ifc =0 and bd =0), or 4 (if ¢ > 0) is a common minimal period
to all the nonconstant solutions of difference equation (1.2).

Proof. 1f nis a common minimal period, then 8(K) = r(K)/n, an irreducible fraction. By
continuity, r, and thus 6, is constant. Conversely, if 8 is a constant 6y, this number is the
limit of 8(K) when K — +o0, so 8 = 1/4, 1/3, or 3/8, and thus all the solutions of (1.2)
have common period 3, 4, or 8. O

(2) The limit of 6(K) when K — K,;,, if b+d > 0.
We have a general result in the case b+d > 0.

PrOPOSITION 6.15. Define the number py as

A2 — 4cko+b

poi= i PR = e e 2l —2A2 (6:52)
With hypothesis
b+d>0, (6.53)
it holds that
£—fo>0, fo+Ao <0, po+io >0, Ao —€+2py <0, (6.54)

. R 2(€— fo) (po+Ao) 1
éﬂnﬁme(m - IJ (fo+Ao) (Ao — €+2po) < ]0’2 [ (6:55)

Proof. We have fy+1o = —2+/(d +¢€)> — 1/€? < 0, and this quantity is zero only if d + € =
1/¢. With relation (3.1), one deduce in this case that b = d = 0. So under hypothesis (6.53)
we have fy+1p <0.

Then € — fy =20+d+/(d+€)> —1/€2 >2¢>0.

If p < 0 for some K > Ky, then &, < 0 (see Figure 6.4). If p > 0 for some K > K,,,, then
the remark after the proof of Lemma 6.8 and Figure 6.4 show that &, < 0. If p = 0 for
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some K > K,,, then & =2/(A— f,) <0if b+d >0 (Lemma 6.1). In the three cases, &, =
2/(A— f2+2p) <0, so we have

2| po

=A-f£+2p<0 (ifb+d>0), (6.56)

)

2

and thus, by limit, Ag — €+ 2py < 0. We know also that p + 1 > 0, and thus po + Ao > 0. We
will see that these two numbers are never zero if b+ d > 0.

Proof that py+Ag > 0. The denominator of py+ Ay is fo = limg_x, f(K) = 4c+ 3d€ +
b/€ >0if b+d > 0. Some tedious calculation, using formulas (3.1) in the form £2 — 1/¢* =
b/€ — d¢, and (6.4) in the form 1/A¢ = €2(d + € + \/d* + d€ + b/?), gives for the numerator
N of py + Ay the formula (up to a possible positive factor)

N=b2—d2+(b€2+4€+d),/d2+d€+% (6.57)

But d€+b/€ >0if b+d >0. Thus we have N > b2 — d? + (d)/d? = b* = 0,and N > 0.

Proof that Ay — €+2py < 0. If b+d >0, then by formula (6.4), fo # —Ao, thatis, —1¢ is a
simple root of the equation G(t,t) = K. Thus, (d/dt)G(t,t)]:=—», > 0. So we have

do—A=A(K-Kp)+0(K—K,) (6.58)

for some constant A > 0 (see Figure 6.1). But ¢ is exactly a double root of the equation
G(t,t) = K, thus we have

¢~ fr=BK - Kn+o(\K -~ Kp) (6.59)
for some constant B > 0. So it is easy to see that
p—po=0(K—Kp). (6.60)
Now, we know that A — f, +2p < 0. Suppose that Ay — € +2py = 0. We write
A= fH+2p=QA—=L+2p)+ (- fo) =(A=£€+2p)— (Ao —€+2po) + (£ — fo) (6.61)

and by (6.58), (6.59), and (6.60) this is equal to

A=Xo+2(p—po) + (€= fo) = BJK — K+ 0(\K = Kun), (6.62)

which is positive if K — K, is sufficiently small. But this contradicts the relation (6.56),
and thus the relation Ay — € +2p, = 0 is impossible.

