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1. Introduction

Let Z and R be the sets of all integers and real numbers, respectively. For a,b € Z, define
Z(a) ={a,a+1,...} and Z(a,b) = {a,a+1,...,b} when a < b. Let A be an n X m matrix.
A" denotes the transpose of A. When n = m, 0(A) and det(A) denote the set of eigenvalues
and the determinant of A, respectively.

In this paper, we study the existence of multiple p-periodic solutions to the following
discrete Hamiltonian systems:

Ax(n) =]VH(Lx(n)), ne€lZ, (1.1)
where p > 2 is a prime integer, Ax(n) = x(n+ 1) — x(n), x(n) = (283) with x;(n) € R,
i=1,2, L is defined by Lx(n) = (x;(z'z;:)l)), J = (g 75") is the standard symplectic matrix

with I the identity matrix on R¢, H € C'(R?*#,R), and VH(z) denotes the gradient of H
in z.

We may think of systems (1.1) as being a discrete analog of the following Hamiltonian
systems:

x=JVH(x(t)), te€R, (1.2)
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which has been studied extensively by many scholars. For example, by using the critical
point theory, some significant results for the existence and multiplicity of periodic and
subharmonic solutions to (1.2) were obtained in [1-5].

Some authors have also contributed to the study of (1.1) for the disconjugacy, bound-
ary value problems, oscillations, and asymptotic behavior, see, for example, [6-9]. In
recent years, existence and multiplicity results of periodic solutions to discrete Hamil-
tonian systems employing the minimax theory and the geometrical index theory have
appeared in the literature. For example, for the case that H is superquadratic both at zero
and at infinity, by using the Z, geometrical index theory and the linking theorem, some
sufficient conditions for the existence of multiple periodic solutions and subharmonic
solutions to (1.1) were obtained in [10]. For the case that H is subquadratic at infinity,
some sufficient conditions on the existence of periodic solutions to (1.1) were proved in
[11] by using the saddle point theorem. Recently, in [12], the authors have obtained some
sufficient conditions on the multiplicity results of periodic solutions to a class of second
difference equation by using the Z, geometrical index theory. Our main purpose in this
paper is to give a lower bound of the number of p-periodic solutions to (1.1) by using the
Morse index theory and a multiplicity result in [12].

The rest of this paper is organized as follows. In Section 2, we present some useful
preliminary results. In Section 3, we firstly introduce the Morse index theory for the p-
periodic linear Hamiltonian systems:

Ax(n) =JS(n)Lx(n), nelZ, (1.3)

where S(n) is a real symmetric positive definite 2d X 2d matrix with S(n + p) = S(n) for
every n € Z, and then, for any real symmetric positive definite matrix S, we define a pair
of index functions (i(S, p), (S, p)) € Z(0,2dp) x Z(0,2dp) and obtain the formulae of the
computations of index functions for a diagonal positive definite matrix. In Section 4, by
using the Morse index theory and a multiplicity result in [12], we establish a result on
the existence of multiple periodic solutions to (1.1) where H satisfies the asymptotically
linear conditions.

2. Preliminaries
In order to apply the Morse index theory to study the existence of multiple p-periodic

solutions to (1.1), we now state some basic notations and useful lemmas.
Let Q be the set of sequences x = {x(n)} ez, that is,

x2(n)

Q= {x = {x(n)} | x(n) = (xl(")) ER™, x;(n) R, j=1,2, ne z}. 2.1)

x can be rewritten as x = (...,x"(—n),...,x"(=1),x7(0),x7(1),...,x7(n),...)". For any
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%y €Q,a,beR,ax+by is defined by

ax+by = {ax(n)+by(n)}
= (...,ax"(=n) +by"(—n),...,ax"(=1) + by’ (—1),ax"(0) + by"(0), (2.2)

T

ax™(1)+by*(1),...,ax"(n) + by (n),...) .

