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1. Introduction and Some Preliminaries

Differential equations with piecewise constant argument, which were firstly considered by
Cooke and Wiener [1] and Shah and Wiener [2], combine properties of both differential and
difference equations and usually describe hybrid dynamical systems and have applications
in certain biomedical models in the work of Busenberg and Cooke [3]. Over the years, more
attention has been paid to the existence, uniqueness, and spectrum containment of almost
periodic solutions of this type of equations (see, e.g., [4-12] and reference there in).

If ¢1(t) and g(t) are almost periodic, then the module containment property
mod (g1) C mod(g») can be characterized in several ways (see [13-16]). For periodic function
this inclusion just means that the minimal period of g () is a multiple of the minimal period
of g»(t). Some properties of basic frequencies (the base of spectrum) were discussed for
almost periodic functions by Cartwright. In [17], Cartwright compared basic frequencies (the
base of spectrum) of almost periodic differential equations (ODE) x = ¢ (x,t), x € R", with
those of its unique almost periodic solution. For scalar equation, n = 1, Cartwright’s results
in [17] implied that the number of basic frequencies of X = ¢ (x,t), x € R, is the same as that
of basic frequencies of its unique solution.
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The spectrum containment of almost periodic solution of equation (x(t) + px(t —1))" =
gx([t]) + f(t) was studied in [9, 10]. Up to now, there have been no papers concerning the
spectrum containment of almost periodic solution of equation

(@) +pre- 1) = ax(2| 5] ) + £, (11)

where [-] denotes the greatest integer function, p, g are nonzero real constants, |p|#1,
q# —2(p* + 1), and f(t) is almost periodic. In this paper, we investigate the existence,
uniqueness, and spectrum containment of almost periodic solutions of (1.1). The main result
obtained in this paper is different from that given in [17] for ordinary differential equations
(ODE, for short). This clearly shows differences between ODE and EPCA. Moreover, it is
also different from that given in [9, 10] for equation (x(t) + px(t-1))" = gx([t]) + f(t).
This is due to the difference between [t] and 2[(f + 1)/2]. As well known, both solutions
of (1.1) and equation (x(t) + px(t —1))" = gx([t]) + f() can be constructed by the solutions
of corresponding difference equations. However, noticing the difference between [t] and
2[(t + 1) /2], the solution of difference equation corresponding to the latter can be obtained
directly (see [4]), while the solution {x,} of difference equation corresponding to the former
(i.e., (1.1)) cannot be obtained directly. In fact, {x,} consists of two parts: {x2,} and {x2,+1}.
We will first obtain {x, } by solving a difference equation and then obtain {x2,+1} from {x,}.
(Similar technology can be seen in [8].) A detailed account will be given in Section 2.

Now, We give some preliminary notions, definitions, and theorem. Throughout this
paper Z, R, and C denote the sets of integers, real, and complex numbers, respectively. The
following preliminaries can be found in the books, for example, [13-16].

Definition 1.1. (1) A subset P of R is said to be relatively dense in R if there exists a number
p>0suchthat PN [t t+p]#0forallte R

(2) A continuous function f : R — Ris called almost periodic (abbreviated as #//J(R))
if the e-translation set of f

T(f,e)={reR:|f(t+71)-f(t)| <e, VteR} (1.2)

is relatively dense for each € > 0.

Definition 1.2. Let f be a bounded continuous function. If the limit

T
lim %IT F(tdt (1.3)

exists, then we call the limit mean of f and denote it by M(f).
If f € AP(R), then the limit

T+s

lim —— » f(t)dt (1.4)

exists uniformly with respect to s € R. Furthermore, the limit is independent of s.
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For any A € Rand f € #4f(R) since the function fe™™ is in #/(R), the mean exists
for this function. We write

a(d; f) = M(fe™), (1.5)
then there exists at most a countable set of A’s for which a(\; f) #0. The set
Af={r:a(X; f)#0} (1.6)

is called the frequency set (or spectrum) of f. It is clear that if f(t) = X}_; cke™, then
a(\; f) = cxif A = A, forsome k = 1,...,m;and a(\; f) = 0if A #N, forany k = 1,...,n.
Thus, Ay = {A, k=1,...,n}.