Proof of formula (6.55). Now we have, when K — K,

_ 51—53 _ fl_f3 X)L—f2+2p . fo—fx)tof(f+2po _
Ell—gz f1—f2 A—f3+2p f()—e A0—€+2p0

L. (6.63)
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We have also, when K — K,

€1 — & _ €1 — & . 2(€ - fo) (po+Ao) (6.64)
v 1/(p+1) —& (fo+2o) (Ao —€+2po)’ '

finite and positive number from (6.54). We can now determine easily the limits of the
integrals in formula (6.40), and this gives (6.55). O

(3) The limit of 6(K) when K — K,;,,if b = d = 0.
In this case, the difference equation (1.2) becomes

1+cu?,,

UpiolUy = c>0. (6.65)

2 >
C+up

ProposITION 6.16. Ifb=d =0,c>0 (and a = 1), then

, 11
Proof. An easy calculation shows that ¢; and ¢; — —1 when K — K,;;, and that we have
€1 ~k—k, (c/(c+1))(1/(1=1)) (A = 1 when K — K,;,).

So we have limg_g, e=1,€ — & ~ (¢/(c+1))(1/(1 = 1)), and v ~ (c*/(c+1))(1/(1 -
A)). Thus we find +/(&; — &;)/v ~ 1/./c. So it is immediate to go to the limit in integrals of
formula (6.40). We get limg_x, = (1/7)tan™'(1/,/¢). O

We can now study the global behavior of the solutions of (1.2) when a >0, and in
particular we can study whether IPCB holds.

6.5. The global behavior of the solutions of difference equation (1.2) with a = 1. We
have introduced in Section 2 the general property of IPCB. We will hope that it is a de-
scription of a possible behavior of the solutions of (1.2) when a > 0. This behavior holds
in the case a = 0 with b? # ¢ or bd # 2c* (see Theorem 5.1).

More precisely, our goal is to determine if IPCB is true for some values of the pa-
rameters b, ¢, d, with the hope that for values of parameters for which IPCB is false all
nonconstant solutions of (1.2) have a common minimal period (as in Lyness’ case).

A useful tool to find whether the difference equation (1.2) (with a = 1) has IPCB is the
following.

LeEMMaA 6.17. (a) If the function K — 0(K) is not constant on | Ky,,+oo[, then the difference
equation (1.2) has IPCB.

(b) A sufficient condition for this is that limg_.. 0(K) # limg_.x, 0(K), or, if these
limits are equal to 6y = p/q, an irreducible fraction, that q cannot be a common minimal
period to all the solutions of (1.2).

Proof. Assertion (b) is obvious from corollary of Proposition 6.12. The proof of asser-
tion (a) is the main result of [3], and we refer to this paper for the details. We will only
precise an argument (to prove the sensitivity to initial conditions of points of the set B)
which seems to be different in the case b = d = 0: the transformation from Q°(K) onto
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%6°(K) passes through a point at infinity of T'(K) (in direction x = y, see Lemma 6.2). So
the argument of [3, 4] about uniform convergence of h;'(K') o (§x', %) ~" to h;1(K) o
(9x,8%) " when K — K (see [3, Lemma 5]) does not work directly. But it is enough to
compose Yk, k, and ¢k to get the isomorphism of Q°(K) on 6°(K) in finite terms:

(, [B X-Y B X+Y
X ¥)— (5) = (2\/;XY—/\2 —p(X+ v - 3y —n —p(X+ Y))' (6.67)

But if b = d = 0, then p = —4cA/f, and the denominator in the formulas satisfies the
inequalities (by the point (1) of Lemma 6.2)

XY A2 = p(X+Y) > %(X+ ¥)>0 onQ(K), (6.68)
and so the argument of uniform convergence given in the proof of [3, Theorem 2] works

also for the present situation. O

Now we put

2(— fo) (po+Ao)

H(b,c,d) := (fo+A0) (Ao —€+2po)°

(6.69)

We have the following general but abstract result.