Then Q) is a vector space.
For any given prime integer p > 2, E, is defined as a subspace of Q) by

E,=1{x={x(n)} € Q| x(n+p) = x(n), n € Z}. (2.3)
E, can be equipped with the norm || - ||, and the inner product (-, ), as follows:
P 1/2 P
lxllg, = (Z Ix(n)|2> , ey = D (x(n),y(n), (2.4)
n=1 n=1
where | - | denotes the usual Euclidean norm and (-, -) denotes the usual scalar product

in R,
Define a linear map I': E, — R?? by
Tx = (ol (1), xF (1),20 (2),.., x5 (2), ..o x3 ()68 (),

2.5
(1) x5 (1),x3(2),..,x8(2), ..o x3 (p)s x4 (p)) 2:5)

where x = {x(n)} and x(i) = (x] (i),...,x{ (i),x} (i),...,x4(i))* for i € Z(1, p). It is easy to
see that the map T is a linear homeomorphism with | x|/, = [Tx| and (Ep,(-,-)g,) is a
Hilbert space which can be identified with R2?¢.

To get a decomposition of the Hilbert space E,, in the following we discuss the eigen-
value problem:

Ax(n) =AJLx(n), nelZ, x(n+p) =x(n), (2.6)

where A € R.
It is obvious that A = 0 is an eigenvalue of (2.6) whose eigenfunction can be given by

no(n) = (a1,a,...,824)"s @ €R,i=1,2,...,2d, n=1,2,...,p. (2.7)
By a simple computation, (2.6) is equivalent to

Axi(n) = —Axa(n), x1(n+p)=x(n),

Axa(n—1) = Axi(n), x2(n+p) =x(n). (2:8)
If A # 0, then (2.8) is equivalent to
A’xi(n—1)+1%*x1(n) =0, xi1(n+p) =x1(n),
Ay (n—1)+A1%%(n) =0, x(n+p) = x2(n). 29)
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It is known that (2.9) has a nontrivial solution if and only if A?> = A} = 4sin®(km/ p) with
ke z(1,(p—1)/2), see, for example, [13, 14]. So in this case (2.6) has a nontrivial solu-
tion if and only if A = Ay = 2sin(kn/p) with k € Z(—(p — 1)/2,(p — 1)/2)\ {0}. It is easy
to see that the multiplicities of Ax for each k € Z(—(p — 1)/2,(p — 1)/2) are of the same
number 2d.

To get an explicit decomposition of the Hilbert space Ej, in the following, we also need
to compute eigenfunctions of (2.6) corresponding to each A, k # 0.

Fixake Z(-(p—-1)/2,-1) UZ(1,(p — 1)/2), any solutions to (2.9) can be written as

x1(n) = ¢; cos(kwn) + ¢, sin(kwn), x2(n) = dy cos(kwn) + d, sin(kwn), (2.10)

where w = 271/p and ¢, ¢, di, d; are constant vectors in R?. Using the relation between
X1, X2, that is, (2.8) with A = Ax, we have

clsin(k—w)—czcos<k ) di,

2 2

czsin(k—w)+c1cos<k) d,.
2 2

If we choose ¢; = ¢j, c; = 0, then dy = sin(kw/2)ej, d, = cos(kw/2)e;; if we choose ¢; = 0,
o = ej, then di = —cos(kw/2)ej, d, = sin(kw/2)e;j, where e}, j = 1,2,...,d denotes the
canonical basis of R¥. So, eigenfunctions of (2.6) corresponding to each Ax(k # 0) can be
given as

(2.11)

cos(kwn)e;
M) = | 1 , n=12...,p,
sin (kw(n+ f))ej
2
sin(kwn)e;
(2)

M,j(n) = (—cos (kw<n+;>)ej)’ n=12...,p.

Hereto, E, can be decomposed as E, = X ® X; ® X, with

(2.12)

X={x={x(n)} | x(n)=cre1 +c2e2+- - - +c2qe2a, ; €R, i =1,2,...,2d, n=1,2,..., p},

d (p-1)72

X1={x={x(n>} [x(m)= > > akjmi)(n) +Z Z ock,mif,?(m, ak,jenzz},
j=1 k=1 j=1k==(p=1)/
d (p—1)/2 d -1 )

X, = {x = {x(n)} | x(n) = > B m+> > Piri(n), Bry € R){'
j=1 k=1 j=1k=—(p-1)/2

(2.13)

Finally, we briefly introduce the Z, geometrical index theory which can be found in [12].
Define a linear operator u : E, — E,, as follows. For any x € E,,

px(n) =x(n+1), Vnel. (2.14)
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Clearly, for any x € E,, u’x = x and IInyIEP = IIxIIEP. So u is an isometric action of group
Z, on E,. It is easy to see that Fix, := {x € E, | ux = x} =

Note that if x is a periodic solution to (1.1) with period p, then ux is also a periodic
solution to (1.1) with period p. We call [x] = {ux,y*x,...,uPx} a Z,-orbit of period so-
lution x to (1.1) with period p.

