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We consider the family of nonlinear difference equations: x,.1 = (3] ?:1 filxp, ..o Xnoi) + fa(xy, ...,
Xnt) f5(Xn, oo, Xnt)) / (f1(Xns oo Xneic) fo (Xny o) Xpmke) + 25 f=3f,-(xn, eesXnk)), n = 0,1,..., where
fi € C((0,+00)*, (0, +0)), for i € {1,2,4,5), f3 € C([0,+0)*",(0,+w0)), k € {1,2,...} and the
initial values x_, X_g+1,...,X0 € (0,+00). We give sufficient conditions under which the unique
equilibrium X = 1 of these equations is globally asymptotically stable, which extends and includes
corresponding results obtained in the cited references.

Copyright © 2008 Taixiang Sun et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

In [1], Papaschinopoulos and Schinas investigated the global asymptotic stability of the fol-
lowing nonlinear difference equation:

ZieZk {1,y Xnei F XnjXneji1 + 1

, n=0,1,..., (1.1)

Xn+l =
Zie Ly Xn—i

where k € {1,2,3,...}, {j,j -1} C Zx ={0,1,...,k}, and the initial values x_x, X_f41,..., Xog €
R, =(0,+00).

Moreover, Kruse and Nesemann [2] studied the global asymptotic stability of the unique
equilibrium of a discrete dynamical system, and as a special result they proved that the unique
equilibrium x = 1 of the Putnam difference equation


mailto:stx1963@163.com

2 Advances in Difference Equations

Xp+ Xp-1+ Xp2Xp-3
Xy = —2 e n=0,1,..., (1.2)
XnXn-1 t Xp-2 + Xp-3

is globally asymptotically stable, where the initial values x_3, x5, x_1,x0 € R, .
In [3], Cinar et al. investigated the global asymptotic stability of the following nonlinear
difference equation:

k
Xy Diq Xpoi + 1
Xn+1 = n2uiz X , n=01,..., (1.3)

k
Xp + Xp-1+ Xy Zi:zxn_i

where k € {1,2,3, ...} and the initial values x_¢, x_x11,...,x9 € R, . For closely related results,
see [4-10].
In this paper, we consider the family of nonlinear difference equations:

Z?:lfi(xn/' N -/xn—k) + f4(xn/« N '/xn—k)f5(xn/' . '/xn—k)

- L, on=01,..., (14
fl(xnr”-/xn—k)fZ(xn/- . -/xn—k) + Zi:g,fi(xnr---/xn—k)

Xn+1 =

where f; € C((0,+0)**, (0, +0)), for i € {1,2,4,5}, f3 € C([0,+0)*™, [0, +0)), k € {1,2,...},
and the initial values x_g, X_g+1,..., Xg € (0, +o0). Our main result is the following theorem.

Theorem 1.1. Let u* = max{u,1/u}, for any u € Ry . If [fi(uo, t1,...,ux)]* < max{ug, uj,...,
up}, fori=1,2,4,5, then x = 1 is the unique positive equilibrium of (1.4) which is globally asymptot-
ically stable.

2. The proof of Theorem 1.1
In this section, we will prove Theorem 1.1. To do this, we need the following lemma.
Lemma 2.1. Let (a, b, ¢, d) € R* —{(1,1,1,1)}, e € [0, »0), and a = max{a*,b*,c*,d*}. Then,

c+d+e+ab

1
2 cdierarp ® (2.1)

Proof. Since (a, b, ¢, d) € R* - {(1,1,1,1)}, e € [0,0), and a = max{a*,b*,c*,d*}, we have
a>landeithera>p>1/aora>p>1/a,forevery € {a,b,c,d}.lfc<1ord<1,then

acd+aa+ab+ae>ab+c+d+e. (2.2)

It follows that

c+d+e+ab

cd+e+a+b< ’ (2.3)

Ifc>landd>1,thena>c>1lora>c>1landa>d >1ora>d > 1. Thus, we have
the following inequalities:

a(a+b) >2ab,
acd+aa>ac+1>2c, (2.4)

acd+ab>ad+1>2d.
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It follows from (2.4) that

acd+aa+ab+ae>ab+c+d+e, (2.5)
which implies

c+d+e+ab

— <. 2.
cdre+ra+b ” (26)
By the symmetry, we have also that
1 c+d+e+ab
- 2.7
a cdretath @7)
This completes the proof. O

Proof of Theorem 1.1. Let {x,};._; be a positive solution of (1.4) with the initial values x_x,
X_k+1,-..,X0 € Ry . Forany n > 0, write

Pn=max{xy, X, _1,..., X, .} (2.8)

From Lemma 2.1, it follows that for any n > 0,

x _ Z?:lfi(xm-u/xn—k) +f4(xn/'u/xn—k)fS(xnr”‘rxn—k)
n+l

- f1(xn, oo Xni) fo(Xn, - oo Xnoic) + Z?=3f,-(xn, cees Xnok)
<max {[fi(xn, ..., xnk)] 1 i=1,2,4,5}

<max{x; ;: 0<i<k}=p,

o4 le S fiCn oo Xnei) + fa(Xns oo Xucke) f5 (X, + o, X)) 2.9)
fi1(xn, oo Xnok) fo(Xns - oo Xnkc) + 2?23]‘1- (X, o) Xnek)
1
Z *
max{[fi<xﬂ/‘--rxn—k)] i=1, 2,4,5}
1 1
> -4