THEOREM 6.18. Suppose that b+d > 0.

(a) IfH(b,0,d) # 3, then the difference equation (1.2) withc = 0, bd >0 (and a = 1), has
IPCB. If H(b,0,0) # 3+2+/2, and if H(0,0,d) # 3 +2+/2, then (1.2) withc=d = 0,
b>0andwithc=b=0,d>0 (anda=1) has IPCB.

(b) Ifc >0 and H(b,c,d) # 1, then the difference equation (1.2) has IPCB.

(c) In every case, the dichotomy property holds: either (1.2) with a >0 has IPCB or all
its nonconstant solutions have a common minimal period which is 3, 4, or 8.

Proof. If ¢ > 0, Propositions 6.12 and 6.15 assert that

. L D . 1
1<l£n13m 0(K) = - tan~' \/H(b,c,d), Klil}_loo 0(K) = v (6.70)

so the first condition (b) of Lemma 6.17 holds if H(b,c,d) # 1. If ¢ = 0 and bd > 0,
limg_ 4+ O(K) = 1/3, so the condition is that tan~! \VH(b,0,d) # n/3, that is H(b,0,d) #
3.If c = 0 and bd = 0, then limg .1, 8(K) = 3/8, so the first condition (b) of Lemma 6.17
holds if H(b,0,d) # tan?(37/8) = 3 +22.

Finally, point (c) follows from corollary of Proposition 6.12. O

Remark 6.19. The dichotomy property was proved for (1.2) with a = 0 in Theorem 5.1,
with in this case the common minimal period 5.

It seems very difficult, in the general case, to identify the values of (b,c,d) for which
conditions of Theorem 6.18 hold, in particular because ¢ is defined only implicitly by
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(6.42): the formula giving H(b,¢,d) is very complicated. Moreover, two cases in Theorem
6.18 involves period 8, which is not easy to see. So we will study first some interesting
special cases.

7. Global behavior of solutions of (1.2) in some particular cases with a >0

We begin with the case b = d >0 (and a = 1), which is the only case with £ = 1.

7.1. The difference equation u, . u, = (1 +du,1 +cul,))/(c+duyy + 12, ), d > 0.

TueoreM 7.1. Consider the difference equation

2
1+duyy +cu,y

, d>0. 7.1
c+duy +ul,, (7.1)

Up2Uy =

(1) If (uy) is a solution of (7.1), then (1/uy) is also a solution.
(2) The following formula holds

d+2
2c+d’

H(d,c,d) = (7.2)
(3) If 0 < ¢ # 1, the difference equation (7.1) has IPCB.
If ¢ = 1, all the nonconstant solutions of (7.1) have the common minimal period 4.
Conversely, if there exists (uy,ug) # (€,€) with period 4, then ¢ = 1 and all nonconstant
solutions of (7.1) have minimal period 4 in common.
(4) If ¢ = 0, the difference equation (1.2) becomes

1 + dun+1

PR (7.3)

UpyoUnt1Un =
Ifd # 1, then (7.3) has IPCB.
Ifd = 1, then all nonconstant solutions of (7.3) have the common minimal period 3.
Conversely, if there exists (u1,uo) # (€,€) with period 3, then d = 1 and all nonconstant
solutions of (7.3) have minimal period 3 in common.

Proof. Point (1) is obvious. Point (2) follows from very tedious calculations to identify
the four factors of formula (6.69) and to get simplifications which give (7.2).