Let E be a Banach space and let u be a linear isometric action of Z, on E. Namely, u is
a linear operator on E satisfying ||ux|| = ||x|| for any x € E and u? = idg, where Z, is the
cyclic group with order p and idg is the identity map on E.

A subset A C E is called p-invariant if y(A) C A. A continuous map f : A — E is called
p-equivariant if f(ux) = pf(x) for any x € A. A continuous functional F : E — R is said
to be p-invariant if for any x € E, F(ux) = F(x).

Let us recall the definition of the Palais-Smale condition.

Let E be a real Banach space and F € C!(E,R). F is said to satisfy the Palais-Smale
condition ((PS) condition) if any sequence {x™} C E for which {F(x™)} is bounded
and F'(x™) — 0(m — o) possesses a convergent subsequence in E.

Our result is based on the following theorem (see [12, Theorem 2.1]).

TuEOREM 2.1. Let F € C'(E,R) be a p-invariant functional satisfying the “PS” condition.
Let Y and Z be closed u-invariant subspaces of E with codimY and dim Z finite and

codimY < dimZ. (2.15)

Assume that the following conditions are satisfied.

(F1) Fix, C Y, Z nFix, = {0};

(F2) infyey F(x) > —oo;

(F3) there exist r > 0 and c < 0 such that F(x) < ¢ whenever x € Z and ||x|| = r;

(F4) if x € Fix, and F'(x) = 0, then F(x) = 0.
Then there exist at least dimZ — codim Y distinct Z,-orbits of critical points of F outside of
Fix, with critical value less or equal to c.

The following estimate will be useful in the subsequent sections.

ProrosITION 2.2. For any x € E,, the following inequality holds:

P P
Z |Ax(n (1 +cosf) Z n)|2. (2.16)
n=1 n=1
Proof. We note that
P p
Z | Ax(n)|” =23 [(x(n),x(n)) = (x(n+1),x(n))] = (ATx,Tx), (2.17)

n=1
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where
2 -1 0 0 -1
B 0 -1 2 -1 0 0
B 0o -1 2 0 0
A= . with B =
' 0 0 0 2 -1
0 B2dp><2dp ~1 0 0 1
pXp
(2.18)

It follows from [15] ;that p distini:t eigenvalues of matrix B are A = 4sin®(kn/ p) with
k€ z(0,p—1) and Amax = max{A | k € Z(0,p — 1)} = 2(1 + cos(n/p)). Since |Tx|*> =
||x||i~P = ZZZI |x(n)|?, inequality (2.16) now follows from (2.17). O

Remark 2.3. Noticing that the set of eigenvalues {Ax | k € Z(—(p — 1)/2,(p — 1)/2)} is
bounded from below by —2 and bounded from above by 2 which are different from the
differential case. So, we can avoid the fussy process of finding the dual action which is
necessary for the differential case (see [4, Chapter 7]).

3. The Morse index of a linear positive definite Hamiltonian systems

In this section, we define a pair of index functions (i(S, p), ¥(S, p)) € Z(0,2dp) x Z(0,2dp)
for any real symmetric positive definite matrix S and obtain the formulae of the compu-
tations of index functions for a diagonal positive definite matrix.

As stated in [10, 11], the corresponding action functional of (1.3) is defined on E, by

p
> [JAx(n),Lx(n)) + (S(n)Lx(n), Lx(n))]. (3.1)

n=1

_1

2

Definition 3.1. The index i(S, p) is the Morse index of Fj, that is, the supremum of the
dimensions of the subspaces of E, on which Fs is negative definite.