Members of Ay are called the Fourier exponents of f, and a(\; f)’s are called the
Fourier coefficients of f. Obviously, Ay is countable. Let Ay = {Ax} and Ak = a(Ax; f). Thus f
can associate a Fourier series:

f(t) ~ iAke“kt. (1.7)
k=1

The Approximation Theorem

Let f € #P(R) and Af = {Ax}. Then for any € > 0 there exists a sequence {o.} of trigonometric
polynomials

n(e) )
Oe(t) = Y bree™ (1.8)
k=1
such that
lloe - fll <e (1.9)

where by is the product of a(Ak; f) and certain positive number (depending on e and )
and lim._obke = a(Ag; f).

Definition 1.3. (1) For a sequence {g(n) : n € Z}, define [g(n), g(n+p)] = {g(n),...,g(n+p)}
and call it sequence interval with length p € Z. A subset P of Z is said to be relatively dense
in Z if there exists a positive integer p such that PN [n,n+p]#@ foralln € Z.

(2) Abounded sequence g : Z — Ris called an almost periodic sequence (abbreviated
as 4P S(R)) if the e-translation set of g

T(ge)={reZ:|gn+1)-gn)| <e VneZ} (1.10)

is relatively dense for each € > 0.
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For an almost periodic sequence {g(n)}, it follows from the lemma in [13] that
a(z g) = 1imiiz_k (k), VzeS'={zeC:|z|=1) (1.11)
! N—w2N, &, SV ' '

exists. The set
op(g) = {z:a(z;g);éO, zeSl} (1.12)

is called the Bohr spectrum of {g(n)}. Obviously, for almost periodic sequence g(n) =
S vz, a(z; g) = reif z = zx, forsomek = 1,...,m; a(z; g) =0if z# zx, forany k =1,...,m.
So, 0p(g) = {zk, k=1,...,m}.

2. The Statement of Main Theorem

We begin this section with a definition of the solution of (1.1).

Definition 2.1. A continuous function x : R — R is called a solution of (1.1) if the following
conditions are satisfied:

(i) x(t) satisfies (1.1) fort e R, t#n € Z;

(ii) the one-sided second-order derivatives (x(t) + px(t - 1))" existat n, n € Z.

In [8], the authors pointed out that if x(t) is a solution of (1.1), then (x(t) + px(t — 1))’
are continuous at t € R, which guarantees the uniqueness of solution of (1.1) and cannot be
omitted.

To study the spectrum of almost periodic solution of (1.1), we firstly study the solution
of (1.1). Let

n+l ps n-1 ps
0= [ sodoas, 2= [ [ fordoas,  m=gle g2 @)

Suppose that x(t) is a solution of (1.1), then (x(t) + px(t — 1))’ exist and are continuous
everywhere on R. By a process of integrating (1.1) two timesint € [2n—-1,2n+1) ort €
[2n,2n +2) asin [7, 8, 18], we can easily get

x2n+1)+(p-2-9)x(2n) + (1 -2p)x(2n—1) + px(2n - 2) = hyy,

g q (2.2)
(1 - E)x(Zn +2)+(p-2)x(2n+1) + (1 -2p-— E)x(Zn) +px(2n—1) = hops1.
These lead to the difference equations
pxon2 + (1=2p)x2n-1 + (P —2 = q) X2n + X2ns1 = hoy, (2.3)

PXop-1 + (1 -2p- g)xm +(p—2)xom41 + <1 - g>x2n+2 = hopaa. (2.4)
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Suppose that |p| #1. First, multiply the two sides of (2.3) and (2.4) by p and (2p - 1),
respectively, then add the resulting equations to get

1
Xont1 = —— (Phan —p(p = 2 = q) X2n — P*X2n-2 + (2p = 1) hanat
2(p-1)° < )

(2.5)
1 q 9
_ m«zp -1) <1 - §>x2n+2 +(2p-1) <1 -2p-— E>x2n>.
Similarly, one gets
1
X1 = 2 ((2-p)han = (2-p)(p—2-9)x2u = (2= p)pxX2n-2)
p —_—
. (2.6)
9 9
+ m(hzml - (1 - §>x2n+2 - <1 -2p - §>x2n>-
Replacing 2n by (2n + 2) in (2.6) and comparing with (2.5), one gets
(1 - g>x2n+4 - (pz —-2pg+3q+ 2>xzn+z + <2P2 +2pq - g + 1>x2n — p*Xon2 2.7)
2.7

= honss + (2= p)honso + (1 = 2p) hons1 — phon.