Now suppose ¢ > 0. Then (7.1) has IPCB if H(d,c,d) # 1, thatis ¢ # 1 (Lemma 6.17).
If c =1, (7.1) becomes w21, = 1, all of whose solutions are 4-periodic. Conversely, sup-
pose that (u;,ug) # (£,£) has period 4. We have

2 2
1 — - uy

— Up oty —1=(1-¢)—F—"—5—, (74
c+dup +uly’ e ( )c+dun,1+u,21_1’( )

Unsaty — 1 =(1-¢)
and these two quantities are equal if w4, = u,_ (period 4). So the function ¢ — (1 —
t2)/(c+ dt + t?) takes the same value at u,4; and u,,_. This function is obviously decreas-
ing on [0,+0o[, and thus u,4; = u,_ for every n: u, is 2-periodic. But it is easy to prove
that for difference equation (1.2) a 2-periodic solution is constant. Thus u; = ug = ¢,
which contradicts our hypothesis.
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Now suppose ¢ = 0. Then H(d,0,d) = 1+ 2/d # 3 if and only if d # 1. So, by
Lemma 6.17, IPCB holds if d # 1. If d = 1, then H(1,0,1) = 3. But in this case solutions
of (7.3) are obviously 3-periodic. Conversely, suppose that (u1,u) # (¢,€) is 3-periodic,
S0 u, is nonconstant. Then formula (7.3) shows that the function t — (1 + dt)/(d + t)
takes the same value for at least two distinct values of (u,). So the homographic func-
tion t — (1+dt)/(d+1t) is constant, that is d = 1; and thus all the solutions of (7.3) are
3-periodic. O

If0<c+# 1and d = c+1, point (3) of Theorem 7.1 gives the behavior of a particular
case of the difference equation of [5], because the factor 1+ u,4; appears both in the
numerator and the denominator of (7.1).

CoRrOLLARY 7.2. The particular case of difference equation (4.1):

1+cu
Upsothy = —— L 0<c#1, (7.5)
C+Upt

has IPCB.

Remark 7.3. Tt is easy to see that there is another case of difference equation (4.1) which
has IPCB:

Qi1 +a3/83

Un+1 +6 (76)

Up2Uy =

7.2. The difference equations u,un1uy = b+ 1ty and wppupty = 1/(d + tips1).
These cases are ¢ = d = 0 and b = ¢ = 0. First, we remark that by setting u, = 1/v,, and
inverting b and d, these two difference equations reduce one to the other. So we prove the
following result only for the first one.

TueoreM 7.4. The difference equations

1 1

Upt2Up+1Un = b+ > b> 0) Up2Up+1Un = 5> d> 0, (77)
Up+1 d+uun
have IPCB.
Proof. We look only at the first equation. Some calculations give
40° - b 4 4
H(b,0,0) = = = —. .
(b,0,0) b 3+€4_1 3+€h (7.8)
The condition H(b,0,0) # 3 +2+/2 gives b # by = +/2(v/2 — 1)V* ~ 1.1345433. In this
case, the difference equation (7.7) has IPCB. O

If b = by, the two limits of 6(K) at +o0 and at K,,, are the same: 3/8. If 8 was constant,
its value would be 3/8, and so all the nonconstant solutions of (7.7) would have minimal
period 8. But this is not the case: for b = by, up = 10, u; = 1, computer calculation gives
ug ~ 8.269 and uy ~ 1.23, with a deviation from (10,1) less than the numerical error due
to the error on digits of by, as proved by easy calculation. By the dichotomy, and property
(7.7) has IPCB.
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7.3. The difference equation u,,u, = (1+cu?,,)/(c+u>,,). This is the case when b =
d=0,c>0(anda=1).

THEOREM 7.5. Consider the difference equation

2
1+cupy

, ¢>0. 7.9
Ct (7:9)

Upi2Up =
If (uy,) is solution of (6.65), then (1/u,) is also solution of (6.65).
Ifc # 1, then (6.65) has IPCB. If ¢ = 1, all nonconstant solutions of (6.65) have minimal
period 4.
Conversely, if there exists (u1,uo) # (€,€) with period 4, then ¢ = 1 and all the noncon-
stant solutions of (6.65) have common minimal period 4.