Our assumption follows the existence of §, >0 such that (S(n)x,x) > (Splxl2 for ev-

ery n € Z and x € R?. The symmetric bilinear form given by (x, y)s = zgzl(S(n)Lx(n),
Ly(n)) defines an inner product on E,. The corresponding norm || - |5 is such that

P P
Ixl2= 8, > |Lx(n) ]| =8, > |x(n)|”. (3.2)
n=1 n=1



Bo Zheng 7

For any x,y € E,, if we define a bilinear function as a(x, y) = Z‘f,):l(]x(n),ALy(n -1)),
then by Proposition 2.2 and (3.2) we have

P 12 , p 12
la(x,y)| S(lex(n)|2> (ZIALy(n—1)|2>
n=1

n=1

P 1/2 P 1/2
=(Z|x<n>|2) (ZIAy(n)|2>
n=1 n=1

= f2(1veos (™ ))(z| n>|) (’ily(n)lz)

2(1+cos(r/p))
6—\|X|\s||y||s-
p

(3.3)
1/2

IA

So, by [16, Theorem 2.2.2], we can define the unique continuous linear operator K on E,,
by (Kx, y)s = Zﬁzl(]x(n),ALy(n —1)). Since

p P
> (Jx(n),ALy(n—1)) = = > (JAx(n),Ly(n)), (3.4)
n=1 n=1
we have
2Fs(x) = (x — Kx,x)s. (3.5)

It is obvious that K is self-adjoint. So, it follows from (3.5) that E, will be the orthogonal
sum of ker(I — K) = H°(S), H™(S) and H*(S) with I — K positive definite (resp., negative
definite) on H*(S) (resp., H(S)). Clearly, i(S, p) = dimH~(S) € Z(0,2dp). On the other
hand, there exists § > 0 such that

(x —Kx,x)s = 8llxll3, xe€H(S),

_ (3.6)

(x—Kx,x)s < —8lIxll3, x€H(S).

Setting § = Sép > 0, we deduce from (3.2) and (3.5) the estimates
s 2
Fs(x) = - Z |x(n)|°, xe€H*(S), (3.7)
8 2 _
Fs(x) < -5 > xm)|, xeH(S). (3.8)
n=1

Definition 3.2. The nullity v(S, p) is the dimension of ker(I — K).

We now state and prove a result which offers another interpretation of the nullity

v(S, p).



8  Advances in Difference Equations

ProrositioN 3.3. ker(I — K) is isomorphic to the space of solutions to (1.3).

Proof. By the fact that JAx(n) = AJx(n) we have

x eker(I -K) &= (I -K)x,y)s=0, Vy€E,

p
z S(n)Lx(n),Ly(n)) — (Jx(n),ALy(n—1))] =0, VyeE,,

P
Z AJx(n)+S(n)Lx(n),Ly(n)) =0, Vy€E,

= JAx(n)+S(n)Lx(n) =0, neZ(l,p),
(3.9)
which implies that ker(I — K) is isomorphic to the space of solutions to (1.3). O

To get more information on the index functions, in the following we will compute the
index and the nullity of the diagonal positive definite matrix. By direct computation, it is
easy to get the following.

ProrosITION 3.4. Let A = diag{a,ay,...,a24} witha; >0, i € Z(1,2d). Then, all the eigen-
values of JA must be pure imaginary and

o(JA) = { +iaj | a; >0, j = 1,2,...,d} (3.10)
with aj = /@;aj+4.

On the formulae of the computations of the index and the nullity, we have the follow-
ing.

PrOPOSITION 3.5. For the above matrix A, one has

i(A,p) = 2Zﬁ{kez< p21)|a1<2smli;}

j=1
(3.11)
d
wAp) =23 ﬁ{ke 2(1,1’—_1) g =zsink—”}.
.=1 2 p
j
Proof. If (I — K)x = Ax with x € E, then for all y € E;,, we have

14 p

z JAx(n),Ly(n)) + (ALx(n),Ly(n)) Z (AALx(n),Ly(n)) (3.12)

n=1 n=1

which implies that

Ax(n) =JA(1—A)Lx(n), neZ, x(n)=x(n+p). (3.13)
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Assume that the general solutions to (3.13) are of the form

x(n) = 't = " (2) , (3.14)

where &, & are vectors in R%. By x(0) = x(p), we have pP=1,s0p= ek k=0,1,2,...,
p — 1, where w = 271/ p. Therefore, any nontrivial solution to (3.13) can be expressed as

x(n) = e (2) : (3.15)
Substituting (3.15) into (3.13), we have
2isink7w (2) —JA(1-)) <eikw0/21d e_ik?m Id) (2) (3.16)
Noticing that
0<]A (eikWO/ZId eik?v/nd) ) = a(JA), (3.17)
by Definitions 3.1 and 3.2 and Proposition 3.4, we get the conclusion. O