The corresponding homogeneous equation is
(1 - [2—]>x2n+4 - <p2 -2pq +3q + 2>x2n+2 + <2p2 +2pq - g + 1>x2n —p*x3,2 = 0. (2.8)

We can seek the particular solution as xp, = ¢" for this homogeneous difference
equation. At this time, ¢ will satisfy the following equation:

p@=(1- g)& ~ (P - 2pq+3q+2)& + (2% + 2pq - g +1)g-pP=0.  (29)

From the analysis above one sees that if x(t) is a solution of (1.1) and |p|#1, then one
gets (2.3) and (2.4). In fact, a solution of (1.1) is constructed by the common solution {x,} of
(2.3) and (2.4). Moreover, it is clear that {x,} consists of two parts: {x2,} and {x2,+1}. {x2,}
can be obtained by solving (2.7), and {x2,+1} can be obtained by substituting {x,,} into (2.5)
or (2.6). Without loss of generality, we consider (2.5) only. These will be shown in Lemmas
2.5 and 2.6.

Lemma 2.2. If f € #P(R), then { £}, {hy) € #PS(R),i=1,2.

Lemma 2.3. Suppose that |p| #1 and q# —2(p* + 1), then the roots of polynomial p (&) are of moduli
different from 1.
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Lemma 2.4. Suppose that X is a Banach space, £(X) denotes the set of bounded linear operators from
XtoX, Ae L(X),and ||A|l <1, then Id — A is bounded invertible and

(Id-A)" = iA”,
n=0

(2.10)

-7 < a_lw

where A° = Id, and Id is an identical operator.
The proofs of Lemmas 2.2, 2.3, and 2.4 are elementary, and we omit the details.

Lemma 2.5. Suppose that |p|#1 and q# — 2(p* + 1), then (2.7) has a unique solution {xz,} €
APS(R).

Proof. As the proof of Theorem 9 in [8], define A : X — X by A{x2,} = {xop42}, where X
is the Banach space consisting of all bounded sequences {x,} in C with [|{x,}|| = sup,.,|x.|.
It follows from Lemmas 2.2-2.4 that (2.7) has a unique solution {x;,} = P(A)  {hopss + (2 -
p)h2n+4 +(1- 2p)h2n+3 - Ph2n+2} € APS(R).

Substituting x,, into (2.5), we obtain xy,.1. Easily, we can get {x2,.1} € H#PS(R).
Consequently, the common solution {x,} of (2.3) and (2.4) can be obtained. Furthermore,
we have that {x,} € 4PS(R) is unique. O

Lemma 2.6. Suppose that |p|#1 and q# — 2(p* + 1), f € AP(R). Let {x,} € 4PS(R) be the
common solution of (2.3) and (2.4). Then (1.1) has a unique solution x(t) € #(R) such that
x(n) = x,, n € Z. In this case the solution x(t) is given for t € R by

Sp)wt-k), |p|<1,

x(t) = 4 % (2.11)
S p)Fwt k), |p|>1,
k=1

where

w(t) = Xop + PXon-1 + You(t — 2n) +

f(o)dods,
2nv/ 2n (212)

Yon = Xops1 + (P -1- g)xZn — PXon-1— fz(i),

qxznaz— 2n)® ft °

forte [2n-1,2n+1), n€ Z; {y} € APS(R), w(t) € #P(R).

The proof is easy, we omit the details. Since the almost periodic solution x(t) of (1.1)
is constructed by the common almost periodic solution of (2.3) and (2.4), easily, we have that
(x(t) + px(t — 1))’ are continuous at t € R. It must be pointed out that in many works only one
of (2.3) and (2.4) is considered while seeking the unique almost periodic solution of (1.1), and
it is not true for the continuity of (x(t) + px(t — 1))’ on R, consequently, it is not true for the
uniqueness (see [8]).
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The expressions of x2,, Xou+1, Yon, w(t), and x(t) are important in the process of
studying the spectrum containment of the almost periodic solution of (1.1). Before giving
the main theorem, we list the following assumptions which will be used later.