Proof. The first point is obvious. We have limg_.;. 8(K) = 1/4 and H(0,c,0) = 1/¢c
(Proposition 6.16). So if ¢ # 1, the function 6 is nonconstant, and by Lemma 6.17 dif-
ference equation (6.65) has IPCB.

If ¢ = 1, Uysou, = 1, and then all nonconstant solutions are 4-periodic (and 2 is never
a period, see the proof of Theorem 7.1).

Now, suppose that (u1,ug) # (¢,€) is 4-periodic. In particular (us,u;) = (u_1,u_3). If
we put X = u} and Y = u}, this equality is equivalent to

(1-A)[(1+cX)? - Y3 (c+X)?*] =0, (1-cH)[(1+cY)? = X3(c+Y)?*] =0.
(7.10)

If ¢ # 1, easy calculations give X?> = Y2 =1 = ¢, and so u; = uy = ¢, which is false. So we
have c = 1. U

7.4. The difference equation v, ttp1uy = (14 buys1)/(d + tine1). Ithappens whenc =0
and b,d > 0. In this case, we have not a simple form for H(b,0,d), but however we can
determine the behavior of the solutions (we have already done it if b = d in point (4) of
Theorem 7.1, with the aid of form (7.2) of H(d,¢,d)).

THEOREM 7.6. Let the difference equation

1 + bun+1

FE— b,d >0. (7.11)

Unt2Un+1Un =
Ifbd # 1, then (7.11) has IPCB.
Ifbd = 1, then all the nonconstant solutions of (7.11) have the common period 3.
Conversely, if there exists (u1,uy) # (£,€) which is 3-periodic, then bd = 1 and all the
nonconstant solutions of (7.11) have the common period 3.

Proof. Of course, if bd = 1, then u,2uy1u, = 1/d, and so u, is 3-periodic. If there exists
(u1,up) # (¢,€) which is 3-periodic, u, is nonconstant, and u,4,u,+1u, is constant, and
thus the function ¢ — (1+ bt)/(d + t) has the same value for at least two distinct values of
the sequence (u,); so this homographic function is constant, that is bd = 1.

If bd # 1, then function 6 is nonconstant (otherwise 8 = limg .10, 0(K) = 1/3, and 3 is
a common period, thus bd = 1). Thus, by Lemma 6.17, (7.11) has IPCB. O
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Figure 7.1

Remark 7.7. (1) If b = d, we find again point (4) of Theorem 7.1.
(2) If (uy) is a solution of (7.11), then (1/u,) is a solution of (7.11) where b and d are
inverted.

7.5. The equations w1 1, = (1+ bu,y + cuzy,)/(c+usyy) and uyiou, = (1+cu? )/ (c+
du,i1 +u,,). The first one is the case when b >0, ¢ >0, and d = 0. But if we put v, =
1/u, and invert b and d, the second equation becomes the first one. So we study only this
difference equation.

THEOREM 7.8. The difference equations

1+ bty +cuy, 1+cu?,,
=, =5 7.12
Unt+2Un C+M%l+1 Un+2Un c+duy +u’21+1 ( )
have IPCB.
Proof. We only give the proof for the first equation (7.12). Easy calculation gives
3bl+4
H(b,c,0) = ———. 7.13
(6:60) = e+ b) (7.13)

If H(b,c,0) # 1, then (7.12) has IPCB. If H(b,c,0) = 1, then (7.12) has IPCB if 4 is not a
common minimal period of all its nonconstant solutions. Indeed it is the case.
If a solution is 4-periodic, we have u,,u, = u,u,_», and thus the function

_ 1+bt+ct?
o+

g() (7.14)

takes the same value at t = u,4; and t = u,,_;, for every n.