4. Periodic solutions to convex asymptotically linear autonomous discrete
Hamiltonian systems

In this section, we consider the existence of multiple p-periodic solutions to (1.1) where
H € C'(R*,R) is strictly convex and satisfies the following asymptotically linear condi-
tions:

VH(x) = Agx+o(|x]) as]|x| — 0, (4.1)

VH(x) = Awx+o(|x]) as|x| — oo (4.2)

with real symmetric positive definite matrices Ay, Aw. Our main result is the following.

THEOREM 4.1. Assume that
(A1) v(Aw,p) =0,
(A2) i(Ag, p) > i(A, p).
Then (1.1) has at least i(Ao, p) — i(Aw, p) distinct nonconstant Z,-periodic orbits.

Remark 4.2. (1) It follows from (A1) and Proposition 3.3 that the linear systems
JAx(n)+AuLx(n) =0, neZz (4.3)

do not have any nontrivial p-periodic solutions. Thus (A1) is a nonresonance condition
at infinity.
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(2) Since H is strictly convex and VH(0) = 0 by (4.1), 0 is the unique equilibrium
point of (1.1). Without loss of generality, we can assume that H(0) = 0. The action func-
tional of (1.1) defined by

P

Fuy(x)= > B(}Ax(n),Lx(n)) +H(Lx(n))] (4.4)

n=1

is continuously differentiable on E,. Since Fy is a y-invariant functional, we are in a
position to apply Theorem 2.1.

(3) It is convenient in this section to use the inner product (x, y)a, = Z'Z:l (AwLx(n),
Ly(n)) and the corresponding norm || - || 4., in E,. The norm is equivalent to the standard
norm of Ej.

The proof of Theorem 4.1 depends on the following lemmas. The first one implies that
Fy satisfies the “PS” condition.

Lemma 4.3. Every sequence {x'7} in E, such that Fpy(x1)) — 0(j — o) contains a conver-
gent subsequence.

Proof. Let us define the operator Q over Ej, using the Riesz theorem, by the formula

4
(Qx,9)a. = > (VH(Lx(n)) — AwLx(n),Ly(n)). (4.5)
n=1
Since
P
(Fg(x), (JAx(n),Ly(n)) + (VH(Lx(n),Ly(n))), (4.6)
n=1
we have
(Fi(x),y) = (x —Kx+Qx, y)a.. (4.7)

Let fU) = x()) — Kx') + Qx\/). Then by assumption Fj;(x/)) — 0(j — o), we have () —
0 as j — co. In particular, there exists R > 0 such that || f/)|| < R for every j. Assumption
(A1) implies that P = I — K is invertible. Thus, it follows from (4.2) that there exists some
¢ >0 such that ||Qx|| < 1/72||P~1|7 x|l + c forall x € E,. Therefore, we have

—_

[N = ([P PxD|[ < [P I+ QeI < Sl + [P I(e+R) - (4.8)

[\

and hence {x'/)} is bounded. The proof is complete since E,, is a finite dimensional space.
(]

We now verify the condition (F2) of Theorem 2.1 for Fy.

LemMa 4.4. The functional Fy is bounded from below on a closed u-invariant subspace Y
of E, with codimension i(Aw, p).
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Proof. By assumption (Al), E, is the orthogonal direct sum of H"(A«) and H™ (A).
Hence, codimH*(As) = dimH ™ (As) = i(Aw, p) and there exists a closed y-invariant
subspace Y = H*(A«) of E, with codimension i(A«, p). By (3.7), there exists § > 0 such
that foreachx €Y,

Fa(

o

14 p
Z (JALx(n —1),x(n)) + (AwLx(n),Lx(n))] gz . (4.9)

l\)\»—t

It follows from (4.2) that there exists ¢ > 0 such that | VH(x) — Awxx| < 8|x|/2+ ¢ for each
x € R?¥. Hence, by direct integrating, we have

1
‘H(x) - %(Aoox,x) ‘ < J [ (VH(tx) — Awtx,x) | dt
0
)
sj <7t|x|2+c|x|>dt (4.10)
0o \2
= §|x|2+c|x|.