(H) [pl#1,9# = 2(p* + 1).
(Ha) kor ¢ Ay, forall k € Z.

(Hs) If A € Ay, then A + k¢ Af, 0%k € Z.

Our result can be formulated as follows.

Main Theorem

Let f € #P(R) and (H;) be satisfied. Then (1.1) has a unique almost periodic solution x(t)
and A, C Ay + {kor : k € Z}. Additionally, if (Hz) and (Hs) are also satisfied, then Ay + {kor :
k € Z} C A,, thatis, the following spectrum relation A, = As + {kor : k € Z} holds, where the
sum of sets A and B is definedas A+ B={a+b:a€ A, b€ B}.

We postpone the proof of this theorem to the next section.

3. The Proof of Main Theorem

To show the Main Theorem, we need some more lemmas.

Lemma 3.1. Let f e AP(R), then b (f), 06 (£ ), 0 (Man), 0 (hansn) C €287, i = 1,2, If (H3) is
satisfied, then op( f ) = op( f2 1) = e, i =1,2. Furthermore, if (Hs) and (H») are both satisfied,
then op(hon) = 0p(hans) = EIZAf

Proof. Since f € #[(R), by Lemma 2.2 we know that { (1)} { 23+1} {hon}, {hons1} € APS(R),

i=121t follows from The Approximation Theorem that, for any m > 0,m € Z, there exists
P,(t) = Zk bk meMt € Ag such that || P, - f|| <1/m, where lim,,, , obx,m = a(Ag; f), and

we can assume that by e+t —iht

Py (t). Define

and by ,e ! appear together in the trigonometric polynomial

. 2n+1 n(m) o
En)Zn j L P, (0)dods = Zc,((,zne‘”k",
n k=1

2n-1
55)271 f L P,(o)dods = ZC@) 24
n

(3.1)

2n+2 ps n(m) .
m2n+1 J‘ f Pn(o)dods = ZC() eHkeihin,
2n+1

2n+1 k=1

n(m)
m2n+1 J‘ f Pn(o)dods = Zc(z) eirel2hin,
2n+1Y/ 2n+1 k=1
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where
b b
=, L =0, =, A =0,
RO i | N @ i N N
km = ) — et —1-1i km = ) — e —1+1

m k,m( k), .)Lk#o, m k,m( k)’ )Lk#o

A2 A2

k k

(3.2)

Obviously, 0,(Q",),05(QY,,.,) € €2, i = 1,2, forallm € Z. For any z € S', a(z; fy) =

m,2n m,2n+1
lim,, . wa(z; Qf;),Zn), a(z; 2(:1)+1) = lim,,_ ,a(z; Q::z),2n+1)’ thus, we have O'h(fz(;)),ab(fz(zﬂ) C

e, i=1,2.
Since hy, = 2(3!) + 2(721) and hy,q = 2(31)+1 + 2(i)+1' foralln € Z. Forall z € S!, we have

a(z; hyy) = a(z; 2?) + a(z,' 2(721)>, (3.3)

a(z; hops1) = a(z; 2(3!)”> + a(z; 2(721)”) (3.4)

Thus, 0,(f;,) C €2 and 0y(fy,,,) C eV imply oy(ha) C €V and oy (hona) C €2V,
respectively, i = 1,2.
If (H3) is satisfied, then for any A; € Af, we have

a( o2, 2(;)) - lim a(g%g%ﬂ) = lim ¢!

m— o ]'m

a(Aj; f)
2 , ./\,] = O/
—a(dj; f)(eM -1-ik;
a(Aj; f) (e l]), 1 #0,
A2
j
a<ei2)tj,. 2(721)> = n}il)‘l’loo(/'l(eiZ)Lj/’Qﬁ,)Zn) = y&l—r}.looc](’zrzz (3 5)
a(; f) |
: , .A,] :O/
—a(\; 1 4+i4)
a(j; f)(e l]), 4 #0,