“max{x: :0<i<k} pn
By (2.9), we have that for any n > 0,
1 < x:1+1 < Pn, pn+1 < Pn~ (2'10)

From (2.10), we may assume that

limp, =M >1. (2.11)
n—oo
Then,
1 . .
< liminfx, < limsupx, < M. (2.12)

M ~ now n—oo
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*

Since p, = max{x},, x c X }, there exists a sequence I — oo such that

n-17"
limx;, = M (2.13)
S—00
or
li _ 1 (2.14)
fim. = 3 -

We may suppose (by taking a subsequence) that for 1 <i <k +1,

limxls_i = Mi- (215)

S—00

From (2.12), it follows that 1/M < M; < M.
We claim that M = 1. Indeed, if M > 1, then f;(M;, ..., Mi,1)#1, for somei € {1,2,4,5}.
If limsx1, = M, then it follows from Lemma 2.1 and (1.4) that
B 2 fi(My, .o, Mia) + fa(My, ..., Mgy fs(M, ..., Miy1)
fi(Mi,..., M) fo(Mi, ..., M) + 305 fi(Ma, ..., Mian)

<max { [fi(My,..., Mks1)] 1 i=1,2,4,5}

(2.16)

<max{M;: 1<i<k+1} <M,

which is a contradiction.
If limsoox1, = 1/ M, then it follows from Lemma 2.1 and (1.4) that

i: Zilfi(Ml""’Mk*'l)+f4(M1/'--/Mk+1>f5(M1,...,Mk+1)
M fi(My,..., M) fo(My, ..., Myar) + 3os fi(My, ..., M)
S 1
max { [fi(Mi,..., Mx1)]":i=1,2, 4,5}
1 1
2 >,
max{M;: 1<i<k+1} ~ M

(2.17)

which is a contradiction. This completes the proof of the claim.
By (1.4) and (2.12), it follows that lim,_,.,x, = 1 and

) z;?;lfia,...,l)+f4(1,...,1)f5(1,...,1)_
fl(lr"'rl)f2(1r'-'rl) +Z?:3fi(1/---/1)

Thus, x = 1 is the unique positive equilibrium of (1.4).

For any 0 < ¢ < 1, choose & = ¢/(e + 1) and let {x,},._; be a solution of (1.4) with the
initial values x_g, X_k+1,...,%0 € (1= 6,1+ 6). Then, for any —k <i < 0, we have that x; <1+¢
and 1/x; <1/(1-06) =1+¢€. By (2.9) it follows that for any n > 0,

(2.18)

1 1
l-e<—< —<xpu<pnpo<l+g (2.19)
Po Pn

which implies that X = 1 is globally asymptotically stable. This completes the proof. O
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3. Example

In this section, we will give an application of Theorem 1.1.

Example 3.1. Consider the following equation:

Xpe1 = Xp-i t Xn—j + g(xn/ .. -/xn—k) + Xp—sXn—t n=01 (3 1)
n+l — 7 — Vst .
xn—ixn—j + g(xn/ ceey xn—k) + Xp-s + Xp—t

where k € {1,2,...},1,j,5,t € {0,1...,k}, the initial conditions x_i, X_ks1,..., X0 € R, , and
gecC ([0,+oo)k+1, [0, +0)). Then, x = 1 is the unique positive equilibrium of (3.1) which is
globally asymptotically stable.

Proof. Let fi(uo,uy, ..., ux) = ui, fo(uo,us, ..., ux) = uj, f3(uo,ur, ..., ux) = g(uo,us, ..., ux),
faug,uy, ..., ux) = us, and fs(uo, 11, ..., ux) = u. It is easy to verify that [ fi(uo, u1, ..., ux)]* <
max{ug, uj, ..., u;}, fori=1,2,4,5 By Theorem 1.1, we know that x = 1 is the unique positive
equilibrium of (3.1) which is globally asymptotically stable. O

Remark 3.2. Let k > 3, fi1(uo, u1,...,ux) =1, fo(uo,us, ..., ux) = uy, forsomet € Zx —{j—-1,j},
fauo, ua, .. uk) = X T ~ti-1i0 Hir fa(uo,u1, ..., ux) = uj1, and f5(uo,uy,...,ux) = u;j. Then,

(1.4) is (1.1), since [fi(uo, w1, ..., ux)]" < max{ug, uj, ..., up}, fori = 1,2,4,5. By Theorem 1.1,
we know that the unique positive equilibrium x = 1 of (1.1) is globally asymptotically stable.

Remark 3.3. Let k = 3, fl(uo,ul,uz,u3) = U, fz(uo,ul, uz,ug,) = U, f3(u0,u1,uz,u3) =0,
falug, u1, up, uz) = up, and f5(ug, 11, Uz, uz) = uz. Then, (1.4) is (1.2), since [ fi(uo, us, ..., ux)]* <
max{ug, uj,...,u;}, fori=1,2,4,5. By Theorem 1.1, we know that the unique positive equilib-
rium X = 1 of (1.2) is globally asymptotically stable.

Remark 3.4. Let fi(uo, w1, ..., ux) =1/uo, fo(uo, u1,. .., ux) = ur, f3(uo, U, ..., Ux) = Up+---+uj_1,
fa(uo,us, ..., ux) = ug, and fs(up, us, ..., ux) = 1. Then, (1.4) is (1.3), since [fi(uo, u1,...,ux)]"
<max{ug, uj, -+ ,u;}, fori=1,2,4,5. By Theorem 1.1, we know that the unique positive equi-
librium x =1 of (1.3) is globally asymptotically stable.
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