Consequently, we have, for x € Y,

P
Fru(x) = By (x)+ > <H(Lx(n)) - %(AmLx(n),Lx(n))>

P »
zgz|x(n)|2—z[§|Lx(n)|2+c|Lx(n)|] (4.11)

n=1 n=1

B p P 1/2
252 |x<n>|2—cp“2(2 |x<n>|2)
n=1

and hence Fy is bounded from below on Y. O
Now, we show that the condition (F3) of Theorem 2.1 holds for Fy.

LemMA 4.5. There exists a closed p-invariant subspace Z of E, with dimension i(Ag, p) and
somer >0 such that F(x) < 0 whenever x € Z and ||x|[4, = 1.

Proof. By (3.8), there exists a y-invariant subspace Z = H™(A) of E, with dimension
i(Ap, p) and some § > 0 such that

P

N\o«)

P
Fy, (x [(JALx(n—1),x(n)) + (AoLx(n), Lx(n Z lx(n)|® (4.12)

_ 1
2

n=1

whenever x € Z. By (4.1), there exists r > 0 such that |[VH(x) — Apx| < §|x|/2 for each
x € R? with ||x|| 4., <. Hence, by direct integrating, we have

1 1
'H(x) - %(on,x) ' < L | (VH(tx) — Agtx,x) | dt < JO gtlxlzdt = glxl2 (4.13)
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whenever [|x][4, < r. Consequently, ifx € Zand 0 < [|x[la, <7, we get

= Fy4,(x z ( (Lx(n)) — (AoLx(n),Lx(n))>

(4.14)

()

0

)4 ) P 5 P
,Z |x(n) | +ZZ|x(n)| = ZZ x(n)]
n=1 n=1 n=1

l\)

and the proof is complete. O

Proof of Theorem 4.1. We apply Theorem 2.1 to Fy which is y-invariant and satisfies the
“PS” condition by Lemma 4.3. The spaces Y and Z introduced, respectively, in Lemma 4.4
and Lemma 4.5 satisfy the assumption i(A«,p) = codimY < dimZ = i(Ao, p). Since
Fix, = X for all 0 # x € X, we have F4_(x) = 1/2Z£:1(AwLx(n),Lx(n)) >0, 50 x €
H*(As) = Y. At the same time, it is easy to verify that Fix, nZ = Fix, nH™ (Ay) = {0}.
So, the condition (F1) of Theorem 2.1 holds for Fy. Finally, if x € Fix, and Fj;(x) = 0,
then (Fy(x),y) = Z‘zzl(VH(Lx(n)),Ly(n)) = 0. By (2) of Remark 4.2 we have x = 0, so
Fy(0) = 0 and the condition (F4) of Theorem 2.1 holds for Fy. Thus, all the conditions
of Theorem 2.1 are satisfied. Then there exist at least i(Ao, p) — i(Aw, p) distinct noncon-
stant Z,,-orbits of critical points of Fyy and the proof is complete. g

Remark 4.6. In addition to the assumptions in Theorem 4.1, if we further assume that the
Hamiltonian function is odd on RV, then for any prime integer p > 2, (1.1) possesses at
least 2[i(Ao, p) — i(Aw, p)] distinct Z,-orbits of solutions with period p(see [12, Corollary
1.1]).

Example 4.7. Let H € C'(R?*¥,R) be strictly convex such that H(0) = 0 and VH(0) =
Let p >0 be a prime integer. Assume that there exists y > 2 such that

H(x) =yx+o(lx]) as|x| — oo (4.15)
and some 1 < j < (p—1)/2and 2sin((j — 1)n/p) < < 2sin(jn/p) such that
VH(x) = Bx+o(lx]) as|x| — 0. (4.16)

By Proposition 3.5, we get v(yly, p) = 0, i(yla, p) = 0, and i(Bl4, p) = d(p — 2j +1). Then,
the problem

JAx(n)+VH(Lx(n)) =0, neZ x(n+p)=x(n) (4.17)

has at least d(p — 2j + 1) distinct nonconstant Z,-periodic orbits.
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