2
Aj

i24;. (1)
a(el "3 Jann

2. £2) \ _ 1; i21;. ~(2) _ 1 i\ (2)
a(e™; fina) = Jim a(e®;Q0,,) = lim eyl

. i21;. (1) T ir; (1)
Jim a5 Q) = Jim eey,,

Easily, we have a(e'?V; 2(;)) #0 and a(e'Y; ;(il)ﬂ) £0, tha.t is, etV 'C ob(féif), e.m]- c Gb(fz(il)u ’
i= 1{2. By the'arbitrariness of 1j, we get e C O'b(fz(;)) and e2Ar ¢ O'b(fz(;)n)' So, ei2hr =
ou(fa) = ol i), i=1,2.
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If (H;) and (Hy) are both satisfied, suppose that there exists zg = e’V € €2 such that
a(zo; han) = 0. (Hy) implies ™ # + 1. Moreover, since (Hz) holds, we have a(zo; 2(;)) #0, i =
1,2. a(zo; hop) = a(zo;fz(}q)) + a(zo;fz(i)) leads to et = 1, which contradicts with ™V # + 1. So,
e?’r C op(ha,). Noticing that o, (hy,) C €2/, we have e?*/ = o},(hy,). Similarly, we can get
e?r = oy, (hans1)- The proof is completed. O

Lemma 3.2. Suppose that (Hy) is satisfied, then op(x2,) C ei2hs, If (Hy), (H), and (H3) are all
satisfied, then oy (x2,) = e, where {xa,} is the unique almost periodic sequence solution of (2.7).

Proof. Since (H;) holds, from Lemma 2.5 we know {x2,} = p1 (A gn+1} € APS(R), where
Gn = honia + (2 = p)hopo + (1 = 2p)hops1 — phoy, for all n € Z. For any z € St, it follows from
Lemma 2.3 that p;(z) #0. Noticing the expressions of {x,,} and g,, we obtain

za(z; gn) = pr(z)a(z; x2n), (3.6)

a(z; gn) = (z+1-2p)a(z; hopa1) + (2z — pz — p)a(z; hay). (3.7)

Those equalities and Lemma 3.1 imply that o}, (x2,) = 05(gn) and op(x2,) C €*7, when (Hj)
is satisfied. If (H;), (Hz), and (Hj;) are all satisfied, we only need to prove e/ C o},(g,)-
Suppose that there exists zg = e?Y € e/, obviously, e # + 1, such that a(zg;g,) = 0.
From Lemma 3.1, a(zo; h2n) #0, a(zo; hons1) #0. Thus, 0 = (z0+1-2p)a(zo; hone1) + (220 —pzo—
p)a(zo; han), thatis, (e2Y +1-2p)e'V = pe'?Vi —2e'2)i +p, which leads to ™V = p. This contradicts
with (Hj). Thus, 2% C op(gn), that is, e C 0p(x2,). Noticing that o,(x2,) C €2/, so,
e = 0y,(x2). The proof is completed. O

As mentioned above, the common almost periodic sequence solution {x,} of (2.3) and
(2.4) consists of two parts: {x2,} and {x2,+1}, where {x2,} € 4D S(R) is the unique solution of
(2.7), and {x,41} is obtained by substituting {x,,} into (2.5). Obviously, {x2,41} € 4PDS(R).
In the following, we give the spectrum containment of {x,1}.

Lemma 3.3. Suppose that (Hy) is satisfied, then op(x2,41) C €27 . If (Hy), (H,), and (Hz) are all
satisfied, then op(Xon1) = €.