The three possible forms of the graph of g are given in Figure 7.1. If ¢ > 1, we choose
uy and uy distinct in ]0,«; then u, would be 2-periodic nonconstant and have minimal
period 4, which is impossible. If ¢ < 1, we would have the same contradiction with #; and
uy distinct in ]S, +co[. If ¢ = 1, u; = up = 1 would generate a constant solution, which is
impossible, for £ # 1. U
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8. The general case of (1.2) witha = 1,b # d,and b,c,d >0

We know by the dichotomy property that in the case ¢ > 0 and a > 0, either (1.2) has IPCB
or all its nonconstant solution have common minimal period 4. So, we suppose that all
solutions have period 4, and we try to obtain a contradiction for a great set of values for
the parameters b, ¢, d. We work as in the proof of Theorem 7.8: if u, is 4-periodic, then
the function

_ 1+Dbt+ct?

gt)i= c+dt+12 (8.1)

takes the same value at u,,4; and at u,_;. So, we look at the eventual property (8.2) of g:

there exists ty > 0 such that ty # £, (g™ o g) (to) = {to}

8.2
or there exist @ # Ja, f[C RY such that (7' o g) (Ja, B) = ], B (82)
A particular case of the second condition holds if g is one-to-one. Property (8.2) of g
will be the essential tool for proving IPCB for some values of b, ¢, d.

LemMma 8.1. If; for bed > 0, function g has property (8.2), then (1.2) (with a = 1) has IPCB.

Proof. 1f g satisfies the second assertion of (8.2), and all nonconstant solutions have min-
imal period 4, we choose uy # u; both in ]a,f[; thus u,s; = 4,1, and u, is 2-periodic
nonconstant, which is a contradiction; by dichotomy property, (1.2) has IPCB.

If g satisfies the first part of property (8.2), we take u; = uy = t,. If the generated se-
quence is 4-periodic, it is constant and different from ¢, and this is impossible. So 4 is not
a common period of all solutions, and (1.2) has IPCB. O

We will now study function g. The numerator N(g’) of g’ is
(cd=b)t* +2(c* = 1)t+bc—d. (8.3)

(a) We begin with the case ¢ = 1. Then N(g')(¢) = (d — b)(¢* — 1). In accordance with
the sign of b — d, g has on [0, +0o[ a strict maximum or a strict minimum at £, = 1.
Soift>0andg(t) = g(t) we have t = fo. But € # 1, for b # d, and g satisfies (8.2):
(1.2) has IPCB.

(b) Now, suppose that ¢ # 1 and c¢d = b. Then N(g')(¢) = 2(c* — 1)t + bc — d, and
bc —d # 0 (otherwise we would have b = d). The root of N(g') is t; = (bc —
d)/2(1 - ¢?) = —d/2 < 0, and g is injective on [0,+0[; so (1.2) has IPCB.

(c) The case when ¢ # 1 and bc = d is analogous: the roots of N(g') are 0 and —2/b,
and thus g is one-to-one on ]0,+oco[.

(d) Now suppose that (bc — d)(cd — b) > 0. Then all the roots of N(g") have the same
sign. It is easy to see that if ¢ > 1, then bc — d > 0, and then ¢'(0) >0 and g(0) < ¢,
thus ¢’ has (at least) one root on | — c0,0[, and then two, and property (8.2) holds:
(1.2) has IPCB. If ¢ < 1, we make the same reasoning, mutatis mutandis.

(e) Finally, we look at the case when (bc — d)(cd — b) < 0. So N(g’) has a negative and
a positive roots.
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1/¢
to IOT T %) t

o
Figure 8.1
Table 8.1
Set of parameters Global behavior H(b,c,d)
22050 HO00) =3+ 52
(2)b=d>0,c>0 4 cormlfini:rcijdlifc =1 H(d,c,d) = ;c%zd
(3)b=d>0,c=0 3 comlllfcipriirLiioé ifd =1 H(d,0,d) =1+ 2
(4)b=d=0,c>0 4 coranrIl)oCanief:rCic:édlifc =1 H(0,¢,0) = %
(5)bd>0,c=0.b#d 3 comrIII:oCanief‘,rlzid#iflbd =1 !
forcd 0,50 tecs Hb.o0) = Foce's b
(7) bed >0,b+d IPCB ?