Proof. Since {xo,}, {hon}, {h2ns1} € APS(R), {x2n41} € H#PS(R). Noticing the expression of
Xons1, for any z € S!, we have

2(p - 1)a(z, x2011) = pa(z, han) + (2p = 1)a(2, hans1) — 2 pa(2)a(z, x20), (3.8)

where pa(z) = 2p - 1)(1 - g/2)z* + (-3p* + 2p — 1 - 2pq + q/2)z + p*. If (H,) is satisfied, it
follows from Lemmas 3.1 and 3.2 that oy, (x2,41) C €2V

If (Hy), (Hy), and (Hs) are all satisfied, supposing there exists zg = €2V € e,
obviously, e # + 1, such that a(zo; x2,41) = 0, that is, zglpz(zo)a(zo,xzn) = pa(zo, hoy) +
(2p—1)a(zo, hans+1)- Noticing (3.3)—(3.7), this equality is equivalent to (pa(e>Y)(e*Y +1-2p) -
p1(e®Y)(2p —1))e' +pa(eY) (26 —pe —p) — pp1(e?Y) = 0, thatis, (q -2)e™ + (2p -4 -
2q)e’Yi +(4p+g-2)e™ti+2p = 0. Considering equation (g—2)x>+(2p—4-2g)x*+(4p+q-2)x+2p =
0, its roots are x1, x3, and x,, obviously, x; # £1,i = 1,2,3. We claim that |x;| #1,i = 1,2, 3, that
is, this equation has no imaginary root. Otherwise, suppose that |x;| = 1 and x3 = X3, then by
the relationship between roots and coefficient of three-order equation, we know g = 0, which
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leads to a contradiction. Thus (g — 2)e®Y + (2p — 4 - 2q)e™Y + (4p + q — 2)e™V + 2p #0; this
contradiction shows e/ C 0}, (x2,41). Noticing that o, (x2,41) C €22/, thus, o) (x2p41) = €.
The proof is completed. O

Lemma 3.4. Suppose that (Hy) is satisfied, then oy (y2,) C €. If (Hy), (Hy), and (Hs) are all
satisfied, then op(yan) = €2, where {y»,} is defined in Lemma 2.6.

Proof. From Lemma 2.6, we have v, = X241 + (p — 1 — q/2) X2 — pXon_1 — fz(,ll), foralln € Z.
For any z € S'

a(z,yom) = <1 - pz‘1>a(z, Xops1) + (p -1- g>a(z, Xop) — a(z, 2(111)> (3.9)

Since (H;) holds, it follows from Lemmas 3.1-3.3 that we have o, (y2,) C e?"/.
If (Hy), (Hz), and (H3) are all satisfied, supposing there exists zy = >V € e/ such

that a(zo; yan) = 0, it follows from (H,) that eV # + 1. Notice that (3.3)~(3.8), a(zo; y2.) = 0
is equivalent to p(zo—p)a(zo, hon) + (zo—p) 2p—1)a(zo, hon+1) —2(p - 1)zzoa(zo, fz(i)) +((p-1-
q/2)2(p = 1)*z5 = (z0 = p)p2(20))p1(20) " (20 +1 = 2p)a(20, h2ue1) + (220 = pzo = p)a(zo, h2n)) =
0. This equality is equivalent to e/ — 1 — i\; = (e™ + e — Z)pl(eiZ)‘f)_l((l - q/2)e® +
(1+g/2)e®™ + (pg — p> —1-3g/2)e™ — (p* + 1 + q/2)e®Y + (p* + pq)e™Y + p?e™). Since
Aj € R, thatis, Aj = \;, this leads to e (el — (e + 1) (€Y + 1) (-pe™ + (p*> +1-2p -
q/2)eBN + 2p* = 2p + 2+ g)e + (p* + 1 - 2p — q/2)e™V — p) = 0. We firstly claim that the
equation —-px* + (P> +1-2p - q/2)x> + 2p* = 2p + 2+ q)x* + (P> +1-2p—q/2)x -p = 0
has no imaginary root, that is, equations x* + (a/2 - Va2/4-b+2)x+1-+1-a = 0 and
x*+(a/2++\a2/4-b+2)x+1++/1-a=0bothhave no imaginary roots, where a = (q/2 -
1-p?+2p)/p, b = (2p—q—2-2p?)/p. If these two equations have imaginary roots, thena = 1,
b=4-4(p+1/p).Sincep#0, |p|#1, then b < —4 or b > 12. If the first equation has imaginary
roots, then —4 < b < 9/4, which contradicts with b < —4 or b > 12. If the second equation has
imaginary roots, then 0 < b < 9/4, which also contradicts with b < —4 or b > 12. The claim
follows. Thus —pe™V + (p2+1-2p—q/2)e™Y + 2p> -2p+2+q) ey + (p*+1-2p—q/2)e™ —p #0,
and '/ = +i. Substituting eV = +i into ™ —1-i\; = (™Y + e - 2)p; ()™ ((1- q/2)e’®Y +
(1+q/2)e™ +(pg—p*~1-3q/2)e™ i — (p*+1+q/2)e™ i + (p*+pq) e +p?e'i), we get A; = 0. This
is impossible. Thus, for any zy = €2V € €2/, we have a(zo; y2n) #0, that is, €2/ C 0, (y2n)-
Noticing that o, (y2,) C €2/, we have o, (y2,) = €?/. The proof has finished. O