If ¢ > 1, we look at the two cases bc —d >0 and bc — d < 0. In the first case, g’'(0) >0,
and the roots ty, f; of N(g') satisfy fo <0< t:= (to+11)/2 = (1 —c*)/(cd—b) < t;.So g >
con [t;,+oo[, and the interval ]0,t,[ satisfies obviously the second condition of property
(8.2), and (1.2) has IPCB (see Figure 8.1).

If bc —d < 0, then ¢g'(0) < 0, and ty < £, < 0 < t;; we define £3 by g(t3) = g(0) = 1/c, that
is t3 = (bc — d)/(1 — c*) > t. So it is obvious that the interval |t3,+00[ satisfies the second
condition of (8.2), and then (1.2) has IPCB.

If ¢ < 1, we make the same reasoning, mutatis mutandis.

So we have proved our final result on the global behavior of the solutions of (1.2).

Tueorem 8.2. Ifa,b,c,d >0 and b # d, then (1.2) has IPCB.

We can summarize all our results for the behavior of solutions of (1.2) when a = 1 in
Table 8.1.
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Table 9.1

Set of parameters Set ] Minimal periods of some solutions

3, 4 not minimal periods

1)c=d=0,b>0
(1) 11/3,1/2[\{3/8} | 5,7,9, every k > 11 min. periods

l[orc=b=0,d>0]

6, 8, 10¢
2)b=d>0,c>0 10,1/2[ every k>3
4 not minimal period
3)b=d>0,c=0 11/4,1/2] 3, 5 and every k > 7 min. periods
67?
4)b=d=0,c>0 10,1/2[ every k>3
4 not minimal period
(5) bd>0,c=0,b+d 11/4,1/2] 3,5 and every k > 7 min. periods
67
(6) be>0,d =0 10,1/2[\{1/4} every k=3
[ored >0, b=0]
(7) bed >0,b+d 10,172 every k=3

9. Determination of possible minimal periods in some particular cases with a >0

In this part, we will investigate, for each row of the above table, what are the possible
periods of solutions of (1.2) (with a = 1) associated to the corresponding set of values
of parameters. Precisely, we will say that “an integer k is minimal period” if there exist
values (b,¢,d) in this set of parameters of the table and an initial point (u,uo) such that
the associated solution of (1.2) has minimal period k.

THEOREM 9.1. If a = 1, the possible minimal periods of solutions of (1.2), for each set of
parameters of the previous table, are given in Table 9.1.

Proof. In fact, the only difficult case is the first row of the table; rows (2), (4), and (6) are
easy, and the case of row (3) will be deduced from row (1). The case of rows (5) and (7)
will follow from rows (2) and (3).
The essential tool is the determination of the range of the function 0, or at least a set
J which is an open interval, except perhaps a point, which is included in this image, and
then to find what are the integers k such that there exists an integer g relatively prime with
k satistying q/k € ]. For obtaining such a set ], we will use for given b, ¢, d the limits of
6(K) when K — +o and K — K,;;, and study the union of all intervals with as extremities
these two limits when (b, c,d) varies in the authorized domain. The method we will use
is in [3], but we recall it briefly.
With the formula for the limits of function 6, a set J is easy to find in the following
cases:
(%) J =10,1/2[ for rows (2) and (4);
(%) J =10,1/2[\{1/4} for row (6);
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(%) J =11/4,1/2] for row (3);
(%) ] =11/3,1/2[\{3/8} for row (1).

Arguments of continuity and connexity prove easily that in rows (5) and (7) same J as
in rows (3) and (2) work.

Now it is obvious that every integer k > 3 is a minimal period in the case of rows (2),
(4), and (7).

For row (6), every integer k > 3, k # 4, is a minimal period. The proof of Theorem 7.8
shows only that 4 is not a common minimal period to all nonconstant solutions of (1.2).
But it is easy to see that (uy,up) = (1,1) is 4-periodic for b = 9/4 and ¢ =5/4. So ] =
10,1/2[ in fact, and 4 is a minimal period.

If we suppose the result for the first row of the table is true, then for row (3) we have
only to test integers 3, 4, 6, 8, 10, because the set ] is bigger for row (3) than for row (1).
But 1/3, 3/8, and 3/10 are in ]1/4,1/2], and so 3, 8, and 10 are minimal periods (for 3,
this follows also from Theorem 7.1 which asserts that 1/3 € J).

For integer 4, if a solution would be 4-periodic, we would have g(u,41) = g(u,—1),
where g(t) = (1 +dt)/t(d +t). But g is one-to-one on ]0,+o[, so u, would be 2-
periodic, which is impossible.

So only the case of row (1) needs a proof.

In order to find minimal periods in this case, we search first for fractions g/n € ] with
q a prime number which does not divide n. We use an improvement of the prime number
theorem due to Rosser and Schoenfeld (see [11]), in the weak following form: if n > 52,
one has

n 3 n
np =70 = (”mﬁm’ ©-1)

where 7(n) is the cardinal of the set of prime numbers not greater than n.
We use also an optimal majorization for the cardinal w(n) of the set of distinct prime
factors of the integer n (see [10]):

Inn

In(lnn)’

w(n) < 1.38402 (9.2)

So, if n > 52, the cardinal of the set of integers g relatively prime to n such that g/n
11/3,1/2] is not empty (and 7 is a minimal period) if the function

x/2 -1 x/3 -1 ( 3 ) Inx

SO = ez =1 e - D\ ) T g 7 O

is positive. Computer calculations give f(780) <0, f(k) > 0 for k integer, 781 < k < 10°.
Then it is not difficult to see that for x > 10> one has f(x) > g,(x) := p(x/Inx) for u
sufficiently small (4 = 0.3 works), and this inequality proves that f(x) >0 for x > 10°.
Thus we can conclude that every n > 781 is a minimal period of some solution of (7.7)
for some b > 0.
For the integer n < 780 we use the method of [3]: we prove that the intervals [528,780],
[360,527], [256,359], [180,255], [124,179], [88,123], [64,87], [48,63], [36,47], [28,35],
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and [24,27] contain only minimal periods (we use the prime numbers 263, 179, 127, 89,
61, 43, 31, 23,17, 13, and 11 for these intervals, for more details, see [3]).

Then, we test directly each integer # in [3,23] to find, if possible, an integer g relatively
prime to n such that g/n € ]1/3,1/2].

Finally, this method gives the results in row (1). O

Remark 9.2. In case of row (6) (a=1,d = 0, bc > 0), one can see that 4 is minimal period
ifand only if ¢ > 1 and K = b?/(c* — 1). For example, if (u1,u9) = (1,1), one has u; = u3 =
c++/c2 -1, and u,, is 4-periodic. More generally, for every u;,uo >0 and ¢ > 1, (u1,u0) is
4-periodic for one (and only one) value of b > 0.

One can see also that if a — 1, 3 is a minimal period for K > K,, if and only if one has
c¢(K+c¢) =1-bd. And so it exists (1, 1) which is 3-periodic if and only if ((1 — bd)/c) —
c>K,,.

Final note. We have recently found a 1996 preprint of E. C. Zeeman: “Geometric unfold-
ing of a difference equation.” It seems that this paper was not published. In this paper,
Zeeman obtains the results of our paper [3] on Lyness’ difference equation. His methods
are the same as ours, but more qualitative, and allow to solve some open problems from
[3, 4] and the present paper. We will publish these solutions in a foregoing work about
other difference equations.
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