In Lemma 2.6, we have given the expression of the almost periodic solution of (1.1)
explicitly by a known function w. This brings more convenience to study the spectrum
containment of almost periodic solution of (1.1). Now, we are in the position to show the
Main Theorem.

The proof of Main Theorem

Since (H;) is satisfied, by Lemma 2.6, (1.1) has a unique almost periodic solution x(t)
satisfying x(t) +px(t—1) = w(t). Thus, for any A € R, we have a(\; w(t)) = (1+pe ™)a(\; x(t)).
Since (Hj) holds, then A, = A,. We only need to prove A, C As + {kor, k € Z} when (Hy) is
satisfied, and Ay + {kor, k € Z} = A, when (H;)—(H3) are all satisfied.



Advances in Difference Equations 11

When (H;) is satisfied, we prove A, C As + {kax, k € Z} firstly. For any
AgAs + {kar, k € Z}, it follows from Lemmas 3.1-3.4 that ' ¢ 0, (x2,), €' ¢ 03 (x2041) and
e’ ¢ o, (y2n), thatis, a(e™; x2,) = a(e™; yan) = a(e™!; x2p41) = 0. From the expression of w(t)
given in Lemma 2.6, we know

2j+1 ot

al\;w(t)) = hm — f L‘ :f(o)ef“dodsdt. (3.10)
j=— ]7 4]

2j-1

As mentioned in Lemma 3.1, for any m > 0, m € Z, there exists Py, (t) = Z"(m) b me™t, Ay €
Ay such that P, (t) — f(t),as m — oo. By simple calculation, we have

2j+1
— - —i\t
0= ]\}li»nooélN _Nf L]L]P (o)e™dodsdt, Ym>0, me Z (3.11)

Therefore, a(A; w(t)) = 0, that is, A ¢ A, which implies A, C As + {kor, k € Z}.
Additionally, if (Hz) and (H3) are also satisfied, to show the equality A, = Ag+{kor, k €
Z}, we only need to show the inverse inclusion, that is, Af + {kor,k € Z} C A,,. For any

. T 1 2 7 1 2 ~
m > 0,mmn € Z, define hy», = Q() + Qin,)an hmoni1 = Q() + Q() {Xmon) =

m,2n m,2n+1 m,2n+17/

p1(A) {Gmns1), where G = Bimonss + (2 = P)hmansa + (1= 2p) hpons1 — Phiman, and define

~ ~ q\ - ~
Ymon = Xm2an+1 T (P -1- E)xm,}n —PXm2n-1— Qm s

2(19 - 1)2-7?711,2n+1 = P,I'\lm,Zn - P(P -2- Q)im,Zn - pzfm,Zn—Z + (2}9 - 1)’Tlm,2n+l
q
~2p=1) (1= ) Znanz = @p-1)(1-2p - 1) Zna

w f f P, (0)do ds,
2nJ 2n

(3.12)

W (t) = Xmon + PXmon-1 + Ymon(t — 20) +

toe [n - 12n + 1), then, (hm, 20}, {hmanit), (Gmn), (Fman), (Xmann ), (Tman) €
e419-9(R)/ a]m(t) € JD(R), and asm — o, {hm,Zn} - {th}/ {hm,2n+1} - {h2n+1}r {gm,n} -
{gn}r {im,Zn} - {x2n}r {im,2n+l} - {x2n+1}/ {ym, Zn} - {yZn} in JD.S(R), wm(t) - (,()(t)
in 4P(R), which implies for any A € R, a(L;w,(t)) — a(lw(t)) as m — oo, where
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Q(i> Q(i) and P, (t) are as in Lemma 3.1, i = 1,2. Similarly as above, for all z € S,

m2n’ =mz2n+1’
we can get

a(zihnan) = a(z Q4 ) +a(z:.Qlh, ),
(s ) = a(Q000) + (5 Q).
a(z,Jman) = (1=p=")a(z, Bnanet) + (P~ 1-1 ) a(z,%n20) - a(z,Q0),),
2(p = 1%a(z, Fmonnt) = pa(z, hmon) + (2p = 1)a(2, hnznir ) = 27 p2(2)a(z, Xn2n),
a(z8nn) = 2 P1Z)a(Z Xnan) = (2+1-2p)a(Z mount ) + (22— pz = p)a(= hman)-

(3.13)

We claim: Ay C A,. Suppose that the claim is false, then there would exist A; € Ay such that
Aj ¢ A,. Noticing (Hz) and (Hs3), an elementary calculation leads to

(2)L? +qA7 - 2q> (e —e7™) +i2qA; (e + e )

. - 24 =
2a(\j; wpy) = TIE a<e ¥ xm,Zn)
]
+ ale~7,x + —qale",;
l)L i < 7 m,2n+1> )Lz < 7 ym,2n>
j ;
]
e i — pidy 2L~ —21.)L] + Z(Ei)‘f - e_i)‘f) - 1)L] (ei)‘f + e_i)‘f)
e a <€ 7 ym,2n> + HE bjm-
] ]
(3.14)

From the above equality, we have —A7p1(e")2a(\j;wm) = bjmc1, where, c1 = 2p1(eY) -
ge = 1)° (e +1)° (et - p) /iX3. So, —A2p1(e™)2a(Aj;w(t) = a(\; f)er. Since A; ¢ Ao,
a(Aj;w) = 0, we have ¢; = 0, which is equivalent to 21’)&? = g(e - 1) + 1) (e -
p)/p1(e?Y). Since \; € R, thatis, \; = 1, this leads to p(e™ - 1)° (e +1) (pe™hi +eYi(g/2-1-
p*+2p)+ei(-q—2-2p*+2p) +e™i (q/2-1-p?+2p) +p) = 0. Noticing A; € Ay, it follows from
(H,) that eV # +1, that is, (% — 1)’ (™Y +1) #0. From Lemma 3.4, we know that the equation
pxt+x3(q/2-1-p?+2p) + x*(—q -2 -2p* +2p) + x(q/2 - 1 - p* +2p) + p = 0 has no imaginary
root. Thus peVi +eYi (q/2-1-p? +2p) + €Y (=g -2 -2p> +2p) +e™i(q/2 - 1-p>+2p) +p #0,
which leads to a contradiction. The claim follows.
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Now we are able to prove As + {kor,k € Z} C A,. For any A;; € Aflet \; = A, +
ko, 0#k € Z. Noticing (H,) and (H3), et # +1, e #p, and we have

<2/\]2. + q)ujz. - 2q> (et — e ™) +i2q); (e +e7)

. — 20 =
2a(Nj; wm) = — a<e’ /,xm,zn>
21.)L]-
~20M; ( ik _ ik (i ik
pe (e —e™) 21, 2 i (e +e™) 21). 5
+ T a(e™; Xmann ) + ————5———a(e" Yman
j ;
j
. e i — gl ( . - . et —eitiidi(ehi + e + e — el )
—5 —a\e ‘ym2n> - jo,1m-
2 4 % £y 12 42 Jo,
)L]- —l)L])L]-O l)L]-J\]U

(3.15)

The above equality is equivalent to —);Jz.opl(ei“f)Za()L,-;wm(t)) = (=1)*(—g(e™o - 1)° (e +
(e = p)/iXd)bjom. So, A2 pr(e?)2a(j;w(t) = (-1)F(=q(e™n —1) (™ +1)° (o -
p)/i)u?)a(/\jo;f) #0, which implies that A\; € A,, that is, Ay + {kar,k#0} C A,. From the
claim above, we get A¢ + {kar, k € Z} C A,. This completes the proof.
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